Chapter ].

1.1 Overview

This chapter deal s with the concept of a set, operations on sets.Concept of setswill be
useful in studying therelations and functions.

1.1.1 Set and their representations A set is a well-defined collection of objects.
There are two methods of representing a set

(i) Roaster or tabular form (i) Setbuilder form

1.1.2 The empty set A set which does not contain any element is called the empty
set or the void set or null set and is denoted by { } or ¢.

1.1.3 Finite and infinite sets A set which consists of afinite number of elementsis
cdled afinite set otherwise, the set is called an infinite set.

1.1.4 Subsets A set A issaid to be a subset of set B if every element of Aisalso an
element of B. In symbols we writeA c Bifaec A= ae B.
We denote set of real numbers by R
set of natural numbers by N
set of integers by Z
set of rational numbers by Q
set of irrational numbersby T
We observe that
NcZcQcR,
TcR,QzT,NgT
1.1.5 Equal sets Given two setsA and B, if every elements of A isalso an element of
B and if every element of B isalso an element of A, then the setsA and B are said to
be equal. The two egual setswill have exactly the same elements.
1.1.6 Intervals as subsets of R Leta,be Randa < b. Then
(&) Anopeninterva denoted by (a, b) isthe set of real numbers{x:a < x< b}
(b) A closedinterval denoted by [a, b] isthe set of real numbers{x:a<x<h)
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(c) Intervalsclosed at one end and open at the other are given by
[, b)={x:a<x<b}
(b ={x:a<x<b}

1.1.7 Power set The collection of all subsets of aset A is called the power set of A.
It is denoted by P(A). If the number of elementsinA = n,i.e, n(A) = n, thenthe
number of elementsin P(A) = 2.

1.1.8 Universal set Thisis abasic set; in a particular context whose elements and
subsets are relevant to that particular context. For example, for the set of vowelsin
English alphabet, the universal set can be the set of al alphabetsin English. Universal
set is denoted by U.

1.1.9 Venn diagrams Venn Diagrams are the
diagrams which represent the relationship between
sets. For example, the set of natural numbers is a
subset of set of whole numbers which is a subset of
integers. We can represent this relationship through
Venn diagramin thefollowing way.

1.1.10 Operations on sets Figll

Union of Sets: The union of any two given setsA and B is the set C which consists
of all those elementswhich are either inA or in B. In symbols, we write

C=AuB={x|xeAor xeB}

Figl.2(a) Figl1.2(b)
Some properties of the operation of union.
) AuB=BUA (i (AuB)uC=Au(BuUCQC)
[y Auo=A (iv) AUA=A

(v), UUuA=U

Intersection of sets: The intersection of two sets A and B is the set which
consists of all those elements which belong to both A and B. Symbolically, we
writeA "B ={x:xe Aandx e B}.
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When A N B = ¢, then A and B are called digjoint sets.

U U

N\~

ANB ANnB=¢
Fig1.3(a) Fig1.3(b)
Some properties of the operation of intersection
) AnB=BnA M (AnB)ynC=AnNnBNC)
(i) ¢nA=0;UnA=A (iv) AnA=A

v) AnBuUC)=(AnB)UANC)
wvi) AuBnNnC)=(AuB)n(AuUC)

Difference of sets The difference of two setsA and B, denoted by A — B is defined
as set of elements which belong to A but not to B. We write

A-B={x:xe Aandx¢ B}
aso, B-A={x:xe BandxgA}
Complement of a set Let U be the universal set and A a subset of U. Then the

complement of A is the set of all elements of U which are not the elements of A.
Symbolically, wewrite

A’={x:xe Uandxg A}. AlsoA"=U -A
Some properties of complement of sets
() Law of complements:

(@ AUA'=U by AnA' =0
(i) De Morgan’'s law

@ (AuB)Y=A"NnPB (b) (A NnB)Y=A"UB
@y A"y =A

(iv) U=dand¢d' =U
1.1.11 Formulae to solve practical problems on union and intersection of two sets
Let A, B and C be any finite sets. Then

@ n(AuB)=n(A)+n(B)-n(ANnB)

(b) If(AnB)=0,thenn(A uB)=n(A)+n(B)
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() nAuBuUC)=nA)+ nB)+n(C)-n(ANB)-n(AnC)—n(B N C)
+n(AnBNC)

1.2 Solved Examples
Short Answer Type

Example 1 Write the following sets in the roaster form.
(i) A ={x]|xisapositive integer less than 10 and 2* — 1 is an odd number}
(i) C={x:x2+7x-8=0,xe R}

Solution

() 2*—1lisalwaysanodd number for all positiveintegral valuesof x. In particular,
2*—1lisanodd number for x=1,2,...,9.Thus,A={1,2,3,4,5,6, 7,8, 9}.

(i) x+7x—8=0 or (x+8) (x—1)=0givingx=—8orx=1
Thus, C={-8, 1}
Example 2 State which of the following statements are true and which are false.
Justify your answer.
(i) 37¢ {x|xhas exactly two positive factors}
(i) 28 € {y]|the sum of the al positive factors of y is 2y}
(i) 7,747 € {t|tisamultiple of 37}
Solution
(i) Fase
Since, 37 has exactly two positive factors, 1 and 37, 37 belongs to the set.
(i) True
Since, the sum of positive factors of 28
=1+2+4+7+14+28
=56 =2(28)
(i) Fase
7,747 isnot amultiple of 37.
Example 3 If X and Y are subsets of the universal set U, then show that

(i) YcXuY @i XNnYcX [y XcY=XnNnY=X
Solution
(i) XuY={x|xe Xorxe Y}

Thus Xxe Y=xe XuY

Hence, YcXuY
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(i) XNY={x|xe Xandxe Y}

Thus XxXe XNY =xe X
Hence XNnYcX
(i) Note that
xe XNY =xe X
Thus XNnYcX
Also, since Xy,

Xe X=>xeY¥Y=>xe XnNnY
so that XcXnY
Hencetheresult X =X nY follows.
Example 4 Giventhat N ={1, 2, 3, ..., 100}, then
(i) Write the subset A of N, whose element are odd numbers.
(i) Writethe subset B of N, whose element are represented by x + 2, wherex € N.
Solution
(i) A={x|xe Nandxisodd}={1,3,5,7, ..., 99}
(i) B={y|y=x+2,xe N}
So, for le N, y=1+2=3
2e N, y=2+2=4,
and so on. Therefore, B ={3, 4,5, 6, ..., 100}

Example 5 Given that E = {2, 4, 6, 8, 10}. If nrepresents any member of E, then,
write the following sets containing all numbers represented by

i) n+1 (i) n?
Solution GivenE={2, 4, 6, 8, 10}
(i) LeteA={x|x=n+1,neE}
Thus, for 2 E, x=3
4e E,x=5,
and so on. Therefore, A={3,5,7,9, 11}.
(i) LeeB={x|x=n%,ne E}
So, for 2€e E,x=(2)2=4,4€ E,x=(4)2=16,6€ E,x=(6)2= 36,
and so on. Hence, B ={4, 16, 36, 64, 100}
Example 6 Let X ={1, 2, 3, 4, 5, 6}. If nrepresent any member of X, express the
following as sets:
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(i) ne Xbut2ng X (i) n+5=8
(ii) nisgreater than 4.
Solution
() ForX={1,2,3,4,56},itisthegiventhatne X, but 2n¢g X.
Let, A={x]|xe Xand2x¢ X}
Now, 1¢g A a 21=2€eX
2¢A a 22=4eX
3gA a 23=6€e X
But 4e A a 24=8¢ X
5eA a 25=10¢ X
6e A a 26=12¢ X
So, A={4,5, 6}
(i) LetB={x|xe Xandx+5=8}
Here, B={3}

asx=3 e X and 3 +5 = 8 and there is no other element belonging to X
such that x + 5=8.

(i) LeteC={x|xe X,x>4}
Therefore, C={5, 6}
Example7 Draw the Venn diagrams to illustrate the followoing relationship among
setsE, M and U, where E isthe set of students studying English in aschool, M isthe

set of students studying Mathematicsin the same school, U isthe set of al studentsin
that school.

() All the students who study Mathematics study English, but some students who
study English do not study Mathematics.

(i) Thereisno student who studies both Mathematics and English.

(iii)y Someof thestudentsstudy Mathematicsbut do not study English, somestudy English
but do not study Mathematics, and some study both.

(iv) Not all students study Mathematics, but every students
studying English studies M athematics.

Solution E

(i) Sinceall of the students who study mathematics study
English, but some students who study English do not
study Mathematics.

Therefore, McEcU
Thusthe Venn Diagram is Figl.4
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(i) Sincethereis no student who study both English and Mathematics
Hence, ENnM=¢.

® ®

Fig15

(iif) Since there are some students who study both English and Mathematics, some
English only and some Mathematicsonly.

Thus, the Venn Diagram is

Fig1.6
(iv) Sinceevery student studying English studiesM athematics.
Hence, EcMcU
U
Fig1.7

Example 8 For al setsA, B and C
Is(AnB)UC=ANn(BuUCQC)?
Justify your statement.
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Solution No. consider the following setsA, B and C :
A={123}
B ={2 3,5}
C={4,5,6}
Now (AnB)uC=({1,23 n{2,3,5})u{45,6}
={2,3} U{4,5,6}
={2,3,4,5, 6}
And AnNn(BuC)={1,23 n[{23,5 u{4,5,6}
={1,2,3} n{2,3,4,5,6}
={2,3}
Therefore, AnB)UCANn(BUC)
Example 9 Use the properties of sets to prove that for all the setsA and B
A-(AnB)=A-B
Solution We have
A-(AnB)=An(AnB) (sinceA-B=AnNB’)
=An (A uB’) [by De Morgan'slaw)
=(ANA)U(ANB") [bydistributivelaw]
=0uU(AnB)
=ANnB =A-B
LongAnswer Type
Example 10 For al setsA, B and C
Is(A-B)n(C-B)=(AnC)-B?
Justify your answer.
Solution Yes
Letxe (A—-B)n(C-B)
xe A—Bandxe C-B
(xe Aandx¢ B)and (xe Cand x ¢ B)
(xeAandxe C)andx¢ B
xeAnC)andxg¢ B
xe ANnC)—-B
(A-B)n(C-B)c(AnC)-B .. (1)
Now, conversely

<R SV VA
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Let ye (AnC)-B

= ye(AnC)andye B

= (yeAandye C)and (y ¢ B)

= (yeAandyg B)and (ye Candy ¢ B)

= ye (A—-B)andy e (C—-B)

= ye (A-B)n (C-B)

S (AnC)-Bc(A-B)n (C-B) - (2

From (1) and (2), A-B)n (C-B)= (AnC)-B

Example 11 LetA, B and C be sets. Then show that
AuBNC)=(AuB)Nn(AuUC)

Solution We first show thatAu (BN C) c(AuB)n (AUC)

Leexe Au(B nC). Then

xe A or xe BnC

xeA or (xe Bandxe C)

(xe Aorxe B)and (x e Aor xe C)

(xeAuB)and (xe AuCQ

xe (AuB)Nn(AuUC)

Thus, AuBNCc(AuB)Nn(AuC) - (D

Now we will show that (A UB)N (AuC)c (Au C)

Let xe (AuB)N(AuUC)

xe AuBandxe AuC

(xe Aorxe B)and (xe A orxe C)

xe Aor(xe Bandxe C)

xe Aor(xe BNnC)

xeAu(B nC)

Thus, (AuB)Nn(AuC cAuBNnC .. (2

So, from (1) and (2), we have
AnBuC=AuB A UC

Example 12 Let P be the set of prime numbersand let S={t| 2 —-1isaprime}.

Provethat Sc P.

Solution Now the equivalent contrapositive statement of xe S= xe Pisx¢ P=
X¢& S

Lu il

Ll
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Now, we will prove the above contrapositive statement by contradiction method
Let Xxe¢ P

= X is a composite number

Let usnow assumethat xe S

= 2—-1=m (where mis a prime number)
= Z=m+1

Which is not true for all composite number, say for x = 4 because
2* = 16 which can not be equal to the sum of any prime number mand 1.
Thus, we arrive at a contradiction

= X¢ S
Thus, whenx¢ P, wearriveat x ¢ S
) ScP

Example 13 From 50 students taking examinations in Mathematics, Physics and
Chemistry, each of the student has passed in at least one of the subject, 37 passed
Mathematics, 24 Physics and 43 Chemistry. At most 19 passed Mathematics and
Physics, at most 29 M athematics and Chemistry and at most 20 Physicsand Chemistry.
What isthe largest possible number that could have passed all three examination?

Solution Let M be the set of students passing in Mathematics
P be the set of students passing in Physics
C be the set of students passing in Chemistry
Now, n(M uPu C)=50,n(M)=37,nP)=24,n(C)=43
nM N P)<19,n(M N C)<29,n(Pn C) <20 (Given)
nMuUPuUC) =nM)+n(P)+nC)—n(M N"P)—n(M N C)
—nNPNC)+nMNPNC)<50
= 37+24+43-19-29-20+n(M n PN C) <50
= nM NnPn C)<50-36
= nMNPNnC)<14
Thus, thelargest possible number that could have passed al thethree examinationsis 14.

ObjectiveTypeQuestions

Choose the correct answer from the given four options in each of the Examples
14to0 16: (M.C.Q.)
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Example 14 Each set X, contains 5 elements and each set Y, contains 2 elements

2 n
and [JX: =S=JY. . If each dlement of S belong to exactly 10 of the X ’sand to
r=1 r=1

exactly 4 of theY s thennis
(A) 10 (B) 20 (C) 100 (D) 50

Solution The correct answer is (B)
2

Since, n(X ) =5, UX; =S, wegetn(s) = 100
r=1

But each element of S belong to exactly 10 of the X,’s

So, % =10 are the number of distinct elementsin S.

Also each element of Sbelong to exactly 4 of theY ' sand eachY contain 2 elements.
If Shasnnumber of Y init. Then

2n
— =10
4
which gives n=20

Example 15 Two finite sets havem and n elements respectively. The total number of
subsets of first set is 56 more than the total number of subsets of the second set. The
values of mand n respectively are.

(A) 7,6 (B) 51 (C) 6,3 (D) 8,7
Solution The correct answer is (C).
Since, let A and B besuch sets, i.e, n (A)=m, n (B) =n

So n (P(A)) =2m n (P(B)) = 2n
Thus n (P(A)) —n (P(B)) =56, i.e., 2" — 21 = 56
= 21 (2m-n-1)=2%7
= n=3,2"m"-1=7
= m=6
Example 16 Thesst AUB UC)N (ANB' nC) nC isequd to
(A) BnC (B) AnC (C©) BuC (D) AnC’

Solution The correct choice is (A).
Since(AuBUC) N (ANB' NCYNnC



12 EXEMPLAR PROBLEMS — MATHEMATICS

=AuBUCO)NAuBUC)NC
=(AnAY)u(BuUC)NC
=ouBulC)nC
=BNnCuo¢o=BnC
Fill intheblanksin Examples17 and 18:
Example 17 If A and B aretwo finite sets, thenn(A) + n(B) isequal to
Solution Sincen(A u B)=n(A)+n(B)-n (A NB)
S0 nA)+nB)=n(AuB)+n(AnNB)

Example 18 If A isafinite set containing n element, then number of subsets of A is

Solution 2"

State true or false for the following statements given in Examples
19 and 20.

Example 19 Let R and S be the sets defined as follows:
R={xe Z|xisdivisible by 2}
S={ye Z|yisdivisibleby 3}

then RNS=¢

Solution False

Since6isdivisible by both 3and 2.

Thus RNS #¢

Example20 Q N R =Q, whereQ isthe set of rational numbers and R is the set of
real numbers.

Solution True
Since QcR
So QNR=Q

11.3 EXERCISE |

Short Answer Type
1. Writethefollowing setsin the roaster from
(i) A={x:xe R,2x+11=15} (i) B={x|x*=x,xe R}
(i) C={x|xisapostive factor of a prime number p}
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Write the following setsin the roaster form :
w-—2
(i) D={t|t=t,te R} (i) E={w|——=3,we R}
w+3

(i) F={x|x*-5¥+6=0,x€ R}
If Y = {x| xisapositive factor of the number 2*-*(2°-1), where2?-1isa
prime number} Write Y in the roaster form.

State which of the following statements are true and which are false. Justify
your answe.

() 35€ {x]|xhasexactly four positive factors} .
(i) 128 € {y|thesum of al the positive factors of y is 2y}
(i) 3e{x|x*-5¢+2x2-112x + 6 = 0}
(iv) 496 ¢ {y|the sum of al the positive factors of y is 2y} .
GivenL ={1,2,3,4},M ={3,4,5,6} andN ={1, 3, 5}
Verifythat L— (M U N) = (L —-M) n(L —N)
If A and B are subsets of the universal set U, then show that
i) AcAuB (i) AcBesAuB=B
@ii) (AnB)cCA
GiventhatN ={1, 2, 3, ..., 100}. Then write
(i) the subset of N whose elements are even numbers.
(i) the subset of N whose element are perfect square numbers.

If X ={1, 2, 3}, if nrepresents any member of X, write the following sets
containing all numbers represented by

() 4n (i n+6 (i) g (iv) n—1

IfY ={1, 2,3, ... 10}, and a represents any element of Y, write the following
sets, containing all the elements satisfying the given conditions.
(i) aeYhbuta’e Y (i) a+1=6,aeY
(i) aislessthan6andae Y
A, B and C are subsets of Universal Set U. If A={2, 4, 6, 8, 12, 20}

B={3,6,9, 12, 15}, C={5, 10, 15, 20} and U isthe set of al whole numbers,
draw a Venn diagram showing therelation of U, A, B and C.
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11.

12.

13.
14.
15.
16.
17.
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Let U bethe set of al boys and girlsin aschool, G be the set of all girlsin the
school, B bethe set of all boysin the school, and Sbethe set of all studentsinthe
school who take swimming. Some, but not all, students in the school take
swimming. Draw a Venn diagram showing one of the possible interrelationship
among setsU, G, B and S.

For al setsA, B and C, show that (A—-B)n(C-B)=A-(BuC)
Determine whether each of the statement in Exercises 13— 17 istrue or false.
Justify your answer.

For adl setsAand B, (A—B) U (AN B)=A

For all setsA,BandC,A-(B-C)=(A-B)-C

For all setsA,BandC, ifAcB,thenAnCcB nC

For all setsA,Band C,ifA cB,thenAuCcB uC

For all setsA,BandC,if AcCandB c C,thenAuB cC.

Using properties of sets prove the statements given in Exercises 18 to 22

18.
19.
20.
21.

22.

For all setsAand B,AU(B—-A)=AUB
For al setsA andB,A—-(A—-B)=AnNnB
For all setsA andB,A—-(AnB)=A-B
For all setsA and B, (AUB)-B=A-B

x+5_5_ 4x— 40
X—=7 13- x

LetT= {x| } IsT an empty set? Justify your answer.

Long Answer Type

23.

24,

25,

Let A, B and C be sets. Then show that
ANnBuUC)=(AnB)U(ANC
Out of 100 students; 15 passed in English, 12 passed in Mathematics, 8 in Science,

6 in English and Mathematics, 7 in Mathematics and Science; 4 in English and
Science; 4 in al the three. Find how many passed

(i) inEnglish and Mathematics but not in Science
(i) inMathematicsand Science but not in English
(i) inMathematicsonly
(iv) inmorethan one subject only

Inaclass of 60 students, 25 students play cricket and 20 students play tennis, and
10 students play both the games. Find the number of studentswho play neither?
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27.

28.
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Inasurvey of 200 students of aschool, it wasfound that 120 study Mathematics,
90 study Physicsand 70 study Chemistry, 40 study Mathematicsand Physics, 30
study Physicsand Chemistry, 50 study Chemistry and Mathematics and 20 none
of these subjects. Find the number of students who study all the three subjects.
In atown of 10,000 familiesit was found that 40% families buy newspaper A,
20% families buy newspaper B, 10% families buy newspaper C, 5% families
buy A and B, 3% buy B and C and 4% buy A and C. If 2% families buy all the
three newspapers. Find

(a) The number of families which buy newspaper A only.
(b) The number of families which buy noneof A, B and C

In a group of 50 students, the number of students studying French, English,
Sanskrit were found to be asfollows:

French=17, English = 13, Sanskrit = 15

French and English = 09, English and Sanskrit =4

French and Sanskrit = 5, English, French and Sanskrit = 3. Find the number of
students who study

(i) Frenchonly (v) Frenchand Sanskrit but not English
(i) Englishonly (vi) Frenchand English but not Sanskrit
(i) Sanskritonly (vii) at least one of the three languages
(iv) Englishand Sanskrit (viii) none of the three languages

but not French

ObjectiveTypeQuestions

Choose the correct answers from the given four options in each Exercises 29 to 43

(M.C.Q.).

29.

30.

SupposeA A, ..., A arethirty setseach having 5 elementsand B, B, ..., B

n

are n sets each with 3 elements, let @Ai =LnJBj =S and each element of S
i=1 j=1

belongs to exactly 10 of theA 's and exactly 9 of the B,’S. then nis equal to

(A) 15 (B) 3 (C) 45 (D) 35

Two finite sets have m and n elements. The number of subsets of the first set is

112 more than that of the second set. The values of m and n are, respectively,

(A) 4,7 (B) 7,4 (© 4,4 (D) 7,7
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31.

32.

33.

34.

35.

36.

37.

38.

39.
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Theset (A nB")" U (BN C)isequa to
(A) AuBuUC (B) A’uB C) AMUC (D) A°nB
Let F, betheset of parallelograms, F, the set of rectangles, F, the set of rhombuses,

F, the set of squares and F, the set of trapeziums in a plane. Then F, may be
equal to

(A) F,NF, (B) F,nF,
(C) F,UF, (D) FUFR,UF, UF,
Let S=set of pointsinsidethe square, T = the set of pointsinsidethetriangleand

C = the set of points inside the circle. If the triangle and circle intersect each
other and are contained in a square. Then

(A) SNTNC=9¢ (B) suTucC=cC

(C©) suTuC=S (D) suT=sSnC

Let R be set of pointsinside arectangle of sidesaand b (a, b > 1) with two sides
along the positive direction of x-axisand y-axis. Then

(A) R={(x,y):0<x<a,0<y<h}

(B) R={(x,y):0<x<a,0<y<Dh}

(©) R={(x,y):0<x<a0<y<b}

(D) R={(x,y):0<x<a,0<y<b}

In aclass of 60 students, 25 students play cricket and 20 students play tennis,
and 10 students play both the games. Then, the number of students who play
neitheris

(A) O (B) 25 (C) 35 (D) 45

Inatown of 840 persons, 450 personsread Hindi, 300 read English and 200 read
both. Then the number of persons who read neither is

(A) 210 (B) 290 (C) 180 (D) 260
IfX={8-7n-1|ne N} andY ={49n —49 |ne N}. Then
(A) Xcvy (B) YCcX (C) X=Y (D) XNnY=¢

A survey shows that 63% of the people watch a News Channel whereas 76%
watch another channel. If x% of the people watch both channel, then

(A) x=35 (B) x=63 (C) 39<x<63 (D) x=39
If sets A and B are defined as
1
A={(x,y)|y=;,0¢xe R} B={(xYy)|y=-x xe R}, then
(A) AnB=A (B) AnB=B (C)AnB=¢ (D) AUB=A
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41.

42.

43.
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If A and B aretwo sets, thenA N (A U B) equals
(A) A (B) B © ¢ (D) AnB

IfA={1,3,5 7,911, 13,15, 17} B={2, 4, ..., 18} and N the set of natural
numbers isthe universal set, thenA” U (A UB) N B) is

(A) ¢ (B) N € A (D) B

Let S={x| xisapositive multiple of 3 lessthan 100}

P ={ x| xisaprime number less than 20}. Then n(S) + n(P) is

(A) 34 (B) 31 (C) 33 (D) 30

If X and Y aretwo setsand X’ denotes the complement of X, then X N (X U Y)’
isequal to
(A) X B) Y ©) o (D) XY

Fill in the blanksin each of the Exercisesfrom 44to 51 ;

44.
45.
46.
47.
48.
49.

50.

(i)
51.
52.

Theset {xe R :1<x< 2} can be written as
When A = ¢, then number of elementsin P(A) is
If A and B arefinite setssuch that A ¢ B, thenn (A UB) =
If A and B are any two sets, then A — B is equal to
Power set of theset A = {1, 2} is

GiventhesetsA={1,3,5}.B={2,4,6} and C = {O 2, 4, 6, 8}. Then the
universal set of al the three sets A, B and C can be

IfUu={1,23,4,56,7,8,9, 10},A={1,2,3,5},B={2,4,6,7} and
C={2,3,4,8}. Then

(Bu C)is . (i)(C-=A)is
For all setsA and B, A — (A n B) isequal to
Match the following setsfor al setsA, B and C

() (AU B)—AY (8 A-B

(i) [B'U (B —A) () A

(i) (A-B)-(B-C) (c) B

(iv) (A-B)n(C-B) d) (AxB)n (AxC)
(V) Ax(BNC) (€) (AxB)uU (AxC)

Vi) Ax(BuUC) f) (ANC)-B
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State True or Falsefor the following statementsin each of the Exercisesfrom 53t0 58 :
53. If Aisany set, thenA C A
54. GiventhaM ={1,2,3,4,5,6,7,8,9 andifB={1,2,3,4,5,6,7,8,9},thenBzM
55. Thesets{1,2, 3,4} and{3, 4, 5, 6} areequal.
56. QuUZ =Q,whereQistheset of rational numbersand Z isthe set of integers.
57. LetsetsRand T be defined as

R={xe Z|xisdivisibleby 2}

T={xe Z|xisdivisbleby 6}. ThenT c R
58. GivenA={0,1,2},B={xe R|0<x<2}. ThenA =B.

- O R ——



Chapter 2

(RELATIONSAND FUNCTIONS)

2.1 Overview

This chapter deals with linking pair of elements from two sets and then introduce
relations between thetwo elementsinthe pair. Practically in every day of our lives, we
pair the members of two sets of numbers. For example, each hour of the day is paired
with the local temperature reading by T.V. Station's weatherman, ateacher often pairs
each set of score with the number of students receiving that score to see more clearly
how well the class has understood the lesson. Finally, we shall learn about special
relationscalled functions.

2.1.1 Cartesian products of sets

Definition : Given two non-empty sets A and B, the set of all ordered pairs (X, V),

wherex € Aandye B iscaled Cartesian product of A and B; symbolically, we write
AxB={(x,y)| xe Aandy e B}

If A ={1,2,3} andB ={4, 5}, then
AxB={(1,4),(24),(3,4),(15),(275),(3,5)}

and BxA={(41),(4,2),(473),(51),(5,2),(5,3)}

(i) Two ordered pairs are equal, if and only if the corresponding first elements are
equal and the second elementsare also equal, i.e. (x,y) = (u, V) if and only if x=
uy=\v.

@) If n(A)=pand n(B)=q,thenn(A xB)=p xqQ.

il AxAxA={(abc):a b ce A}. Here(a,b,c) iscaled an ordered triplet.

2.1.2 Relations A Relation R from a non-empty set A to a non empty set B is a
subset of the Cartesian product set A x B. The subset is derived by describing a
relationship between the first element and the second element of the ordered pairsin
A x B.

The set of al first elementsin arelation R, is called the domain of therelation R,
and the set of all second elements called images, is called the range of R.

1
For example, the set R = {(1, 2), (- 2, 3), (E’ 3)} is arelation; the domain of

1
R={1,-2, E} and therange of R ={2, 3}.
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() A relation may be represented either by the Roster form or by the set builder
form, or by an arrow diagram which is avisual representation of arelation.

(i) 1fn(A)=p,n(B)=q;thenthen(A x B) = pg and the total number of possible
relations from the set A to set B = 2.

2.1.3 Functions A relation f from a set A to a set B is said to be function if every
element of set A has one and only one image in set B.

In other words, afunction fisarelation such that no two pairsin therelation
has the same first element.

The notationf: X —Y meansthatfisafunction from X to Y. X iscalled the domain
of fandY iscdled theco-domain of f. Given an element x € X, thereisaunique element
yinY that isrelated tox. The unique eement y to whichf relates x is denoted by f (x) and
iscdled f of x, orthevalueof fat X, or the image of x under f.

The set of all valuesof f(x) taken together iscalled therange of f or image of X
under f. Symbolically.
rangeof f={ye Y| y=f(x), for somexin X}

Definition : A function which has either R or one of its subsets asitsrange, is called
area valued function. Further, if itsdomainisalso either R or asubset of R, itiscalled
areal function.

2.1.4 Some specific types of functions

(i) Identity function:

The function f: R — R defined by y =f (X) = x for each x € R is called the
identity function. Domainof f= R

Range of f =R
(i) Constant function: The functionf: R — Rdefinedbyy =1 (x) =C, xe R,
where C isaconstant € R, is aconstant function.
Domainof f= R
Range of f = {C}
(iif) Polynomial function: A real valued functionf: R — R defined by y =f (x) = a,
+ax+.+ax, wherene N, and a,a,a.a€R, for each x € R, iscalled
Polynomial functions.

f (%)

(iv) Rational function: These are the real functions of the type T , Where
g(x

f (x) and g (x) are polynomial functionsof x defined in adomain, where g(x) # 0. For



(v)

(Vi)

(vii)

2.15
(i)

(i)

(i)
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X+1
examplef: R —{—2} —» R defined by f (x) = Y vXe R-{-2}isa

rational function.
The Modulus function: The real function f : R — R defined by f (x) = |x|=

X x= 0
-X, X< 0
v X€ R iscalled the modulus function.

Domainof f =R
Range of f=R* U {0}
Signum function: Thereal function
f: R — R defined by

| | 1 if x>0
—,X=0 _
f(X)=1 x =<0, if x=0
0x=0 |-1 if x<O
is called the signum function. Domain of f=R, Rangeof f={1,0, -1}
Greatest integer function: The real function f : R — R defined by
f(X) =[X], xeR assumesthe value of the greatest integer less than or equal to x, is
called the greatest integer function.

Thus f(X)=[x] =—1for—1<x <0
f(xX)=[x] =0 for 0<x <1
[X] =1 forl1< x< 2
[X] =2 for2< x < 3andsoon
Algebra of real functions
Addition of two real functions

Letf: X > Randg: X — R beany two real functions, where X € R.
Then we define(f+g): X > Rby (f+g) (X) =f(x) + g (x), foralxe X.
Subtraction of a real function from another

Letf: X > Randg: X — R beany two real functions, where X ¢ R.
Then, wedefine(f—g): X > R by f—g) (X) =f (X) —g (x), for dl xe X.
Multiplication by a Scalar

Let f: X — R beareal function and o be any scalar belonging to R. Then the
product of isfunction from X to R defined by (o f) (X) = o f (X), x € X.
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(iv) Multiplication of two real functions

Let f: X >R andg: x— R beany two rea functions, where X ¢ R. Then
product of these two functions i.e. f g : X — R is defined by

(fg) () =f(x) 9(¥ v xe X.
(v) Quotient of two real function
Let fand gbetwo rea functions defined from X — R. The quotient of f by g

f
denoted by E isafunction defined from X — R as

(l}(x):w , providedg () # 0, x e X.
g 9(x)

Domain of sum function f + g, difference function f — g and product
function fg.
={x:xeb n Dg}

where D, = Domain of function f
D, = Domainof functiong
f

Domain of quotient function E

={x:xeD;n D, andg(x) # 0}

2.2 Solved Examples

Short Answer Type
Examplel LetA={1, 2, 3,4} and B={5, 7, 9}. Determine
i) AxB (i BxA
@iy IsAxB=BxA? (iv) Isn(AxB)=n (B xA)?
Solution SinceA ={1, 2, 3,4} and B ={5, 7, 9}. Therefore,
(i) AxB={(15),(1,7).(1,9.(25).(27),
(2,9),(3,9),(3,7).(3,9).(4,5),(4,7), (4,9}
(i BxA={(5,1),(5,2),(5,3),(54),(7,1,(7,2),
(7,3),(7,4),(9,1),(9,2),(9,3), (9 4}

(i) No,Ax B =#B x A. Since A x B and B x A do not have exactly the same
ordered pairs.

(iv) n(AxB)=n(A)xn(B)=4x3=12



RELATIONS AND FUNCTIONS 23

N(BxA)=n(B)xn(A)=4x3=12

Hence n(AxB)=n(B xA)
Example 2 Find x and y if:
() (x+3,y)=(3x+5-2) (i) (x—-y,x+y)=(6,10)
Solution
(i) Since(@x+3,y)=(3x+5,-2),s0

4x+3=3x+5

or X=2

and y=—
(i) x-y=6

Example31fA ={2,4,6,9} andB ={4, 6,18, 27,54},ae A, be B, find the set of
ordered pairs such that 'a is factor of 'b' and a <b.
Solution Since A ={2,4,6,9}

B={4,6,18,27,54},
we have to find a set of ordered pairs (a, b) such that a isfactor of b and a< b.
Since 2 isafactor of 4 and 2 < 4.
S0 (2, 4) isone such ordered pair.

Similarly, (2, 6), (2, 18), (2, 54) are other such ordered pairs. Thusthe required set
of ordered pairsis

{(2,9),(2,6),(2,18),(2,54), (6,18), (6,54,), (9, 18), (9, 27), (9, 54)} .
Example 4 Find the domain and range of the relation R given by

6
R={(x,y):y= X+;;Wherex,ye N and x < 6}.

Solution Whenx=1,y=7€ N, s0 (1, 7) € R. Again for,

6
X=2.y= 2+E =2+3=5€ N,s0(2,5)€ R.Again for
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6
x=3, y=3+ 5 =3+2=5€ N, (3,5 € R. Similarly for x=4

6 6
y:4+Z ¢ Nandforx=5, y=5+—5 g N

ThusR={(1,7),(2,5), (3,5)}, whereDomain of R={1, 2, 3}
Range of R={7, 5}

Example 5 Isthefollowing relation a function? Justify your answer

() R ={(223), (%, 0),(2,7), (-4, 6)}
(i) R, ={(x |x]) | xisarea number}
Solution
Since(2,3)and (2, 7) e R,
= R (@=3 ad R (=7
So R, (2) does not have a unique image. Thus R, is not afunction.
(i) R, ={( |x])/xeR}
For every xe R therewill be uniqueimage as |x| € R.
Therefore R, is a function.
Example 6 Find the domain for which the functions
f(x)=2x*-1andg(x) =1—3x are equal.

Solution

For f(X)=g(x

= 22 -1=1-3%

= 22 +X-2=0

= 2C +4x—x—-2=0

= X(X+2)-1x+2)=0
= (2x-1) (x+2)=0

Thus domain for which the function f (x) = g(x) is {%,—2} .

Example 7 Find the domain of each of the following functions.

(i) f(x):mai) ) =[x+x
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Solution

() f isarationa function of the form % ,whereg(X) = xand h(X) = x2+ 3x+ 2.
Now h(X)#0 = + 3x+ 2# 0= (x + 1) (x + 2) # 0 and hence domain of the
given functionisR—-{-1,-2}.

i) fx)=[x]+xi.e, f=h(Xx+ g
where h X =[x adg (x) =x
Thedomain of h=R
and the domain of g = R. Therefore

Domainof f =R

Example 8 Find the range of the following functions given by

0 *—, (i) 16-x*
Solution
xX—4
0 fog= 2 o
x4 12X i

X_
Thus the range of % ={1,-1}.

(i) Thedomain of f, where f(X) = /16— x2 isgiven by [-4, 4].

For the range, lety = /16—

then Y =16 -x?
or X =16-y?
Since X € [-4,4]

Thusrange of f = [0, 4]
Example 9 Redefine the function which is given by

f(¥) = |x-A+[1+x, -2<x<2
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Solution f (X)

|x—]|+|1+x|,—2$x£2

—X+1 -1-x, —2<x<-1
=< —X+1 +x+1, =1<x<1
X=1+1+X, 1<x< 2

—2X , —2<x< -1
= 2, —1<x<1
2X,1<x < 2

) . . . 1
Example 10 Find the domain of the function f given by f (x) = 7[—

X]?—[x] -6

. . 1 . . .
Solution Given that f (X) = V[— , T isdefined if [x]?—[X —6> 0.
x]?-[x]-6

o ([X-3) (X +2) >0,

= [X] <=2 or [X] > 3
= X<-=2 or X=4
Hence Domain = (— o0, —2) U [4, ).

ObjectiveTypeQuestions
Choose the correct answer out of the four given possible answers (M.C.Q.)

1
Example 11 The domain of the function f defined by f (X) = | | is
X—|X
(A) R (B) R*
© R~ (D) None of these

Solution The correct answer is (D). Giventhat f (X =

x—x=0 if x>0

where X—|X| - {Zx if x<O
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Thus is not defined for any x € R.

1
x-|§

Hence f isnot defined for any xe R, i.e. Domain of fisnone of the given options.

1 1
Example 12 If f (X) = x® v thenf (x) + f (;) isequal to

1
(A) 2¢ (B) ZF (C) 0 (D) 1
Solution The correct choiceis C.
. 1
Since f(x) =x— F
1.1 1 1 5
f(3)=e-T%
N
1 1 1
Hence, fx)+ f|=|= X°-=+=-xX =
) (x] XX

Example 13 Let A and B be any two sets such that n(B) =p, n(A) = qthen the total
number of functionsf: A — B isequa to .

Solution Any element of setA, say x; can be connected with the element of set B in p
ways. Hence, there are exactly p functions.

Example 14 Letf and g be two functions given by
f={(24),(56),(8-1),(10,-3)}

0={(2,5),(7,1),(8,4), (10, 13), (11, — 5)} then. Domain of f + gis

Solution SinceDomainof f=D,={2, 5, 8, 10} and Domainof g=D_,={2,7, 8, 10, 11},
therefore the domainof f+g={x|xe D Dg} ={2, 8§, 10}

| 2.3 EXERCISE |

Short Answer Type
1. LetA={-1,2 3} andB ={1, 3}. Determine
(i) AxB (i) BxA
(i) BxB (iv) AxA




28

10.

11.
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If P={x:x<3,xe N},Q={x:x<2,x e W}.Find (Pu Q) x (Pn Q), where
W isthe set of whole numbers.
IfFA={x:xeW,x<2} B={x:xe N,1<x<5 C={3 5} find
i) Ax(BnCQC) (i) Ax(BuUCQC)
In each of the following cases, find a and b.

a
(i) (2a+b,a—b)=(8,3) (ii) (Z ,a—2bj = (0, 6 +b)

GivenA ={1,2,3,4,5},S={(x,y) : xe A, ye A}. Find the ordered pairs
which satisfy the conditions given below:

(i) x+y=5 (i) x+y<5b (i) x+y>8
GivenR={(x,y) : x, ye W, x2 + 2 = 25}, Find the domain and Range of R.

IfR ={(X,y) |y=2x+7,wherexe Rand—5 <x< 5} isarelation. Thenfind
the domain and Range of R,.

If R,={(x y)|xandy are integers and x* + y* = 64} isarelation. Then find R,.

If R, ={(x, [X]) | xisarea number} isarelation. Then find domain and range
of R..
Isthe given relation a function? Give reasons for your answer.
(i) h={(46),(39),(-11,6), (3, 11)}
(i) f={(x,x) | xisarea number}

(i) g= {(nﬁlj In is a positive integer}

(iv) s={(n,n? | nisapositive integer}
(v) t={(x, 3) | xisarea number.
If fandg arereal functionsdefined by f (x) =% + 7 and g(x) = 3x + 5, find each

of thefollowing

1
(@ f(3+g(-9 (b) f(zj x g(14)
(© f(-2+9(1 d fO-1(=2

(e) @,ifws
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12. Letfand gberea functions defined by f (x) =2x+ 1and g (X) =4x—7.
(a) For what real numbersx, f(x) =g (x)?
(b) For what real numbersx, f(X) <g(x)?

13. If fand garetwo rea valued functionsdefined asf (X) =2x+ 1, g(X) = X2+ 1,
thenfind.

i) f+g @ f-g @iy fg (iv) %
14. Expressthefollowing functionsas set of ordered pairsand determinetheir range.
f:X>R f(X)=x*+1, whereX ={-1,0,3,9, 7}
15. Findthe values of x for which the functions
f(X)=3 -1andg (x) =3 + x are equal

LongAnswer Type

16. Isg={(1,1),(2 3),(3,5), (4, 7)} afunction? Justify. If thisis described by the
relation, g (X) = ax+ 3, then what values should be assigned to o.and p?

17. Findthedomain of each of the following functions given by

0 f(x)=ﬁ (i) f(x)=ﬁ
8
(i) () =x|x] iv) f(x) = Xx_zﬁ3
V) 109=
18. Find therangeof thefollowing functions given by
(i) f(x = 2T3x7 (i) f=1-|x-2
i) f()=|x-9 (iv) f(X)=1+3cosx

(Hint: =1 <cos2x <1=-3 < 3c0s2x <3= -2 < 1+ 3c0s2x <4)

19. Redefinethefunctionf (x) = [x-2| +|2+x|, -3 <x<3
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X-1
20. Iff(x) = o1 then show that

. 1) . 1y -1
@i f (;] =—f(x) @ f ( xj_f(x)
21. Letf(x)= fx andg (X) = x be two functions defined in the domain R* L { 0}.
Find
(i) (f+9) & (i) (f-9
(i) (f9 () (iv) [éj(X)

1
22. Find the domain and Range of the function f (x) = ——=

Jx-5"
ax—b
23. If fX)=y= ~a’ then prove that f (y) = x

ObjectiveType Questions
Choose the correct answers in Exercises from 24 to 35 (M.C.Q.)

24. Letn (A)=m, and n(B) = n. Then the total number of non-empty relations that

can be defined from Ato B is

(A) mr (B) nm—1
(€) m-1 (D) 2m—1
25. If [X]* =5[x] + 6 =0, where[ . ] denote the greatest integer function, then
(A) xe [3,4] (B) xe (2, 3]
(C) xe[2 73 (D) xe [2,4)
26. Rangeoff (X) = T 7000 is
1 1
(A) [5,1} (B) [—1 —3}

© Comnt ]3] ® |-

wlkF
Ll



27.
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Let f(x) = 1+ , then

(A) Toy)=fX.fW) (B) fxy)2f(x) .f(y)
C) f(xy)< T (X .1(y) (D) None of these

[Hint : find f (xy) = {1422 L f () .f () = LRy +x2+y2 ]

28.

29.

30.

31.

32.

Domain of ,/az -x% (a>0)is

(A) (-a @) (B) [-a 4d

(©) [0 4 (D) (—a(q]

If f(X) =ax +b, whereaand b areintegers, f(-1) =—5and f (3) = 3, thenaand b
are equal to

(A) a=-3b=-1 (B) a=2b=-3
(C) a=0,b=2 (D) a=2b=3

1
The domain of the function f defined by f (x) = ,/4—x + \/xz_—l isequal to

(A) (- u (L4 (B) (meo -1 u (L4
() (eo-DuU[L 4 (D) (e—-DuUL4)

4-x
The domain and range of thereal function f defined by f (x) = .y isgiven by

(A) Domain=R, Range={-1, 1}

(B) Domain=R —-{1}, Range= R

(C) Domain=R —{4}, Range={-1}

(D) Doman=R-{-4}, Range={-1, 1}

The domain and range of real function f defined by f (x) = 1/x—l isgiven by
(A) Domain = (1, ), Range = (0, =)

(B) Domain =[1, «), Range = (0, )

(C) Domain=[1, ), Range = [0, <)

(D) Domain =1, ), Range = [0, <)
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_ _ _ X2 +2x+1

33. Thedomain of the function f given by f (x) = m
(A) R-{3,-2} (B) R-{-3 2}
(C) R-[3,-2] (D) R-(33,-2

34. Thedomain and range of the function f given by f (x) =2 — |x—5| is
(A) Doman=R* Range= (—eo, 1]
(B) Doman=R, Range= (—oo, 2]
(C) Domain=R, Range= (—e<°, 2)
(D) Domain=R*, Range= (-0, 2]

35. Thedomain for which the functions defined by f (x) = 32—1and g(x) = 3+ X
areequal is

4 4
@ {2 ® |3)

4 4
© (3] © {_léj

Fill intheblanks:

36. Letfand g betwo real functions given by
f={(0,1),(20),(3-4), (42,5 1}
9={(1.0),(2,2),(3,-1),(44), (5 3)}
then the domain of f . g is given by

37. Letf={(2,4),(5,6), (8 -1), (10, -3)}

9={(259).(7.1),(8,4), (10, 13), (11, 5)}
be two real functions. Then Match the following :

0 {3633
(b) f+g (i) {(2,20),(8,~4),(10,~39)}

© f.g (i) {(2,-1), (8-5),(10,-16)}
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f
@ g (iv) {(29),(8,3),(10,10)}

State True or False for the following statements given in Exercises 38to 42 :

38.
39.
40.

41.

42.

The ordered pair (5, 2) belongsto therelation R={(x,y) : y=x-5,x,y e Z}
IfP={1,2},thenPxPxP={(1,1,1),(222),(122),(21,1)}
IfA={1,23},B={3,4} andC={4,5, 6}, then (AxB) U (AxC)
={(1,3).(1,4),(1,9),(1,6).(2,3),(2.4).(2,5),(2.6),(3,3).(3,4).(3,5)., (3,6)}.

-14
If (x—2,y+5)= (_2, _;J are two equal ordered pairs, then x=4, y = =

IfAxB={(ax),(ay) (bx),(0y)} thenA ={a, b}, B ={xy}

—————p> ¢



Chapter 3

(TRIGONOMETRIC FUNCTIONS)

3.10verview

3.1.1 The word ‘trigonometry’ is derived from the Greek words ‘trigon’ and ‘metron’
which means measuring the sides of a triangle. An angle is the amount of rotation of a
revolving line with respect to a fixed line. If the rotation is in clockwise direction the
angle is negative and it is positive if the rotation is in the anti-clockwise direction.
Usually we follow two types of conventions for measuring angles, i.e., (i) Sexagesimal
system (ii) Circular system.

In sexagesimal system, the unit of measurement is degree. If the rotation from the

initial to terminal side is 5—= th of a revolution, the angle is said to have a measure of

360

1°. The classifications in this system are as follows:
1°=60
1"=60"
In circular system of measurement, the unit of measurement is radian. One radian is
the angle subtended, at the centre of a circle, by an arc equal in length to the radius of the

circle. The length sof an arc PQ of a circle of radius r is given by S=r0, where 0 is the
angle subtended by the arc PQ at the centre of the circle measured in terms of radians.

3.1.2 Relation between degree and radian
The circumference of a circle always bears a constant ratio to its diameter. This constant

22
ratio is a number denoted by © which is taken approximately as 7 for all practical

purpose. The relationship between degree and radian measurements is
as follows:

2 right angle = 180° = 7t radians

O

1 radian = =57°16 (approx)

1°= %) radian = 0.01746 radians (approx)
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3.1.3 Trigonometric functions

Trigonometric ratios are defined for acute angles as the ratio of the sides of a right
angled triangle. The extension of trigonometric ratios to any angle in terms of radian
measure (real numbers) are called trigonometric functions. The signs of trigonometric
functions in different quadrants have been given in the following table:

I I 1 v
sin X + + - —
cos X + . _ +
tan X + — + -
cosec X + + — —
sec X + - _ +
cot X + — + —
3.1.4 Domain and range of trigonometric functions
Functions Domain Range
sine R [-1,1]
cosine R [-1, 1]
T
tan R—{(2n+1)5:ne Z} R
cot R-—{nt:ne Z} R
T
sec R—{2n+1) E:ne Z} R-(-1,1)
cosec R-{nm:ne Z} R—-(-1,1)
3.1.5 Sine, cosine and tangent of some angles less than 90°
0° 15° 18° 30° 36° 45° 60° 90°

-2 | 51 | 1 | \10-25
4 4 2 4

sine 0

-
N|§|
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J6+2 | \10£245 | B | B+l

cosine | 1 —_—

4 4 2 4

5~
| —
(e}

r—— 1 not
tan 0 2_\/5 ZS_TIO\B ﬁ 5-245 1 \E defined

3.1.6 Allied or related angles The angles %i 0 are called allied or related angles

and O £ n x 360° are called coterminal angles. For general reduction, we have the

nr
following rules. The value of any trigonometric function for (7 10) is numerically

equal to

(a) the value of the same function if nis an even integer with algebaric sign of the
function as per the quadrant in which angles lie.

(b) corresponding cofunction of 0 if nis an odd integer with algebraic sign of the
function for the quadrant in which it lies. Here sine and cosine; tan and cot; sec
and cosec are cofunctions of each other.

3.1.7 Functions of negative angles Let 6 be any angle. Then
sin (—0) = —sin 6, cos (—0) =cos O
tan (-0) =—tan 6, cot (-0)=—-cotH
sec (—0) =sec 0, cosec (—0) = — cosec 0

3.1.8 Some formulae regarding compound angles

An angle made up of the sum or differences of two or more angles is called a
compound angle. The basic results in this direction are called trigonometric identies
as given below:
(i) sin (A + B)=sinAcos B+ cos Asin B
(ii) sin (A —B)=sin Acos B—cos A sin B
(iii) cos (A + B)=cos A cos B—sinA sin B
(iv) cos (A —B)=cos Acos B+ sinA sin B
tan A + tan B

(v) tan(A+B)= 1-tan AtanB

tan A — tan B

(V) tan (A =B) = T T B



(vii)
(viii)
(ix)
()
(xi)
(xil)
(xiii)
(xiv)
(xv)
(xvi)
(xvii)
(xviii)
(xix)
(xx)

(xxi)
(xxii)

(xxiii)
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ALB cotAcotB-1
t(A+B)= ————
cot ( ) cotA +cotB
cotAcotB+1
cot(A-B)y= ———
cotB —cot A
. . 2tan A
sin2A=2sinA cosA = ————
1+tan” A
l—tanzA
cos 2A = cos? A —sin?A=1-2sin?A=2cos’A-1= ———
1+tan"A
2 tan A
tan 2A = ————
1-tan" A

sin 3A=3sin A —4sin’ A
cos 3A = 4cos’ A — 3cos A
3 tanA — tan A

tan 3A = 5
1-3tan" A

A+B A-B
cos A + cos B = 2cos 5 cos

2
. A+B . B-A
cos A — cos B = 2sin sin
2 2
sinA+sin B= 2sinA+B coS A-B
2 2
A-B

sin

sin A— sin B = 2cos

2sin A cos B = sin (A + B) + sin (A — B)
2cos A sin B =sin (A+ B) —sin (A—B)
2cos A cos B=cos (A +B)+cos (A-B)
2sin A sin B = cos (A— B) — cos (A + B)

LA
A T—cos A + 1f3 lies in quadrants I or II
sin—=1+ ’_
2 2 A

—if B lies in III or IV quadrants
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+ if A lies in [ or IV quadrants
. COSé_+ 1+cosA 2
(XX1v) 7t 1/—2 A

—if B lies in II or III quadrants

+ifélies in I or Ill quadrants
(xxv) tanA + 1—cosA 2
XXV —=—,J—
2 1+ cosA A

—if > lies in Il or IV quadrants

Trigonometric functions of an angle of 18°
Let 6= 18°. Then 26 = 90° — 30
Therefore, sin 20 = sin (90° —30) = cos 30
or sin 20 = 4co0s* 0 — 3cos O
Since, cos 0 # 0, we get
2sin © =4c0s?0 -3 =1-4sin’0 or 4sin?0 +2sin 6—1=0.

243116 145

Hence, sin 0= =
8 4

V5 -1

4

Since, 0 = 18°, sin 0> 0, therefore, sin 18° =

Also, cosl18° = ,/1 —sin?18° =.\/l _ 6—12\/3 IlO +25

6 \ 4
Now, we can easily find cos 36° and sin 36° as follows:

6-25 _ 2+2J§:J§+1
8

8 4

cos 36°=1-2sin?18°= 1—

\EH

Hence, cos 36° = 2

10-24/5
Also, sin 36° = /1 — cos? 36°=\/1—6+126\,g :\/ 7 \,_

3.1.9 Trigonometric equations

Equations involving trigonometric functions of a variables are called trigonometric
equations. Equations are called identities, if they are satisfied by all values of the
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unknown angles for which the functions are defined. The solutions of a trigonometric
equations for which 0 < 6 < 2 7w are called principal solutions. The expression
involving integer N which gives all solutions of a trigonometric equation is called the
general solution.

General Solution of Trigonometric Equations
(i) Ifsin O = sin o for some angle o, then
0 =nm + (—1)"a for ne Z, gives general solution of the given equation
(i) If cos O = cos a for some angle o, then
0=2nr+ 0o, ne Z, gives general solution of the given equation
(i) Iftan O = tan o or cot O = cot «, then
0 =nn+a, ne Z, gives general solution for both equations

(iv) The general value of 6 satisfying any of the equations sin’ 6 = sin® o, cos’0 =
cos? o and
tan?> O = tar? o is given by 0 = nw +

(v) The general value of 0 satisfying equations sin 6 = sin o and cos 6 = cos o
simultaneously is given by 6 =2nt + o, ne Z.

(vi) To find the solution of an equation of the form a cosf + b sind = ¢, we put

a=r cosc. and b=r sina, so thatr>=a + b’ and tano. =

olo

Thus we find
a cosb + b sinB = ¢ changed into the form r (cos 6 cos o + sin 0 sin o) = C

c
or rcos(B—o)=candhencecos(6—c)= F . This gives the solution of the given

equation.
Maximum and Minimum values of the expression Acos0 + B sin0are ,/ A% +B?
and — ,' A%+ B? respectively, where A and B are constants.

3.2 Solved Examples
Short Answer Type

Example 1 A circular wire of radius 3 cm is cut and bent so as to lie along the
circumference of a hoop whose radius is 48 cm. Find the angle in degrees which is
subtended at the centre of hoop.
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Solution Given that circular wire is of radius 3 c¢cm, so when it is cut then its
length =27 x 3 =67 cm. Again, it is being placed along a circular hoop of radius 48 cm.
Here, s= 67 cm is the length of arc and r =48 cm is the radius of the circle. Therefore,
the angle 0, in radian, subtended by the arc at the centre of the circle is given by

Arw__6n_m

= =—=—=22.5°,
Radius 48 8
, 3
Example 2 If A= cos?0 + sin*0 for all values of 0, then prove that Z <A<
Solution We have A=cos’0 + sin*0 = cos? 6 + sin’? 0 sin”> © <cos’0 + sin? 6
Therefore, A<
Also, A =cos?0 +sin*0 = (1 — sin? 0) + sin* O

2 2
= (sinze—lj +(1—lj = (sirﬂe_l) +EZE
2 4 2 4 4

3
Hence, ZSASI.

Example 3 Find the value of f3 cosec 20° — sec 20°
Solution We have

NE |

sin20°  cos 20°

J3 cosec 20° — sec 20° =

B T
~ J3 cos 20° —sin 20° . 7005 20 fzsm20
sin 20° cos 20° 2 sin 20° cos 20°

4 ( sin 60° cos 20° — cos 60° sin 20°j

sin 40°
(Why?)
in (60° —20°
_ 4 Sn(O0° 200 _, (Why?)
sin 40°



TRIGONOMETRIC FUNCTIONS 41

Example4 If 0 lies in the second quadrant, then show that

=-2sec O

Jl —sin® ’1+sm9

1+sin0 Vl sin 0
Solution We have

[1—sme \/1+sin9 1-sin 0 1+sin®

V1+s1n9 1-sin 0O ,1 sin? N m m
2

= | c0s 0| (Since \/_ |o| for every real number o)

Given that 0 lies in the second quadrant so |cos O] = — cos O (since cos 0 < 0).

Hence, the required value of the expression is =-2 secO

—cos O
Example5 Find the value of tan 9° — tan 27° — tan 63° + tan 81°
Solution We have tan 9° — tan 27° — tan 63° + tan 81°

=tan 9° + tan 81° — tan 27° — tan 63°

= tan 9° + tan (90° — 9°) — tan 27° — tan (90° — 27°)

= tan 9° + cot 9° — (tan 27° + cot 27°) D
1 2
[e] o — = ?
Also tan 9° + cot 9 Sin 9° c0s9°  sin18° (Why?) (2)
. 1 2 2
Similarly, tan 27° + cot 27° = = = (Why?) (3)

sin27° cos27°  sin54° cos36°
Using (2) and (3) in (1), we get
2 2 2x4 2x4

o _ o _ ° 4+ o — — = — =
tan 9° — tan 27° — tan 63° + tan 81 Sn13° cos36° \B 1 J_+1

sec80—1 tan80
sec40-1 tan20

Example 6 Prove that

sec80—1  (1-cos86)cos4 6
sec40-1  c0s80 (1—cos40)

Solution We have

2sin’4 0 cos40
= Why?
cos80 ZSin2 20 (Why?)
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sin4 0(2 sin4 0 cos 4 6)
T 2cos80sin226
~ sin40sin80 (Why?)
2c0s80sin’20 v
~ 2sin20cos2 0sin8 O
2cos80sin® 20
B tan8 0 Why?
~ tan20 (Why?)
Example 7 Solve the equation sin 6 + sin 30 + sin 56 =10
Solution We have sin 6 + sin 30 + sin 50 =0
or (sin O + sin 50) + sin 36 =0
or 2 sin 30 cos 20 +sin 30 =0 (Why?)
or sin 30 (2 cos 20+ 1)=0
or sin36=00rcos26=—§
nm
When sin 30 = 0, then 36 =nm or 6 = ?
1 271 27 b
When cos 20 = — 5 = cos T,then26=2nrti ? or 6=nm+ g

b i
which gives 6 = (3n+ 1) 3 or0=(3n-1) 3
n
All these values of 6 are contained in0 = ?Tc ,ne Z. Hence, the required solution set

. nm
is given by {0 :0 = ?,ne Z}

Example 8 Solve 2 tan®> X + sec? X =2 for 0 < X< 27

Solution Here, 2 tan® X+ sed X=2

1
which gives tan X =+ 75
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1 n In

= T = = — 0 — 9
If we take tan X \E , then X P (Why?)

—_1 St 1l=w

s - ,then X =—or— 2
Again, if we take tan X \/5 6 6 (Why?)

Therefore, the possible solutions of above equations are

n Snm In 11n

— , — and — where 0 < X< 2n

X6 6 6 6

Long Answer Type

. i 3n 5w T
Example 9 Find the value of 1+cos§ 1+cos? 1+cos? 1+cos?

i 3n S n
Solution Write | 1+cos— || 1+cos— || 1+ cos— || 1+cos—
8 8 8 8
I 31 3n I
=|1+cos—||1+cos— || 1+cos| m—— l+cos| m——
8 8 8 8

T , 3m
=|1-cos“— || l-cos” — (Why?)
8 8
3
= sinzzsinz—TE
8 8
(w2 o
= —|1-cos— —Ccos—
7 7 1 (Why?)
1(1 n](n n) 2
= —|1-cos— cos—
4 4 4 (Why?)

I

|
T/~

P

|

(@]

o

w2

(3]
13
~

I
NG I
I/

|
|-
N~

1l
0| =

2n 4rn
Example 10 If X cos 6 =y cos (0 + ?) =2zZcos (0O + ?), then find the value of

Xy + Yz + 2.
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Solution Notethatxy+yz+zx=xyz(l+l+lj.
X y z

2n 47
If we put X cos 6 =y cos (0 + ?) =7Zcos (6+?) = K (say).

k k k
Then X=—"7,y=———— andz= ————
cos 0 2n 41
cos| 0+ — cos| 0+ —
3 3
1 1 1 1 27 41
sothat —+—+— = —|cosO+cos| O+— [+cos| O +—
Xy z Kk 3 3
1 2
= —[cosG+cos€)cos—n—sinGsin—7t
k 3 3
4 4
+ cos 0 cos —n—sinesin—n]
3 3
1 “1 B 1 3
= — [cosO+cosO (—)— — sinO ——cosO +—sinO] (Why?
k[ (2 ) > > 5 1 (Why?)
1
= —)(0:0
k
Hence, Xy+yz+zx=0
Examplell If oo and 3 are the solutions of the equation a tan 6 + b sec 6 =,
2ac
then show that tan (a0 + ) = 2 2

Solution Given that atan© +bsecO=c¢c or asinO@+b=ccos0
Using the identities,
2tan g 1—tan® 9
2 andcos 0 =

sin 6 = 0
1+ tan® = 1+tan® —
2 2
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a(Ztangj C(l—tanzﬁ)
We have, 29 +b= 62
1 +tan®= 1+ tan® =
2 2
, 0 0
or (b+ c) tan 5+2atan5+b—c=0

.. .. 0 a )
Above equation is quadratic in tan 2 and hence tanz and tan S are the roots of this

ion (Why?). Therefore, tan —+ t 28 an an b - P2C i
an—+ fan— = — tan— = ——
equation (Why?). Therefore, 2 2 " bic ™ tan2 > brc (Why?)
tan < +tanE
. . . o 2 P
Using the identity tan 3+— -5

o
1—tan — tan—
2 2

—2a
o B brc _ 28_-a
We have, tan| —+— |= = =— . (1
© e (2 2) _b-c  2¢ ¢ M
b+c
Again, using another identity
o+p
o+B 2 tan >
tan 2 > = PR
1—tan’
2
o[-3)
We h tan(a+ B)= =2 = =2 [From (1
¢ have an(oc B)— 2 2.2 [From (1)]
I-=
C

Alternatively, given that a tanb + b secO = C
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= (atan® —c¢)? = bX(1 + tan’0)

= & tan’® — 2ac tanb + ¢’ = b’ + b? tan’0

= (8 — ) tan’® —2actanb+ 2 —b2 =0 . (D)
Since o and P are the roots of the equation (1), so

L p= S0
tano + tanp = and tano tanp =
a2 _ b2 aZ _ b2
tano + tan 3
Therefore, tan (a0 +p)= ——

1 -tana tanf

2ac
a’ b’ 2ac
- C2 _b2 - az _C2
a’ —-b’

Example 12 Show that 2 sin* 3 + 4 cos (a0 + ) sin o sin  + cos 2 (o + B) = cos 20
Solution LHS =2 sin? B + 4 cos (ot + B) sin o sin  + cos 2(a + B)
=2sin’* f + 4 (cos o cos 3 — sin o sin ) sin o sin B
+ (cos 2o cos 2 — sin 20 sin 23)
=2sin? B+ 4 sin o cos o sin B cos § — 4 sir? o sin? B
+ cos 20, cos 23 — sin 20 sin 23
=2 sin* B + sin 2o sin 2B — 4 sin® o sin? B + cos 20t cos 2 — sin
20 sin 23
= (1 —cos 2B) — (2 sin? o) (2 sir? ) + cos 20 cos 23 (Why?)
=(1—-cos 2B) — (1 — cos 2a) (1 — cos 2P) + cos 2a. cos 2
= cos 20 (Why?)
Example 13 If angle O is divided into two parts such that the tangent of one part is k
times the tangent of other, and ¢ is their difference, then show that
k+1
k-1
Solution Let 6 = o + . Then tan oo =K tan

sin 6= sin ¢
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or tanf -

Applying componendo and dividendo, we have

tan o k
1

tano +tanfl k+1
tana—tanp k-1

sino cos B +cosasinf  K+1

= Why?
o sina.cosf—cosasinp k-1 (Why?)
i + K+1
ic. sn(@rh) (Why?)
sin(aa—B) k-1
Given that o — = ¢ and oo+ B = 6. Therefore,
sin®  k+1 K+1
sin = E or sinB= E sin ¢
Example 14 Solve J§ cos O +sin 6 = \E
Solution Divide the given equation by 2 to get
£00s6+lsin9=L or COS—COSO + sin —sin = cos —
2 2 NE) 6 6 4
cos(E—szcosﬁ or cos(e—sz cos = Why?
o 6 4 6 4 (Why?)

T T
Thus, the solution are given by, i.e., 6=2mn £ 7 + 5

Hence, the solution are

5t o
, 6:2mn+E and 6 =2mn — —

T T T T
0=2mr+ —+— and 2Mm- ——, i.c.
4 6 4 6 12

ObjectiveTypeQuestions
Choose the correct answer from the given four options against each of the Examples

15t0 19

-4
Example 15 Iftan 0= —3, then sin® is
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-4 4 —4

—_ x 4 4
(A) 5 but not 5 (B) r or 3
4 4
© 3 but not —g (D) None of these
Solution Correct choice is B. Since tan 6 = "3 is negative, 0 lies either in second

4
quadrant or in fourth quadrant. Thus sin 6 = 3 if O lies in the second quadrant or

4
sinf = — 3 if O lies in the fourth quadrant.

Example 16 If sin 6 and cos 0 are the roots of the equation ax2 — bx + ¢ =0, then a,
b and c satisfy the relation.

(A) & +b*+2ac=0 (B) &—-b*+2ac =0
(C) &+c+2ab=0 (D) &-b*-2ac=0
Solution The correct choice is (B). Given that sin 6 and cos 0 are the roots of the
: : b . c
equation ax2 — bx+ c= 0, so sin 6 + cos 6 = g and sin 6 cos 6= z (Why?)
Using the identity (sinf + cos ) = sin?0 + cos?0 + 2 sin 0 cos 6, we have
b>  2c
—=l+— ora®-b*+2ac=0
a a

Example 17 The greatest value of sin X cos X is

N |~

A) 1 (B) 2 © 2 (D)

Solution (D) is the correct choice, since
. 1 [ :
sinX cosX = E sin 2X < 5, since [sin 2X | < 1.
Eaxmple 18 The value of sin 20° sin 40° sin 60° sin 80° is
-3 5 3 1

(A) ¢ B) T4 © % D 7
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Solution Correct choice is (C). Indeed sin 20° sin 40° sin 60° sin 80°.

3

sin 20° sin (60° — 20°) sin (60° + 20°) (since sin 60° = - )
= — sin 20° [sin? 60° — sin? 20°] (Why?)

3
sin 20° [Z —sin* 20°]

X

[3sin 20° — 4sin’ 20°]

(sin 60°) (Why?)

i 27 47 81

Example 19 The value of cos g cos ? cos ? cos ? is

1
A (B) 0 © 5 D ¢

Solution (D) is the correct answer. We have
s 2n 47 87
COS T COS ~_ €Os —.~ cos™_

5 5 5 5

1 T i 27 4 8n
= 2sin— cos — cOS — COS— COS—
5 5 5 5 5

1 . 2w 27 47 8n
= Sin — €08 — COS— COS—
5 5 5 5

(Why?)

1 4n 4n 8
= sin — €0S — CcoS —
5 5 5

(Why?)
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1 . 8m 8m
= sin— cos—
8 sin — 5 5 (Why?)
5
. 16m . o
sin—  sin| 3n+—
16sin=  16sin=
5
—sin —
B Why?
16sin — (Why?)
1
16

Fill in the blank :
Example 20 If 3 tan (6 — 15°) = tan (0 + 15°), 0° < 6 < 90°, then 0 =
Solution Given that 3 tan (0 — 15°) =tan (0 + 15°) which can be rewritten as

tan(6+15°) 3
tan(0—-15°) 1°

tan(0+15°)+tan (0 —15°)
tan(0+15°) —tan (0 —15°)

Applying componendo and Dividendo; we get 2

= sin (0 +15°) cos(6—15°)+sin (8—-15°) cos (O +15°)
sin (0+15°) cos(0—15°)—sin (B0 —15°) cos(0+ 15°)

sin 20

sin 30°

=2 1ie, sin20=1 (Why?)

giving 0 = T
4
State whether the following statement is True or False. Justify your answer

1
Example 21 “The inequality 25 + 2c0s0 > 21_3 holds for all real values of 6
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Solution True. Since 28 and 2 are positive real numbers, so A.M. (Arithmetic
Mean) of these two numbers is greater or equal to their GM. (Geometric Mean) and

hence

sinf cos0
2 +2 > \lzsine chose _ \lzsine +cos0
—2 2

sin®+ cos 0

ooy L[ ! sin 0+ | cosej
>27 2 =2fW
1 . (&
S 2\ﬁsm(4+9]
. /i
Since, —1 < sm 4—+9 <1, we have
sin 0 cos0 =L _A
2 +2 22\/5 = 25i119+2c056>21 72.
5 2

Match each item given under the column C, to its correct answer given under column C,
Example 22

Cl CZ
I-cosX ' 2 X
1+ cosX X
(b) 1—-cosXx (i) COtE
1+ cos X
(c) nx (i)  |cosx+sin¥
X
i i tan —
(d) .,/1+ sin 2X @iv) >
Solution
.2 X
1—cosX 2sin E X
(a) ; = = tan —,
sSin X . X X 2
2sin —cos—
2 2

Hence (a) matches with (iv) denoted by (a) <> (iv)
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. 92X
l+cosx  2sin

(b) = 2 = cot? £ Hence (b) matches with (i) i.e., (b) <> (i)
l1-cosX  2gin2X 2
2
2
1+ cos X 2 cos 2 X
(¢) . = = cot — .
Sin X . X X 2
2sin—cos—
2 2

Hence (¢) matches with (ii) i.e., (¢) < (ii)

(d) \/1+sin2x = \/sin2 X+Cc08> X+ 2 sin Xcos X

= \’(Sin X+ cos X)2

= |(sin X+ cos x)|. Hence (d) matches with (i), i.c., (d) > (iii)

3.3 EXERCISE |
Short Answer Type

tanA +secA—1 B 1+sinA

1. Prove that =
tan A —secA +1 cos A

2sin o, 1- i .
2. If =——————=Yy, then prove that _—cosarsma is also equal to .

1+ cos o+ sino 1+sino

. l-cosa+sinot l—coso+sina 1+cosa+sina
Hint:Express =

l+sina l+sina " 1+coso+sina
m+n
3. Ifmsin 6 =nsin (0 + 2a1), then prove that tan (0 + o) cot o0 = men
. sin(0+2a) m ..
[Hint: Express '—9:_ and apply componendo and dividendo]
sin n

4 5 T
4. Ifcos(a+p)= g and sin (a.— ) = E , where o lie between 0 and Z , find the

value of tan2ot [Hint: Express tan 2 o as tan (o0 + B + ot — 3]



10.

11.

12.

13.

14.

15.
16.
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b a+b N a-b
Iftan X = ;l’ then find the value of a—b a+b
0 90

Prove that cosO cos 5— c0s30 cos— = sin 70 sin &0.
2

1 0 90
[Hint: Express L.H.S. = 5[20056 cos >~ 2 cos30 COS?]

If acos O+ bsin ®=mandasin 0 — b cos 0 = n, then show that @+ b> = n? + r?

Find the value of tan 22°30 " .

. 0 . 0 0
sin— 2sin—cos— sind
[Hint: Let® = 45°, use tan—=—=2 = —2 2 —
20 1+cos0
cos— 2cos” —

Prove that sin 4A = 4sinA cos’A — 4 cosA sirfA.

If tan6 + sin® = mand tan® — sin® = n, then prove that M? — ¥ = 4sin6 tand
[Hint: m+n=2tan®, m— n= 2 sin6, then use N¥ —* = (M + n) (M- n)]
p+q

1-pq

If tan (A + B) =p, tan (A — B) = g, then show that tan 2 A =

[Hint: Use 2A = (A + B) + (A — B)]
If cosot + cosP = 0 = sina. + sinf3, then prove that cos 2a + cos 28 =—2cos (ot + ).
[Hint: (cosa + cosP)? — (sina + sinf)? = 0]

sin(x+y) a+b

tan X
then show that

a
ZB [Hint: Use Componendo and

sin(x—y) a-b’ tan y
Dividendo].
sino. —cos o .
If tan0 = ——————, then show that sinat + cosol = \/5 cos0.
sino+ cos o

T T
[Hint: Express tan = tan (o — Z) = 0=a- Z]

If sinB + cosO = 1, then find the general value of 6.
Find the most general value of 0 satisfying the equation tanf = —1 and

1
cosO = \/5
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17.
18.

19.
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If cotB + tanB = 2 cosech, then find the general value of 0.
If 2sin?0 = 3cos 6, where 0 < 6 < 27, then find the value of 6.

i
If secx cos5x + 1 =0, where 0 < X< 5 , then find the value of X.

Long Answer Type

20.

21.

22.

23.

24,

25.

26.

If sin (0 + o) =aand sin (6 + ) =b, then prove that cos 2(a — 3) — 4abcos (0. — ) =
1 -2 -2 [Hint: Express cos (ot — B) = cos ((6 + o) — (6 + )]

1-m
1+m

If cos (0 +¢) = mcos (0 — 0), then prove that tan© = cotd .

cos(6+¢) m
cos(e—d))_ 1

Find the value of the expression

[Hint: Express and apply Componendo and Dividendo]

3
3 [sin* (f —a)+sint B+ )] -2 {sin® (gw) + sint (57 — 00)]

If a cos 20 + bsin 206 = chas o and B as its roots, then prove that

2b
tanot + tan = —— .
a+cC
_ o 1-tan’ 0 _ 2tan @
[Hint: Use the identities cos 20 = T and sin 20 = ———].
1+tan” 0 1+tan” 0

If x=sec ¢ —tan ¢ and y = cosec ¢ + cot ¢ then show that xy +x—-y+1=0
[Hint: Find xy + 1 and then show that X —y = — (xy+ 1)]

8
If O lies in the first quadrant and cos0 = ﬁ , then find the value of

cos (30° + 0) + cos (45° — 6) + cos (120° — 0).

. . i 3n Sn n
Find the value of the expression cos* g +cos” ? +cos” ? +cos” ?

T 3n
[Hint: Simplify the expression to 2 ( cos 3 +cos” 3 )

( » T 237‘[)2 » T 2371:
=2||cos"—+cos"— | —2c0s"—cos” —
8 8 8 8



27.
28.

29.
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Find the general solution of the equation 5cos?0 + 7sin’0 — 6 =0
Find the general solution of the equation
sinX — 3sin2X + sin3X = cosX — 3c0s2X + cos3X

Find the general solution of the equation (J§ —1) cosO + ( J§ +1)sinf=2

[Hint: Put 3 — 1= rsinc, \f3 +1=r coso which gives tana. = tan (Efg)

_TC
:>Oc—12]

Objective Type Questions

Choose the correct answer from the given four options in the Exercises 30 to 59 (M.C.Q.).

30.

31.

32.

33.

34.

If sin © + cosec 6 = 2, then sin*0 + cosec® O is equal to

(A) 1 (B) 4

) 2 (D) None of these
If f(X) = cos? X + sec? X then

(A) f<1 B) fx=1

() 2<f(x)<1 (D) f(x)=2

[Hint: AM>GM.]

1 1
If tan 6 = ) and tan ¢ = 3 then the value of 6 + ¢ is

-bl:l

A = ®) (© 0 (D)

Which of the following is not correct?

1
(A) sinez—g (B) cosB=1
1
(C) secH = ) (D) tan 6 =20
The value of tan 1° tan 2° tan 3° ... tan 89° is
(A) 0 (B) 1

(D) Notdefined

| =

©)
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35.

36.

37.

38.

39.

40.

41.

42.

EXEMPLAR PROBLEMS — MATHEMATICS

1-tan®15°
The value of ————— is
1+ tan™15°
J3
(A) 1 B) 3 © = (D) 2
The value of cos 1° cos 2° cos 3° ... cos 179° is
1
A) —F B) 0 C) 1 D) -1
(A) NG (B) ©) (D)
If tan 6 = 3 and 0 lies in third quadrant, then the value of sin0 is
1 1 -3 3
(A o B) "o © 7o SN T
The value of tan 75° — cot 75° is equal to
(A) 243 B) 2445 © 2-43 (D) 1
Which of the following is correct?
(A) sinl°>sin 1 (B) sin1°<sin 1
(C) sinl1°=sinl (D) sinl°= TE sin 1
[Hint: 1 radian = =57°30" approx]
T
m .
Iftano= ——, tan B = , then o + B is equal to
m+1 2m+1
A i B i C i D i
(A) 3 B) 3 © - D) 7
The minimum value of 3 cosX + 4 sinX + § is
(A) 5 B) 9 < 7 (D) 3

The value of tan 3A — tan 2A — tan A is equal to

(A) tan 3Atan 2A tan A

(B) —tan 3Atan 2A tan A

(C) tan Atan 2A —tan 2A tan 3A —tan 3A tan A
(D) None of these



43.

44.

45.

46.

47.

48.

49.

50.
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The value of sin (45° + 0) — cos (45° — 0) is
(A) 2 cosH (B) 2sinO ) 1 (D) 0

The value of COt(% + 9) cot(g —ej is

(A) -1 (B) 0 (©) 1 (D)  Notdefined
cos 20 cos 20 + sin? (B — ) — sin? (0 + ) is equal to

(A) sin2(06+¢) (B) cos2(0 + 0)

(C) sin2(6 —¢) (D) cos 2(6-¢)

[Hint: Use sin®* A — sin? B = sin (A + B) sin (A - B)]
The value of cos 12° + cos 84° + cos 156° + cos 132° 1s

1 1 1
A 5 (B) 1 © -3 D) 3
1 1 .
Iftan A= 5 ,tan B = g , then tan (2A + B) is equal to
(A) 1 B) 2 € 3 (D) 4
. . 13m |
The value of sin— sin— s
10 10
1 1 1
A ® -3 © -3 (D) 1
. ) J§ -1 J§ +1
[Hint: Use sin 18° = and cos 36° = 1 ]
The value of sin 50° — sin 70° + sin 10° is equal to
1
A) 1 B) 0 © 3 (D) 2
If sin 6+ cos 6= 1, then the value of sin 20 is equal to
1
(A) 1 B) 3 © o (D) -1

2
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51.

52.

53.

54.

55.

56.

EXEMPLAR PROBLEMS — MATHEMATICS

T
Ifoa+p= g then the value of (1 + tan o) (1 +tan ) is

(A) 1 (B) 2
< -2 (D) Not defined

Ifsin B = _? and 0 lies in third quadrant then the value of COSE is

1 1 1
(4) 3 B o © “F
Number of solutions of the equation tan X + sec X = 2 cosX lying in the interval
[0, 2m] is
(A) 0 (B) 1 € 2

. T . .2 . 5t .
The value of sin—+sin— +sin— +sin— is given by
18 9 9 18

T 4r

(A) sin ﬁ + sin ? B) 1
T 3n T . T
(C) cos—+cos— (D) cos—+sin—
6 7 9 9

If A lies in the second quadrant and 3 tan A + 4 = 0, then the value of

2 cotA — 5cos A +sinAis equal to

-53 23 37
(A) T (B) 10 ©) 10
The value of cos? 48° — sin® 12° is

\/E +1 \/E -1
A B) ——
(A) 2 (B) 2
©) \/g +1 D) \/g +1

5 22

[Hint: Use cos* A —sir? B = cos (A + B) cos (A — B)]

1
) o

(D) 3

(D)

10



57.

58.

59.
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1 1
If tan ov= 7 ,tan B = 5, then cos 2a is equal to
(A) sin2f (B) sin4f (C) sin3p (D) cos 2P
a
If tan 6= B, then bcos 20 + asin 20 is equal to
a
(A) a B) b ©) b (D) None
If for real values of X, cos = X+ ; , then
(A) 0 is an acute angle (B) 6 isrightangle
(C) 6 is an obtuse angle (D) No value of 0 is possible

Fill in the blanks in Exercises 60 to 67 :

60.

61.

62.

63.

64.

65.
66.

sin 50°
sin 130°

The value of 18

If k= sin (ij sin (S—ch sin (7_7:) , then the numerical value of Kis
18 18 18

1-cos B
If tan A= —— , then tan 2A =
sin B

If sin X + cos X = @, then
(i) sin® X+ cos® x =
(i) |sinX—cos X|=

In a triangle ABC with ZC = 90° the equation whose roots are tan A and tan B

is

2
sin 2A

[Hint: A+ B=90° =tan A tan B =1 and tan A + tan B = ]

3 (sin X— cos X)* + 6 (sin X + cos X)> + 4 (sin®X + cos® X) =

Given x> 0, the values of f(X) =—3 cos /34 x4+ x? lie in the interval



60

67.

EXEMPLAR PROBLEMS — MATHEMATICS

The maximum distance of a point on the graph of the function y= \/5 sin X+ cos X

from X-axis is

In each of the Exercises 68 to 75, state whether the statements is True or False? Also

give justification.
1-cosB
68. Iftan A= ————, then tan 2A =tan B
sin B
69. The equality sin A + sin 2A + sin 3A = 3 holds for some real value of A.
70. sin 10° is greater than cos 10°.
2n 4n 8m lén 1
71. €OS — COS — COS — CO0S —— = —
15 15 15 15 16
72. One value of 6 which satisfies the equation sin* 6 — 2sir? 0 — 1 lies between 0

73.

74.

75.
76.

and 2.

T

If cosec X =1 + cot X then X = 2nm, 2nm + 5

If tan O + tan 20 + 3 tan O tan 20 = \/g,then e:%—}—z

9

2
In the following match each item given under the column C, to its correct answer
given under the column C, :

1
If tan (1t cosB) = cot (7 sinB), then cos O—EJ =+—
( cosH) = cot (x sind) [4 =

(a) sin (X+Y) sin (X —Y) (i) cos’Xx—sin’y
1-tan©
(b) cos (Xx+Yy) cos (X—Y) (i1) T+ tan 0
(© cot (L 9] (i 1+ tan®
4 1-tan®

(d) tan (% + 9) (iv) sin?X — sin?y

- O F e ——



Chapter 4

PRINCIPLE OF MATHEMATICAL
INDUCTION

4.1 Overview

Mathematical induction is one of the techniques which can be used to prove variety
of mathematical statements which are formulated in terms of n, where nis a
positive integer.

4.1.1 The principle of mathematical induction

Let P(n) be a given statement involving the natural number n such that
() The statement istrue for n = 1, i.e., P(1) istrue (or true for any fixed natural
number) and

(i) If the statement is true for n = k (wherek is a particular but arbitrary natural
number), then the statement is also true for n.=k + 1, i.e, truth of P(k) implies
the truth of P(k + 1). Then P(n) is true for all natural numbers n.

4.2 Solved Examples

Short Answer Type

Prove statementsin Examples 1 to 5, by using the Principle of Mathematical Induction
foralne N, that :

Examplel 1+3+5+ .. +(2n-1) =
Solution Let the given statement P(n) be definedasP(n) : 1+ 3+ 5+..+ (2n—-1) =
r?, for n € N. Note that P(1) is true, since
P():1=1°
Assume that P(K) is true for somek € N, i.e,
P(K:1+3+5+..+(2k—1) =k?2
Now, to prove that P(k+ 1) is true, we have
1+3+5+...+(2k—1) +(2k + 1)
=k*+ 2k + 1) (Why?)
=k2+2k+1=(k+1)2
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Thus, P(k + 1) is true, whenever P(K) is true.
Hence, by the Principle of Mathematical Induction, P(n) istruefor all ne N.

w, for all natural numbers n> 2.

-1
Example 2 nZ tt+1)=

t=1
Solution Let the given statement P(n), be given as

-1 _
P(n) : nz t(t +1):w, for all natural numbers n> 2.
t=1

We observe that
2-1 1 1.2.3
PR): X tt+)) = St(t+1) =12 =——
t=1 =1 3
2.(2-1) (2+1)
a 3

Thus, P(n) intruefor n = 2.
Assume that P(n) istruefor n =k e N.

k(k—1) (k+1)
3

k=1

ie., PK) : Xt (t+1)
t=1

To prove that P(k + 1) is true, we have

k

S e = Yt
t=1

t=1

= kit(t+1)+k(k+;|) :w

+k(k+2)

_ k(k+1)[k—;+3} :k(k+1:)%(k+2)

_ (kD((k+D)-1)) ((k+D+D
3
Thus, P(k + 1) is true, whenever P(K) is true.

Hence, by the Principle of Mathematical Induction, P(n) is true for all natural
numbersn> 2.
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F n?) 2n
Solution Let the given statement be P(n), i.e.,

Example 3 [1__12]_(1_ij___ (1__12j:n_+1, for all natural numbers, n> 2.
2

[ 1]( 1) (1 1} n+1
NJl—= | 1-=|..|1-— |=— >
P(n) : > Z 72 n , for al natural numbers, n> 2

We, observe that P(2) istrue, since

( _ij_l_i _ 413 2+
22 4 4 4 2x2

Assume that P(n) is true for somek € N, i.e,

- (3) (3-8

Now, to provethat P (k + 1) istrue, we have

[ _212)[1_%]'“(1 klzj'{l_ (k+11)2]

_k+1[ 1 ) K242k  (k+1)+1

T2k U (ka2 ) T K(k+D)  2(k+D)
Thus, P (k + 1) istrue, whenever P(K) istrue.
Hence, by the Principle of Mathematical Induction, P(n) is true for all natural
numbers, n> 2.
Example4 2™ —1isdivisible by 3.
Solution Let the statement P(n) given as
P(n) : 2 —1isdivisible by 3, for every natural number n.
We observe that P(1) is true, since
2-1=4-1=3.1isdivisbleby 3.
Assume that P(n) is true for some natural number k, i.e.,
P(k): 2*¢— 1isdivisibleby 3,i.e, 2* -1 =3q, whereq € N
Now, to prove that P(k+ 1) is true, we have
Pk +1): 22« -] =2%+2_7] = 2% 2]
=2% . 4-1=32* +(2*-1)
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=3.2*+ 3q
=3 (2*+q) =3m, whereme N
Thus P(k + 1) is true, whenever P(K) is true.
Hence, by the Principle of Mathematical Induction P(n) is true for all natural
numbers n.
Example5 2n+ 1< 2", for al natual numbersn > 3.
Solution Let P(n) be the given statement, i.e., P(n) : (2n + 1) < 2" for al natural
numbers, n> 3. We observe that P(3) istrue, since
23+1=7<8=23
Assume that P(n) is true for some natural number k, i.e., &k + 1 < 2
To prove P(k + 1) is true, we have to show that 2(k + 1) + 1 < 21, Now, we have
2(k+1)+1=2k+3
=2K+1+2<2k+2< 2k, 2=2%+1
Thus P(k + 1) is true, whenever P(K) is true.

Hence, by the Principle of Mathematical Induction P(n) is true for all natural
numbers, n > 3.

Long Answer Type

Example 6 Define the sequence a, a,a,.as follows :
a, =2,a =5a_, foral natural numbersn > 2.
() Write the first four terms of the sequence.
(i) UsethePrincipleof Mathematical Induction to show that thetermsof the sequence
satisfy the formulaa = 2.5™ for al natural numbers.
Solution
(i) Wehavea =2
a,=5a,,=5a=52=10
a, = 5a, , =5a,=5.10 = 50
a, =53, , =5a,=5.50=250
(i) Let P(n) be the statement, i.e.,
P(n) : a = 2.5 for al natural numbers. We observe that P(1) is true
Assume that P(n) is true for some natural number k, i.e., P(k) : g = 2.5,
Now to prove that P (k + 1) istrue, we have
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Pk+1):a,,,=5a=5.(25
=25k=25k1
Thus P(k + 1) is true whenever P (k) is true.
Hence, by the Principle of Mathematical Induction, P(n) istruefor all natural numbers.

Example 7 Thedistributive law from algebra saysthat for all real numbersc, a, and
a, we havec(a, + a) = ca, + ca,

Usethislaw and mathematical inductionto provethat, for all natural numbers, n> 2,
if c, a,a, .4 aeany real numbers, then

ca,+a +..+a)=ca +ca,+..+ca
Solution Let P(n) be the given statement, i.e.,

P(n:c(a +a,+..+a)=ca, +ca,+..ca,foral natural numbersn =2, forc, a,
a,..a € R.
2’ n

We observethat P(2) istrue since
cl@,+a)=ca +ca, (by digtributive law)
Assume that P(n) is true for some natural number k, wherek > 2, i.e,,
PK:c(a +a+..+a)=ca +ca,+..+ca
Now to prove P(k + 1) is true, we have
Pk+1):c(a +a+..+3 +3,)
=c(q+ta,+..+a)+a_.)
=c(a,+a,+..+8)+ca,, (by distributive law)
=ttt ta tea,,
Thus P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of Mathematical Induction, P(n) is true for al natural
numbers n> 2.
Example 8 Prove by induction that for all natural number n
sino+sin(a+p)+sin(o+ 2P)+...+sin(a+(n-1) B)

sin(a+n—;lﬁ)sin(n—ﬁj

Ty

Solution Consider P(n): sha+sin(a+f) +sin(a+2p) +... +sin(oe + (n—1)B)
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sin(a+”—;1[3)sin(”—fj
= , for al natural number n.
sn B
2
We observe that
P (1) istrue, since
sin(a+0)sin2
P(1):sno= —BZ
sin=
2

Assume that P(n) is true for some natural numbersk; i.e.,
P(K):sino+sin(o+p)+sin(a+2B)+..+sin(a+ (k—1)p)

n(os K= 2g)sin[ B
] sin(o+ > B)sm(zj

=0

Now, to prove that P (k + 1) istrue, we have
P(kk+1):sina+sn(a+p)+sin(a+2p)+..+sin(o+ Kk-1)B) +sin(a+kp)

sin(a+%1ﬁ)sin[k—2Bj
sin[Ej
2

(k=1 ). KB B
sm(our > Bjsm 2+sn(a+k[3)sm2
p

sn=
2

oos(oc—E j— cos(ow kB—EJ+ cos(ow kB—Ej—cos(a+kB+Ej
2 2 2 2

. B
29n—=
e

+9n (o +kp)
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oos(cx—Ej—cos(owk[M EJ
2 2

ZsinE
2
sin(a +@j3in(wj
_ 2 2
sinE
2
sin(a +@j sin (k+1)(ﬁ)
_ 2 2
sinE
2

Thus P (k + 1) istrue whenever P (K) is true.
Hence, by the Principle of Mathematical Induction P(n) istruefor al natural number n.

Example 9 Prove by the Principle of Mathematical Induction that
Ix1+2x21+3x3+..+nxn!=(n+1)! —1foral natura numbersn.

Solution Let P(n) be the given statement, that is,
PnN:1x1+2x21+3x3+...+nxn!=(n+ 1) —1foral natural numbers n.
Note that P (1) istrue, since
PL:1x1=1=2-1= 2! -1

Assume that P(n) is true for some natural number k, i.e.,
PK):1x1'+2x21 +3x31+ .. +kxkl=K+1)!-1
To prove P (k + 1) istrue, we have
Pk+1):1x21+2x21 +3x 3l +..+kxkl +(k+1)x(k+1)!

=(k+D! -1+ (k+1)! x(k+1)

=(k+1+1) k+1)!' -1

=(k+2)k+1!-1= ((k+2)! -1

ThusP (k + 1) istrue, whenever P (k) istrue. Therefore, by the Principle of Mathematical
Induction, P (n) istruefor all natural number n.

Example 10 Show by the Principle of Mathematical Induction that thesum S of the
ntermof theseries1?+2x 22+ F+ 2 x 42+ 52+ 2 x 6% ... isgiven by
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2
nin + . .
Q if niseven

" | n*(n+1)

if nisodd

2
M,whenniseven

Solution Here P(n) : § =
,whenn isodd

" (n+1)
2

Also, note that any term T of the seriesis given by

n

_ [n?if nis odd
2n’ if niseven
We observe that P(1) is true since
_ 12 12.(1+1)
2 2
Assume that P(K) is true for some natural number k, i.e.

Casel Whenk isodd, then k+ 1iseven. We have
Pk+1):S,,=12+2x2*+ . +k+2x(k + 1)

P():S,=1=1

2
IS T

2
(k+1) _ , , o, (k+1)
= [+ 4K+ 1)] (askisodd, 12+2x 22+ ... + k> =k T)
k+1
= > [K2 + 4k + 4]
k+1

k+1 2 [(k+1)+1?
> (k+2)°=(k+ 1) T

So P + 1) is true, whenever P(K) is true in the case when k is odd.
Case 2 When kis even, then k+ 1 is odd.



PRINCIPLE OF MATHEMATICAL INDUCTION 69

Now, P(k+1):22+2x2%+ .. +2K+(Kk+1y

k(k+1)*

2
==+ (k+ 17 (askis even, 1242x24 .+ 2=k KD

)

(k+D)° (k+2) _ (k+D?((k+1)+1)
2 2

Therefore, P (k + 1) istrue, whenever P (K) is true for the case when k is even. Thus
P (k + 1) is true whenever P (K) is true for any natural numbers k. Hence, P (n) true
for all natural numbers.

Objective Type Questions
Choose the correct answer in Examples 11 and 12 (M.C.Q.)
Example1l Let P(n):“2n< (1 x 2x 3% ... x n)”. Then the smallest positive integer
for which P (n) istrueis
(A) 1 (B) 2 (©) 3 (D) 4
Solution Answer isD, since
P(1):2<1lisfase
P(2):22<1x2isfdse
P@):23<1x2x3isfase
But P@):2*<1x2x3x4istrue
Example 12 A student was asked to prove a statement P (n) by induction. He proved

that P (k + 1) istrue whenever P (K) istruefor all k>5¢e N and also that P (5) istrue.
On the basis of this he could conclude that P (n) istrue

(A) foralne N (B) fordln>5

(C) fordln=5 (D) fordln<b
Solution Answer is(C), since P(5) istrueand P(k + 1) istrue, whenever P (k) istrue.
Fill intheblanksin Example 13 and 14.

Example 13 If P(n): “2.£"+1 + 31jsdivisbleby A for al ne N’ istrue, then the
vaue of A is
Solution Now, forn =1,
2420 + 31 =243+ 3'=264+81 =128+ 81 =209,
for n =2, 2.4+ 3=8.256 + 2187 = 2048 + 2187 = 4235
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Note that the H.C.F. of 209 and 4235 is 11. So 2.4*"** + 3**! s divisible by 11.
Hence, Ais 11

Example14 If P(n):“49 + 16"+ kisdivisibleby 64 for n e N” istrue, then theleast
negative integral value of kis .

Solution Forn=1, P(1): 65+ kisdivisible by 64.
Thusk, should be—1 since, 65— 1 =64 isdivisible by 64.
Example 15 State whether thefollowing proof (by mathematical induction) istrue or
false for the statement.
n(n+1)(2n+1)
6
Proof By the Principle of Mathematical induction, P(n) istrueforn =1,

1+1)(2-1+1 k(k+1) (2k +1
% .Againfor some k> 1, k2 = % Now

Ph):1*+2°+ ...+ =

12=1= we

prove that

(k+D) (k+D)+D (2k+D +1)

(k+1y = -

Solution False

Sincein theinductive step both the inductive hypothesis and what isto be proved
are wrong.

4.3 EXERCISE |

Short Answer Type

1. Give an example of a statement P(n) which istrue for all n > 4 but P(1), P(2)
and P(3) are not true. Justify your answer.

2. Giveanexampleof astatement P(n) whichistruefor al n. Justify your answer.

Prove each of the statementsin Exercises 3 - 16 by the Principle of Mathematical
Induction:

4" —1isdivisible by 3, for each natural number n.
2"—lisdivisibleby 7, for al natural numbersn.

n —7n+ 3isdivisible by 3, for all natural numbersn.
Fr—1isdivisible by 8, for al natural numbersn.

o gk w
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7. For any natural number n, 7" —2"isdivisible by 5.
8. For any natural number n, X' —y" is divisible by x —y, where x and y are any
integers with x #y.
9. n®—nisdivisible by 6, for each natural number n> 2.
10. n(r? +5)isdivisible by 6, for each natural number n.
11. n?< 2 for all natural numbersn > 5.
12. 2n<(n+ 2)! for al natural number n.

13 \/”—<71-+ 1 t..t 1 for al natural numbersn> 2
. i 73 w >2.

14. 2+4+4+6+ ..+ 2n=n2+n for al natura numbersn.
15, 1+2+ 22+ ...+ 2n=2%1_1 for al natura numbersn.
16. 1+5+9+ ...+ (4n—-3)=n(2n-1) for al natural numbers n.

Long Answer Type

Usethe Principle of Mathematical Induction in the following Exercises.

17. A sequencea,a, a, ... isdefined by lettinga, = 3anda, = 7a_, for al natural
numbers k > 2. Show that @ = 3.7 for al natural numbers.

18. A sequence b, b, b, ... is defined by lettingb =5and b, =4 + b, for all
natural numbers k. Show that b, = 5 + 4n for all natural number n using
mathematical induction.

d
19. A sequenced, d,, d, ... isdefined by letting d, =2 and d, =%for al natura

2
numbers, k > 2. Show that dn = Ffor al ne N.

20. Provethatforal ne N
cos o, + cos (o + ) + cos (o + 2B) + ... + cos (o + (n —1) B)

B GGl e

sinE
2 sn2"0
21. Provethat, cos 6 cos 20 cos20 ... cos210 = an0 , foralne N.
snznesin—(n;rl)e
22. Provethat,sn0+sn20+sn30 +..+snnd = 9 ,foralne N.
sn—=

2
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5 3

n° 7n
23. Show that €+§+E isanatural number for all ne N.

24. Provethat i+i+___+i>1—3 , for al natural numbers n> 1.
n+l n+2 2n 24

25. Provethat number of subsets of aset containing n distinct elementsis 2, for al
ne N.
Objective Type Questions
Choose the correct answers in Exercises 26 to 30 (M.C.Q.).
26. If 100+ 342+ kisdivisibleby 9for al ne N, then the least positive integral

valueof kis
(A)5 B) 3 ©7 (D) 1
27. Foralne N,35+2%*isdivisible by
(A) 19 (B) 17 (C) 23 (D) 25
28. If x»—1lisdivisible by x —k, then the least positive integral value of kis
(A1 (B) 2 (© 3 (D) 4

Fill intheblanksinthefollowing :
29. IfP(n): 2n<n!,ne N, then P(n) istruefor all n> .
State whether the following statement is true or false. Justify.

30. Let P(n) be a statement and let P(k) = P(k + 1), for some natural number k,
then P(n) istrue for all ne N.

e O L ——



Chapter 5

COMPLEX NUMBERSAND
QUADRATIC EQUATIONS

5.1 Overview

We know that the square of a real number is always non-negative e.g. (4¢ = 16 and
(= 4)>= 16. Therefore, square root of 16 is = 4. What about the square root of a
negative number? It is clear that a negative number can not have a real square root. So
we need to extend the system of real numbers to a system in which we can find out the
square roots of negative numbers. Euler (1707 - 1783) was the first mathematician to

introduce the symbol i (iota) for positive square root of — 1 i.e.,i= /1.

5.1.1 Imaginary numbers
Square root of a negative number is called an imaginary number., for example,

V=10 = i3, FT=FTVT =0T

5.1.2 Integral powers of i
i= -1, i2=—1,i%=i% =—i,i‘=(»=(1y=1.

To compute i" for N> 4, we divide n by 4 and write it in the form n =4m+ r, where mis
quotient and r is remainder (0 <1 < 4)

Hence "= = (iHm(iy = ()Y =
For example, (P =0493 =49 . (iP=B=—Ii
and (i)4‘35 =] -(@x108+3) = (i)(“ % 108) (i)* 3

1 1 i

RN

(i) Ifaandb are positive real numbers, then

\/—_ax\/—_b=‘,—_1\/3><\/—_1\/5=i axi\/-=—\/5

(i) JE . \/B = ,/ab if aand b are positive or at least one of them is negative or
zero. However, \/a \/B # «Jabif a and b, both are negative.
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5.1.3 Complex numbers
(a) A number which can be written in the form a + ik where a, bare real numbers
and i = /-1 is called a complex number.
(b) Ifz=a+ ibis the complex number, then aand b are called real and imaginary
parts, respectively, of the complex number and written as Re (2) =&, Im(2) =hb.

(c) Order relations “greater than” and “less than” are not defined for complex
numbers.

(d) Ifthe imaginary part of a complex number is zero, then the complex number is
known as purely real number and if real part is zero, then it is called
purely imaginary number, for example, 2 is a purely real number because its
imaginary part is zero and 3i is a purely imaginary number because its real part
is zero.

5.1.4 Algebra of complex numbers

(a) Two complex numbers z, =a+ iband z = ¢ + idare said to be equal if
a=cand b=d.
(b) Letz =a+ibandz = c+idbe two complex numbers then
z+z=(@+c)+i(b+ad.
5.1.5 Addition of complex numbers satisfies the following properties

1. As the sum of two complex numbers is again a complex number, the set of
complex numbers is closed with respect to addition.

2. Addition of complex numbers is commutative, i.e.,Z +2 = Z +Z
3. Addition of complex numbers is associative, i.e., (Z +Z) +z,= z + (Z + Z)

4. For any complex number z= X+ iy, there exist 0, i.e., (0 + 0i) complex number
such that z+ 0 =0+ z=z, known as identity element for addition.

5. For any complex number z = X + iy, there always exists a number — z=—-a —ib
such that z+ (- 2) = (— 2 + z= 0 and is known as the additive inverse of z
5.1.6 Multiplication of complex numbers
Letz =a+iband z = c+id be two complex numbers. Then
z,.z,=(atib)(c+id)=(ac—bd) +i (ad + bc)
1. Asthe product of two complex numbers is a complex number, the set of complex
numbers is closed with respect to multiplication.

2. Multiplication of complex numbers is commutative, i.e., Z.Z =Z.Z,

3. Multiplication of complex numbers is associative, i.e., (Z.2) . Z, = Z, . (Z,.Z,)
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4. For any complex number z=X+ 1y, there exists a complex number 1, i.c., (1 + 0i)
such that

z.1=1.z=2z known as identity element for multiplication.
5. For any non zero complex number Z =X+ i Y, there exists a complex number —
V4

_a-ib
a+ib a*+b*’

1 1 ) e .
such that Z E = E -Z=1,1i.e., multiplicative inverse of a +ib=

6. For any three complex numbers z, Z and z, ,
z.(z+2)=2.2,+7 .7
and (z,+tz2).2z=2 .2,+t2 .2
i.e., for complex numbers multiplication is distributive over addition.
5.1.7Letz =a+iband zZ(#0) =c+id. Then

Z + 7 = i_ a+ib_ (aC+w) i (m_ad)
"7z ctid d+d? ¢ +d?
5.1.8 Conjugate of a complex number

Let z=a+ ib be a complex number. Then a complex number obtained by changing the
sign of imaginary part of the complex number is called the conjugate of zand it is denoted
by Z,ie.,Z=a-ib.

Note that additive inverse of z is —a — ib but conjugate of zis a —ib.

We have :

1. (_2)=z

+Z=2Re(®,z2-Z=2iIm(2
z= Z,ifzis purely real.

z+ 7 =0& zis purely imaginary
z. Z= {Re(2)}* + {Im(2)}>.

S T

(z+2)) =7, +7Z,, (z1 —22): Z -7

7. &)= (zl)(z»L J (Z)('¢0)

5.1.9 Modulus of a complex number

Let z=a+ ibbe a complex number. Then the positive square root of the sum of square
of real part and square of imaginary part is called modulus (absolute value) of zand it

is denoted by |z i.e.,|z|=‘/a2 +b?
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In the set of complex numbers z, > z or z, < z, are meaningless but
|z >[z] or|2] <|2]

are meaningful because |21| and |ZQ| are real numbers.

5.1.10 Properties of modulus of a complex number

1.
2.
3.

10.

11.

|Z| =0 z=0ie,Re(®=0andIm (20=0
14=121=1-4
|14 < Re(@<|7 and - |7 <Im(2 < |7

2z |4 . 7= 2"

2 a2 E o

|z+ 2| =|z|" +|z| +2Re (z2)

|z-z[ =|z[ +|z.|" ~2Re (2 Z,)

|z + 27| <|z|+|z|

12— 2| 23] |2

|az,~bz,[" + |bz +az |’ = (@ +b*) (z[ +|z[)

In particular:

lz-2f +|z+2[ =2 (zf +|z])

As stated earlier multiplicative inverse (reciprocal) of a complex number

z=a+ib (z#0)is
a—ib Z

1
z @+ |

5.2 Argand Plane

A complex number z= a+ ib can be represented by a unique point P (a, b) in the
cartesian plane referred to a pair of rectangular axes. The complex number 0 + Oi
represent the origin 0 ( 0, 0). A purely real number a, i.e., (a+ 0i) is represented by the
point (a, 0) onX - axis. Therefore, X-axis is called real axis. A purely imaginary number
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ib, i.e., (0 +ib) is represented by the point (0, b) on y-axis. Therefore, y-axis is called
imaginary axis.

Similarly, the representation of complex numbers as points in the plane is known as
Argand diagram. The plane representing complex numbers as points is called complex
plane or Argand plane or Gaussian plane.

If two complex numbers z and z, be represented by the points P and Q in the complex
plane, then

|z- 2| = PQ
5.2.1 Polar form of a complex number

Let P be a point representing a non-zero complex number z = a + ib in the
Argand plane. If OP makes an angle 6 with the positive direction of X-axis,
then z =r (cosO + isin0) is called the polar form of the complex number, where

b
r= |z|= ,/az +b? and tan0 = g. Here 6 is called argument or amplitude of zand we

write it as arg (2) = 0.
The unique value of 8 such that — 7t < 6 < is called the principal argument.

arg (7 . 2) =arg (z) + arg (2)

Z
arg [ZIJ =arg (z) —arg (2)

5.2.2 Solution of a quadratic equation

The equations ax? + bx + ¢ = 0, where a, b and ¢ are numbers (real or complex, a# 0)
is called the general quadratic equation in variable X. The values of the variable satisfying
the given equation are called roots of the equation.

The quadratic equation ax* + bx + ¢ = 0 with real coefficients has two roots given

b+JD . -b-JD
y and
2a 2a

1. When D =0, roots of the quadratic equation are real and equal. When D > 0,
roots are real and unequal.
Further, if a, b, ce Q and D is a perfect square, then the roots of the equation
are rational and unequal, and if & b, c € Q and D is not a perfect square, then
the roots are irrational and occur in pair.

b

, where D =b*—4ac, called the discriminant of the equation.
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2. Let a, B be the roots of the quadratic equation ax* + bx+ c= 0,
the roots
= Cc
(o0 + B) = — and the product of the roots ( o . f) = —.

a a

When D <0, roots of the quadratic equation are non real (or complex).

then sum of

3. LetS and Pbe the sum of roots and product of roots, respectively, of a quadratic
equation. Then the quadratic equation is given by X>— Sx + P = 0.

5.2 Solved Exmaples

Short Answer Type
Example 1 Evaluate : (1 +1)°+ (1 —i)?

Solution (1+iy={(1+iP = +i2+2AP=(1—-1+2ifp=8i =—
and (1—iP=1-P-3i+32=1+i-3i-3=-2-2i
Therefore, A+D)+1—-iYy=-8-2-2i=-2—10i
. _ Xy
Example 21If (X+iy)3 = a+ib, where x,y, a, b€ R, show that E_i_B
L
Solution (x+iy)? = a+ib
= X +iy=(a+ib)’
ie., x+iy=a +i* b + 3iab (a +ib)
=a —ib’ + i3a’h - 3ab’
=a —3ak® +i 3ab- b)
= x= a& —3abkrandy=3a2b- D
X y
Thus a= & -3 andB: 3a -
Xy
So, STp ¥ @b 2@ - 2@+

Example 3 Solve the equation Z2= 7, where z= X+ iy

Solution 22=Z = X — Yy +i2xy= x—1y
Therefore, X* — y* = X .. (D) and Xy =-—Y .. (2)

8i

=-2(a+b)



COMPLEX NUMBERS AND QUADRATIC EQUATIONS 79

1
From (2), we have y= 0 or X = —5

When y = 0, from (1), we get X* —x=0, ie,Xx=0orx=1.

Wh ——lf 1 2_l+l 2_2 : _+\,§
en X = 5 rom (1), we gety” = 475 o y'=—,1e, Y= =
Hence, the solutions of the given equation are
. : 1 3 1 .3
0+10,1+10, ==+ J——, ———I£.
2 2 2 2

2z+1

1z+1
representing zin the argand plane is a straight line.

Example4 Ifthe imaginary part of

is — 2, then show that the locus of the point

Solution Letz=X +iy. Then
2z+1  2(x+y)+l  (2x+D)+i2y

iz+1  i(x+iy)+l (- y)+ix
~ {@x+D+i2y} y {d-y)—ix}
C{U-y)+ix (- y)—ixg
2xHl-y)+i (2y-2y* -2x*-x)

1+y —2y+x*

2z+1) 2y-2y?-2x*—x
Thus . = 2

iz+1 1+y —2y+X

2z+1 .
But Im | = =-2 (Given)

iz+1

2y-2y? —2x* —x
So =2
1+ Y —2y+X

= 2y -2y = 2% — X=—2 =2y +4y—2¢
ie., X+ 2y —2 =0, which is the equation of a line.

Example5 If |Z2 —1| S| Z|2 +1, then show that zlies on imaginary axis.

Solution Let z= x+iy. Then |Z2—1|=|z|*+ 1
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= |x2—y2 —1+i2><y|:|x+iy|2 +1
— O~V 1P + 42y = (0@ + Y + 1)?
= 4= ie., Xx=0

Hence zlies on y-axis.

Example 6 Let z, and Z be two complex numbers such that Z +iZ, =0 and
arg (z, z) = m. Then find arg (2).

Solution Giventhat Z +1Z,=0

= z =iz, ie, 2,=-12,
Thus arg (z, z) =argz +arg(-iz)=m
= arg (—-iz)=m
= arg (—i) +arg () =n
= arg (—i) +2arg(z)=mn
= %n+2arg (z)=m
. _3m
arg (z) = =

Example 7 Let z and Z, be two complex numbers such that |z +z,|= |z |+|z|-
Then show that arg (z)) — arg (z) = 0.
Solution Letz =r, (cos®, +isin0)and z, =r, (cosb, +isin 0)
where r=|z|, arg (z)=6,.r,= |z, arg (z) =6,
We have, |z+2]|= |z|+|z)|
= |r (cos 6, +cos 0,)+, (cos B, +sin B, )|=r, +,
= 12 +1;+2rr, cos(0, —0,)=(r, +r,)> = cos (6, — 6, ) =1

=0,-0, iLe.argz =argz
Example 8 Ifz, z, z, are complex numbers such that

1 1 1

Zl ZZ Z3

Solution |z]| =|z|=|z| =1

2| =12|=|z| = =1, then find the value of |z+2,+z].
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= 2] =|f =[z[ =
= 22=22=77%4=1
. R
Z Z z

Given that lJFLJFL =1

Zl ZZ 23
= Z+Z,+2|=1,ic. [z+2,+2|=1
= |lz+2,+z|=1

Example9 If a complex number zlies in the interior or on the boundary of a circle of

radius 3 units and centre (— 4, 0), find the greatest and least values of |Z+ 1| .
Solution Distance of the point representing z from the centre of the circle is
|z—(=4+i0) = |z+4].

According to given condition |Z+ 4| <3.

Now |z+1|=|z +4—3|£| z+4|+|—3| <3+3=6

Therefore, greatest value of |z + 1] is 6.
Since least value of the modulus of a complex number is zero, the least value of

|z+1]=0 .
Example 10 Locate the points for which 3<|Z| <4
Solution |Z| < 4 = X*+Yy*< 16 which is the interior of circle with centre at origin and

radius 4 units, and |z| > 3 = X2 +y>>9 which is exterior of circle with centre at origin

and radius 3 units. Hence 3 < |Z| <4 is the portion between two circles X2 +y> =9 and
X2+ y?2 = 16.
Example 11 Find the value of 2X' + 5X* + 7x* — X + 41, when X = — 2 — f3i

Solution x+2=-\3i = X +4x+7=0
Therefore X+ 5+ TR =X+ 4l = (X +4xX+T) (2 —3x+5)+ 6
=0x(2xX-3x+5)+6=6.
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Example 12 Find the value of P such that the difference of the roots of the equation
X —Px+8=0is2.

Solution Let a, B be the roots of the equation X2 — PX + 8 =0
Therefore o +pf=Pand o.p=S8.

Now a-B=tf(a +B) —4ap

Therefore 2= i,’Pz -32

= P2-32=4,ie.,P=26.

Example 13 Find the value of asuch that the sum of the squares of the roots of the
equation X2 — (a—2) Xx—(a+ 1) =0 is least.

Solution Let a, B be the roots of the equation

Therefore, oa+P=a-2and af=-(a+1)

Now o+ B = (a0 + By — 208
=(@-27+2@+1)
=(@a-12+5

Therefore, o2+ B2 will be minimum if (a—1)2=0,ie.,a=1.

Long Answer Type

Example 14 Find the value of K if for the complex numbers z, and z,,

-2z |z - 2 = ka-|z[) -z
Solution

LHS.=|1-Zz[ |z - 2|
= (-22) (1-Z2,)- (z-2,) (3-2)
=(1-22) (1-223) -(2-2)(z-2,))
=1+27 27, -27 - 77,
=z [z -3 -]zl
= -z a-1z)

RHS. =k (1- |2[) -z
= k=1
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Hence, equating LHS and RHS, we get k= 1.

Example 15 If z and Z both satisfy z+ Z= 2|Z—1| arg (2, —z2) = E, then find

Im(z +z).

Solution Letz=x+1y,z =x +1iy and Z =X +1y,.

Then z+z7=2|z-|

= (x+iy) + (x—iy) =2 |x-1+iy|

= 2x=1+Yy .. (D)

Since z and z, both satisfy (1), we have
2x, =1+y?..and 2x,= 1 +y,’

= 2 =X)=,tY) WV, -V,
= 2 =@y, *tY) [uj - (2)
-
Again 4 -7,= (Xl _Xz) +i (y1 - yz)
Therefore, tan 6 = u, where 6 = arg (2, - 2)
X=X
T Yi—Y, . T
tan—=21—7% ==

N an4 =X, (smce 0 4]
ie., =2 Y

X =%

From (2), we get2 =y + vy, ie,Im(z +2)=2

Objective Type Questions
Example 16 Fill in the blanks:
(i) The real value of ‘@’ for which 3i* —2ai* + (1 — a)i + 5 is real is

@@ If |Z|= 2 and arg (2) = g, then z=

(iii) The locus of z satisfying arg (2) = g is

(iv) The value of (—/—1)"", where n € N, is
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v)
(vi)
(vii)

The conjugate of the complex number F is
+1

If a complex number lies in the third quadrant, then its conjugate lies in
the

If (2 +1) (2 +20) (2 +3i) ... 2 +ni)=x+iy, then 5.8.13 ... (4 + n?) =

Solution

(i)

(it)

(iii)

(iv)

™)

(vi)

(vii)

3i—2ai2+(1-a)j +5=-3i+2a+5+(1-ai
=2a+5+(-a-2)i,whichisrealif—a-2=0iec. a=-2.

7= |Z|(cos§+i sin£j=2(%+i %j = \/3(1+ )]

4
Let z=x+iy. Then its polar form is z=r (cos 0 +i sin 0), where tan e:X and
X

0 is arg (2). Given that e:g . Thus.

T

tan 3—= %Z = y:‘Ex,whereX>O,y>0.

Hence, locus of zis the part of y= J3x in the first quadrant except origin.

Here (=1 =(-)*" =(-)*" (=i) =$

1 1 1

DL et O o SO G e B o )

i 1+ 1-i -2 141

. 1-i . .
Hence, conjugate of — is i.
1+1
Conjugate of a complex number is the image of the complex number about the

x-axis. Therefore, if a number lies in the third quadrant, then its image lies in
the second quadrant.

Given that 2 +1)(2+2i))(2+3i) ... 2+ni)=x+1iy .. (D)

= (2+1) (2+21) (2+31)..(2+ni) = (x+iy)=(x—iy)
e, (2-0)Q2-2)Q2-30)..2-ni)=x—iy )
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Multiplying (1) and (2), we get 5.8.13 ... (4 + n?) =X + Y

Example 17 State true or false for the following:

(1)

(it)
(iii)

(iv)

(v)
(vi)
(vii)

Multiplication of a non-zero complex number by i rotates it through a right
angle in the anti- clockwise direction.
The complex number cos6 + i sinf can be zero for some 6.
Ifa complex number coincides with its conjugate, then the number must lie on
imaginary axis.
The argument of the complex number z= (1 +i+f3 ) (1 +1i) (cos 6 +i sin 0) is
I
_ e
12
The points representing the complex number z for which |Z+1| < |Z— 1| lies in
the interior of a circle.
If three complex numbers z,, Z, and z, are in A.P., then they lie on a circle in
the complex plane.

If n is a positive integer, then the value of i + (i)™1+ (i)™2 + (i)*3is 0.

Solution

(i)

(i1)

(iii)
(iv)

)

(vi)

(vi)

True. Let z=2 + 3i be complex number represented by OP. Then iz=-3 + 2i,
represented by OQ, where if OP is rotated in the anticlockwise direction through
aright angle, it coincides with OQ.

False. Because cosO + isin® = 0 = cos0 = 0 and sin® = 0. But there is no
value of 0 for which cosB and sinO both are zero.
False, because X + iy = X — iy = y = 0 = number lies on X-axis.
True, arg (2) = arg (1 +i4f3) +arg (1 +1i) + arg (cosO + isinf)
7
RS S
3 4 12
False, because |X+iy+1| <|X+iy—1|
= (X+ 1)+ y><(X—1)*+y? which gives 4x < 0.

4+7%4
2

False, because if z,,Z and z, are in A.P,, then z, = = Z, is the midpoint
of z and z, which implies that the points z, z, Z are collinear.
True, because i"+ (i)™ + (i) + (i)™

=i"d+i+ P+P)=i"1+i-1-1i)

=i"(0)=0
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Example 18 Match the statements of column A and B.

ColumnA ColumnB
(a) The value of 1+i2 +i4+i6+...i%is (i) purely imaginary complex number

(b) The value of i1%7 is (i) purely real complex number
(c) Conjugate of 1+i lies in (ii)) second quadrant
+2i )
(d - lies in (iv) Fourth quadrant
(e) Ifa,b,ce Randb?-4ac <0, (v) may not occur in conjugate pairs

then the roots of the equation
ax2+ bx + ¢ = 0 are non real
(complex) and

(f) Ifa, b, ce R andb?-4ac >0, (vi) may occur in conjugate pairs
and b*— 4ac is a perfect
square, then the roots of the
equation ax2+bx+c=0

Solution
(a) < (ii), because 1 + iZ +i*+i®+ .. +i®

=1-1+1-1+..+1=1 (which is purely a real complex number)

1 1 1 1 i

(b) © (i), because i'"7 =

(| )1097 = i4><274+1 - {(i)4}274 (|) | i2
which is purely imaginary complex number.

(¢) & (iv), conjugate of 1 +iis 1 —i, which is represented by the point (1, —1) in
the fourth quadrant.

1+2i 1421 1+i  —=143i 1 3. C .
— = X = ——+ =i, whichis
11 1-1 1+1 2 2 2

(d) < (iii), because

represented by the point (—;,—;j in the second quadrant.

(e) & (vi),If b2—4ac <0=D <0, i.e., square root of D is a imaginary

—b + Imaginary Number
2a

number, therefore, roots are x— ,1.e., roots are in

conjugate pairs.
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() & (v), Consider the equation X> — (5 + 2 ) x+5 /2 =0, where a = 1,
b=-—(+2).c=5f2.clearlya b,ce R.
NowD=Db2—dac={-(5+ 2)}*-4.152 =(5- 2)>

5+\/§;_FS—\/§:5,\E

Therefore X = which do not form a conjugate pair.

janet _jan-1
Example 19 What is the value of T ?

i4n+1_i4n—1 i4ni _ i4ni—i
Solution i, because =
2 2
il
i _2_
2 2i 2i

Example 20 What is the smallest positive integer n, for which (1 + )= (1 —i)"?

1-i
= (i)*= 1 which is possible if n = 2 (. it=1)
Example 21 What is the reciprocal of 3 + /7 i

2n
1+
Solution n=2, because (1 + i)™= (1 -i)"= [—J =1

Solution Reciprocal of z= #
z
3-7i 3 7

Theref iprocal of 3 + /7 i = == - =
eretore, reciprocal o \ﬁ 16 16 16

Example 22 If z = \/3 + i\/gand z = \/§+ i , then find the quadrant in which

[AJ lies.
Z

z \/§+i\/§=(3+\/§)+(3—\/§)i

Solution — =
z,  f3+i 4 4

which is represented by a point in first quadrant.




88 EXEMPLAR PROBLEMS — MATHEMATICS

J5+12i + f5-12i
Example 23 What is the conjugate of \/5+12i —\/5—12i ?

Solution Let

,_ VSHI2N+ 5120 fS5+121 + 5121
J5+120 —45-120 (54120 +4f5-12i

54121 +5-12i+24/25+144
- 5412i—5+12i

=i
2
Example 24 What is the principal value of amplitude of 1 —i ?

Therefore, the conjugate of z=0 +

Solution Let 0 be the principle value of amplitude of 1 —i. Since

tanf=—1=tan 6 = tan(—ﬂj :>€)=—E
4 4

Example 25 What is the polar form of the complex number (i*)*?

Solution z= ()3 =(iys = i#183 = (i4)8 ()
———i=0-i

Polar form of z=r (cos 6 + i sinB)

el gl ]

T .. T
=cos— — Isin—
2 2

T
Example 26 What is the locus of z if amplitude of z— 2 — 3i is I?

Solution Letz=x+1iy. Then z—2-3i=X-2)+i(y-3)
y-3

Let 0 be the amplitude of z— 2 — 3i. Then tan0 = 5
X_

y-3( . yis
tan— = ——| since = —
= X—2 ( 4)

&3
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y-3

= 1= iLe. X—y+1=0

Hence, the locus of z is a straight line.

Example 27 If 1 —1i, is a root of the equation X* + ax + b= 0, where a, be R, then
find the values of aand b.

—a
Solution Sum of root T:(l -+ +i)y=a=-2.

(since non real complex roots occur in conjugate pairs)
b . .
Product of roots, T =(1-i)(1+i)=>b=2

Choose the correct options out of given four options in each of the Examples from 28
to 33 M.C.Q.).
Example28 1+ +i*+i°+ .. +iMis
(A) positive (B) negative
< 0 (D) can not be evaluated
Solution (D), I +i2+i*+i6+...+i2n=1-1+1-1+..(1)"
which can not be evaluated unless n is known.
Example 29 If the complex number z =X + iysatisfies the condition |z+1| =1, then
zlies on
(A) x-axis
(B) circle with centre (1, 0) and radius 1
(C) circle with centre (-1, 0) and radius 1
(D) y-axis
Solution (C), |z+1|=1 = |(x+1)+iy| =1
= X+ +y*=1
which is a circle with centre (-1, 0) and radius 1.

Example 30 The area of the triangle on the complex plane formed by the complex
numbers z —izand z+izis:

@) Jof ® [7f
14"

©) 5

(D) none of these



90 EXEMPLAR PROBLEMS — MATHEMATICS

Solution (C), Let z= x +iy. Then —iz =Yy — ix. Therefore,
Ztiz=(X-y)+i(x+y)

2
1 z
Required area of the triangle = E(X2 +y) = %
Example 31 The equation |Z+ 1-i | = |Z— 1+ i| represents a
(A) straightline (B) circle
(C) parabola (D) hyperbola

Solution (A), |z+1-i| = |z-1+i]
= |z—(-1+i)| =|z-(1-D)]

= PA =PB, where A denotes the point (-1, 1), B denotes the point (1,—1) and P
denotes the point (X, Y)

= Zlies on the perpendicular bisector of the line joining A and B and perpendicular
bisector is a straight line.

Example 32 Number of solutions of the equation Z + |z|2 =0is
(A) 1 (B) 2
C) 3 (D) infinitely many

Solution (D), 2+ |7['=0,z# 0

= X -y +i2xy+xX +y* =0

= 2R +i2xy=0 = 2X(X+iy)=0

= X=0 or X+iy=0 (not possible)

Therefore, x=0and z #0

So y can have any real value. Hence infinitely many solutions.

Example 33 The amplitude of sinl +i (1-cos E) is
5 5

2 T b i
A = B 7 © = D) 7

T
Solution (D), Here r cos 6 = sin (gj and r sin 8 =1 — cos g
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- cos = 2sin’ (%)
Therefore, tan O = 2 -
I . (m b
sin— 2sin| — |.cos| —
5 (IOJ (10)
= tan0 = tan [ij 1e., 0= il
10 10

5.3 EXERCISE |

Short Answer Type

n
1. For a positive integer N, find the value of (1 —i)" [1—_1]
|

13
. . l
2. Evaluate Z('n“m ), where NneN .
n=1

N3 N3
3 (EJ —(E] = x+iy, then find (X, Y).
1-1 1+1

(1+i)?

4. If — = X + 1Y, then find the value of X +.

.\ 100
5. If (Fj — a-+ib, then find (a, b).
+I1

1+a

1-a

7. If(1+i)z=(1-1i) Z, then show that z=—i7Z.

8. Ifz=x+Iiy, then show that zZ+ 2 (z+ Z) + b =0, where be R, represents
a circle.

6. Ifa=cos0 +i sind, find the value of

9. Ifthe real part of Z_+ 2 is 4, then show that the locus of the point representing

Zin the complex plane is a circle.

z-1 T
10. Show that the complex number z satisfying the condition arg {:J = I lies
+

on a circle.

11. Solve the equation |z|=z+ 1+ 2i.
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Long Answer Type

12.
13.

14.

15.

16.

17.
18.

19.

20.

21.
22.

23.

24,

If |z+1|=z+2 (1 +i), then find z.
If arg (z— 1) = arg (z+ 3i), then find X — 1 : y. where z= X+ iy

z-2
Show that >3 = 2 represents a circle. Find its centre and radius.

If Z;i is a purely imaginary number (Z # — 1), then find the value of |Z| .
Z+

z and z, are two complex numbers such that |21|=|22| and arg (z) +arg (z) =

7, then show that z = -7Z,.

-1
If |[z|=1(z#-1)and 2, =% , then show that the real part of z, is zero.

Ifz,,z, and z, Zz, are two pairs of conjugate complex numbers, then find

Z zZ,
— |+ =2 |
arg £Z4j arg L%J
If |z|=|z| =...=|z|=1, then

1 1 1 1

— =+ =+, +—].

4 4L 4 A

If for complex numbers z and z,, arg (z)) — arg (z) = 0, then show that
|2 -2z|=|z|-|2]

Solve the system of equations Re (Z) =0, |Z]=2.

show that |2, +2,+2 +..+7,| =

Find the complex number satisfying the equation z+,/2 |+ 1)| +i=0.
Write the complex number z= % in polar form.
cos §+ i sin 3

If zand w are two complex numbers such that |Z\N|=1and arg (2 —arg (w) =

e .
E , then show that Zw =—1.
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Objective Type Questions
25. Fill in the blanks of the following

26.

(i)

(i)
(iii)
(iv)
v)
(vi)
(vii)
(viii)

(ix)

)

For any two complex numbers z,z and any real numbers a, b,

=iy
1-i?

The number is equal to ...............

The sum of the series i +i* +i*+ ... upto 1000 terms is ..........
Multiplicative inverse of 1 +11s ....c..c........

If z and z, are complex numbers such that z + Z is a real number,
then z, = ...

arg (z2) +argz (Z#0) iS covveeennennn

If |z+4] < 3, then the greatest and least values of |z+1| are ... and .....

z-2| = .
——|=—, then the locus of Zis ............
zZ+2| 6

If

5w
If | =4 and arg (2 = ?,thenZ: ............

State True or False for the following :

(i)
(it)

(iii)

(iv)

)
(vi)

The order relation is defined on the set of complex numbers.

Multiplication of a non zero complex number by —i rotates the point about
origin through a right angle in the anti-clockwise direction.

For any complex number zthe minimum value of |z| + |z—1] is 1.
The locus represented by |Z - 1| = |Z —i | is a line perpendicular to the join of
(1,0)and (0, 1).

If zis a complex number such that z# 0 and Re (z) = 0, then Im (Z) = 0.

The inequality |Z— 4|<|Z—2| represents the region given by X > 3.
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(vii) Let z and z be two complex numbers such that |z +2,|=|3|+|z], then
arg (z, —z) = 0.
(viii) 2 is not a complex number.
27. Match the statements of Column A and Column B.
ColumnA ColumnB

(a) The polar form of i+ Sis () Perpendicular bisector of segment
joining (-2, 0) and (2, 0)

(b) Theamplitude of -1 +4/=3 is (ii) On or outside the circle having centre
at (0, — 4) and radius 3.

L. 2
(¢) If|z+2=|z-2|, then (iii) 3
locus of zis
(d) If |z+2i|<|z-2i|, then (iv) Perpendicular bisector of segment
locus of zis joining (0, —2) and (0, 2).
(e) Region represented by ) 2(cos§+i singj
|z+4i]=3 is
(f) Region represented by (vi) On or inside the circle having centre
|z+4<3 is (— 4, 0) and radius 3 units.
. 1+2i . . S
(g) Conjugate of - lies in (vii) First quadrant
—i
(h) Reciprocal of 1 —iliesin  (viii) Third quadrant
2—i
. . =
28. What is the conjugate of 1—2i) -

29. 1If|z|=|z)], is it necessary that z = z?

@+1?
2a—i

30. If = X + iy, what is the value of ¥ + y*?



31.

32.

33.

34.
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. . Sm
Find zif |z|: 4 and arg (2) = e

1+ &0

Find -
(3 +i)

Find principal argument of (1 +i J§ ).

z—5|‘:1.

Where does zlie, if -
Z+5i

Choose the correct answer from the given four options indicated against each of the
Exercises from 35 to 50 (M.C.Q)

35.

36.

37.

38.

39.

sinX + i cos 2X and cos X — i sin 2X are conjugate to each other for:

1 \n
A) X=nm B) x=|n+=|=
(A) (B) ( 2) 5
(C) x=0 (D) No value of x
The real value of o for which the expression ﬂ is purely real is :
1+2isina
T T
(A) (n+1)2— (B) @n+1) =
(C) nm (D) None of these, where n eN
4
If z= x + iy lies in the third quadrant, then 2 also lies in the third quadrant if
(A) x>y=>0 (B) x<y<0
(C©) y<x<o0 (D) y>x>0
The value of (z+ 3) (Z + 3) is equivalent to
(A) |z+3° (B) |z-3|
(C) Z+3 (D) None of these
1+i )"
If |—| =1,then
1-i
(A) x=2n+1 (B) x=4n

(C) x=2n (D) x=4n+1, whereneN
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40.

4].

42.

43.

44.

45.

46.

47.
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A real value of X satisfies the equation 3_4!)( =a—ip (@,peR)
3+4ix

if o +p* =

A 1 (B) -1 ©) 2 (D) -2

Which of the following is correct for any two complex numbers z and z?

(A) |22,)=|z]z) (B) arg (z,2) = arg (2,). arg (2))

© |z+3z|=|z|+z] D) [z +2|2(z|-z)

The point represented by the complex number 2 — i is rotated about origin through

an angle 5 in the clockwise direction, the new position of point is:

(A) 1+2i (B) —-1-2i (C) 2+i (D) —-1+2i
Let X y € R, then X +iy is a non real complex number if:

(A) x=0 B) y=0 (C) x=#0 (D) y=#0
Ifa+ib=c+id, then

(A) a2+c=0 (B) b*+c=0

(C) b*+=0 (D) a+b’=c +d

The complex number z which satisfies the condition

i+z )
—/ =1lieson

(A) circlex+y>=1 (B) the x-axis

(C) the y-axis (D) thelinex+y=1.
If zis a complex number, then

@) |Z]>14° ®) |Z|=14’

© |Z|<14’ ®) |2]214°

|z, +2,|=|3|+|z| is possible if

1
(A) =2 @)%:Z

(C) arg(z) = arg (z) (D) [z]=]z]
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1+icosO

48. The real value of 0 for which the expression ————— is a real number is:
1-2i cosO
(A) e+ (B) mu+(-1)"=
4 4
©) 2nni§ (D) none of these.
49. The value of arg (x) when x <0 is:
T
(A) 0 ®) 3
) =n (D) none of these

VA
50. Iff (2 = —=, wherez=1 + 2i, then | f (2)| is
1 2

z
o 2 ® |4
©) 2|4 (D) none of these.

—————p> ¢



Chapter

(LINEARINEQUALITIES)

6.1 Overview

6.1.1 A statement involving the symbols *>’, ‘<’, * >’, ‘<’ is called an inequality. For
example5>3,x<4,x+y>09,
(i) Inequalitieswhich do not involvevariablesare called numerical inequalities. For
example3<8,5> 2.

(i) Inequalitieswhichinvolvevariablesare called literal inequalities. For example,
Xx>3,y<5 x-y=0.

(i) Aninequality may contain morethan onevariableand it can belinear, quadratic or
cubic etc. For eexmple, 3x—2 < Qisalinear inequality inonevariable, 2x + 3y> 4
isalinear inequality intwo variablesand x* + 3x + 2 < Oisaquadratic inequality
inonevariable.

(iv) Inequalities involving the symbol ‘>" or ‘<’ are called strict inequalities. For
example, 3x—y>5, x<3.

(v) Inequalitiesinvolving the symbol >’ or ‘<’ are called slack inequalities. For
example, 3x—y=> 5,x< 5.

6.1.2 Solution of an inequality
() The value(s) of the variable(s) which makes the inequality atrue statement is
calleditssolutions. Theset of all solutionsof aninequality iscalled the solution
set of theinequality. For example, x— 1> 0, hasinfinite number of solutions as
all real valuesgreater than or equal to one makeit atrue statement. Theinequality
x?+ 1< 0hasno solution in R as no real value of x makesit a true statement.
To solve an inequality we can

() Add (or subtract) the same quantity to (from) both sides without changing the
sign of inequality.

(i) Multiply (or divide) both sides by the same positive quantity without changing the
sign of inequality. However, if both sides of inequality are multiplied (or divided)
by the same negative quantity the sign of inequality isreversed, i.e., *>" changes
into ‘<’ and vice versa.
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6.1.3 Representation of solution of linear inequality in one variable on a
number line

To represent the solution of alinear inequality in one variable on anumber line, we use
thefollowing conventions:

(i)

(i)

If theinequality involves‘>" or ‘<’, wedraw filled circle (¢) on the number line
to indicate that the number corresponding to thefilled circleisincluded in the
solution set.

If the inequality involves ‘>’ or ‘<’, we draw an open circle (O) on the number
lineto indicate that the number corresponding to the open circleisexcluded from
the solution set.

6.1.4 Graphical representation of the solution of a linear inequality

(a)

(b)

(c)

To represent the solution of alinear inequality in one or two variablesgraphically
in aplane, we proceed as follows:
() Iftheinequality involves‘>' or ‘<’, wedraw the graph of thelineasathick
lineto indicate that the points on thisline areincluded in the solution set.
(i) Iftheinequality involves‘>" or ‘<’, we draw the graph of theline asdotted
linetoindicatethat the points on the line are excluded from the solution set.
Solution of alinear inequality in one variable can be represented on number line
aswell asintheplane but the solution of alinear inequality in two variables of the
typeax+ by>c,ax+by >c,ax+ by< cor ax+ by<c(a#0, b+ 0) can be
represented in the plane only.
Two or more inequalities taken together comprise a system of inequalities and
the solutions of the system of inequalities are the solutions common to all the
inequalities comprising the system.

6.1.5 Two important results

(a)

(b)

Ifa,be Randb 20, then

a
() ab>0or B > 0= aand b are of the same sign.

(i) ab<Oor %< 0 = a and b are of opposite sign.
If aisany positive real number, i.e., a > 0, then
(i) |Xl<ae-a<x<a
[X|<ae—-—a<x<a
(i) [Xx|>a < x<-aox>a
[X|>a < x< —aor x> a
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6.2 Solved Examples

Short Answer Type
Example 1 Solvethe inequality, 3x—5<x + 7, when
() xisanatura number (i) xisawhole number

(i) xisaninteger (iv) xisareal number
Solution We have 3x —5<x+7
= X<x+12 (Adding 5to both sides)
= 2x<12 (Subtracting x from both sides)
= X<6 (Dividing by 2 on both sides)

(i) Solutionsetis{1,2,3,4,5}

(i) Solutionsetis{0,1,2,3,4,5}

(i) Solutionsetis{...—3,-2,-1,0,1,2,3,4,5}

(iv) Solutionsetis{x:xe Rand x< 6}, i.e., any real number less than 6.

Example 2 Solve X;z > 2
X+5

. X—-2
Solution We have ——>2
X+5

X-2
= _x+5_2>0 [Subtracting 2 from each side]
. —(x+12) -0
X+5
x+12<0 o _
= 5 (Multiplying both sidesby — 1)
a
= X+12>0andx+5<0 [SinceE<0=>aandbareofoppositesigns]
or
x+12<0andx+5>0
= X>—-12 andx<-5
or
X<—12 andx>-5 (Not possible)

Therefore, —12<x<-5, i.e. x € (12, -H)
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Example 3 Solve [3—4x>9.

Solution We have |3—4x|29.

= 3-4x< —90r3-4x=9 (Since |y >a=>x< —aorx=>a)
= —4x< —-120r-4x>6

-3
= Xx=>3 or X< > (Dividing both sides by —4)

= Xe(—oo,_—zs] U[3,oo)

Example4 Solvel<|x-2|<3.
Solution Wehavel<|[x—-2|<3
= |x-2>1 and |x-2<3
= (x=2<-1lorx—22>21) and (-3<x-2<3
= (Xx<lor x=3) and (—1< x<5)
= XE (—o0,1]U[3,0) and xe [-1,5]
Combining the solutions of two inequalities, we have
xe [-1,1] u[3, 5]
Example 5 The cost and revenue functions of a product are given by

C(x) =20 x + 4000 and R(x) = 60x + 2000, respectively, wherex isthe number of items
produced and sold. How many items must be sold to realise some profit?

Solution We have,  profit= Revenue — Cost
= (60x + 2000) — (20x + 4000)
= 40x — 2000
To earn some profit, 40x — 2000 > 0
= x>50
Hence, the manufacturer must sell more than 50 items to realise some profit.

Example 6 Solvefor x, [x+1 +|x > 3.

Solution On LHS of the given inequality, we have two terms both containing modulus.
By equating the expression within themodulusto zero, weget x =—1, O ascritical points.
These critical pointsdivide therea linein three partsas (— e, — 1), [-1, 0), [0, o).
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Casel When —eo <x<-1

[x+] +|>3 = -x-1-x>3 = x<-2
Casell When—1 < x<0,

[x+] +|{>3 = x+1-x>3 = 1>3 (not possible)
Caselll When 0< X < oo,

[x+] +|>3 = x+1+x>3 = x>1

Combining the results of cases (1), (1) and (I11), we get
X€E (—eo,—=2) U (1, o)

LongAnswer Type
|x+3 + x
Example 7 Solve for X, ——— >1
X+ 2
X X
Solution We have &>1
X+2
X+3 + X
| 3' -1>0
X+ 2
X+3 -2
+3-2_,
X+ 2

Now two cases arise:

Casel When x+3>0,i.e,x>—3. Then
X+3 -2 -
¢>0 = M>

X+ 2 X+ 2
X+1

0

>0

X+ 2

{x+1)>0andx+2>0} or {x+1<Oandx+2<0Q}
{x>-landx>-2} or {x<-landx<-2}

x>-1 or x< =2

X€E (-1,0) OF X€ (—oo,—2)

Xe (3,-2) U (—1,0) [Sincex=>-73] .. (1)

LI A
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Casell Whenx+3<0,i.e,x<-3

X+3 -2 -Xx-3-2
¢>0 — —>0
X+2 X+2
—(x+5) X+5
>0 —_—
= X+2 = x+2
= (x+5<0andx+2>0) or (x+5>0andx+2<0)
= (X<=5andx>-2) or (x>-5and x<-2)

itisnot possible.
= Xe (-5,-2) .. (2
Combining (1) and (I1), therequired solutionis
Xe (-5,-2)U (-1, )
Example8 Solvethe following system of inequalities:
L 1 6x < 1

ox+1 4" Ax—1 2

Solution From thefirst inequality, we have

2x+1 4
2x—1>0
= 2x+1
= (2x—120and2x+1>0) or (2x—1<0and2x+1<0) [Since 2x+ 1+ 0)
>1 g 1 <1 q 1
= - _ = = <_ =
= (x_2anx 2)or(x_2anx 2)
1 1
= X> = or X<-—
2 2
1.4 .
= xe(—oo,—z)u[z,oo) .. (D
- 6x_ 1 _
From the second inequality, we have I—1 2
8x+1
<0
= 4x-1
= (Bx+1<0and4x—-1>0) or (Bx+1>0and4x—-1<0)
1 q 1 1 q 1
X< —= and x> or x> —= and x <
= <73 ? x>-3 ?

11
= X€E (—é, Z) (Sincethefirstisnot possible) .. (2
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Note that the common solution of (1) and (2) is null set. Hence, the given system of
inequalities hasno solution.

Example9 Find thelinear inequalitiesfor which the shaded regionin the givenfigure
isthe solution set.

Solution A
(i) Consider 2x + 3y = 3. We observethat \
the shaded region and the origin lieon (0,%)

opposite side of this line and (0, 0)

satisfies 2x + 3y < 3. Therefore, we _Ab
must have 2x + 3y > 3 as linear ;‘x)(ay
inequality corresponding to the line

3

2x+ 3y =3. ) >

(i) Consider 3x + 4y = 18. We observe . <%

that the shaded region and the origin b?// N
lie on the same side of this line and e v
(O, 0) satisfies3x + 4y < 18. Therefore,
3x+ 4y < 18 is the linear inequality Fig6.1
corresponding totheline 3x + 4y = 18.

(iii)y Consider —7x + 4y = 14. It is clear from the figure that the shaded region
and the origin lie on the same side of thisline and (O, O) satisfiesthe inequality
— 7x+ 4y < 14. Therefore, —7x + 4y < 14 isthe inequality corresponding to the
line—7x + 4y = 14.

(iv) Consider x—6y = 3. It may be noted that the shaded portion and originlieon the
same side of thisline and (0, 0) satisfiesx — 6y < 3. Therefore, x —6y < 3isthe
inequality corresponding tothelinex —6y =3.

(v) Alsothe shaded region liesin the first quadrant only. Therefore, x>0, y> 0.
Hence, in view of (i), (i), (iii), (iv) and (v) above, the linear inequalities
corresponding to the given solution set are:
2X+3y=> 3,3x+4y<18-7x+ 4y <14, x—6y<3,x=0,y=>0.

ObjectiveType

Choose the correct answer from the given four options against each of the Examples
10to 13 (M.C.Q.)

Example 10 If %zo,then
X_
(A) X€ [2,) (B) x€ (2,) (C) x€ (-=,2) (D) Xxe (-<,2]
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X_
Solution (B) isthe correct choice. Since % >0, for|x-2>0,andx—2=0.
X_

Example 11 The length of a rectangle is three times the breadth. If the minimum
perimeter of the rectangleis 160 cm, then

(A) breadth>20cm (B) length<20cm
(C) breadth x > 20 cm (D) length<20cm
Solution (C) isthe correct choice. If x cm is the breadth, then
2(3x+x)>2160= x=>20

Example 12 Solutions of the inequalities comprising a system in variable x are
represented on number lines as given below, then

& » o > & . o >
-4 3 -3 1
Fig6.2
(A) X€ (oo, —4] U [3, ) (B) xe [-3,1]
(C) X€ (o0, —4) U [3, ) (D) xe [-4,3]

Solution (A) isthe correct choice
Common solution of theinequalitiesisfrom —eo to —4 and 3 t0 .

Example 13 1f [x+d > 10, then

(A) xe (-13,7] (B) xe (-13,7]
(C) Xe (—o0,—13] U [7, ) (D) Xe [—oo,—13] U[7, )

Solution (D) isthe correct choice, since [x+3>10,= x+3<-10 or x+32>10

= Xx<-13 or x=>7

= X€E (—o0,—13] U [7, o)

Example 14 State whether the following statements are True or False.
(i) Ifx>yandb<0,thenbx <hy
(i) Ifxy>0,then x>0,and y<O0
(i) Ifxy<0,then x>0,andy>0
(iv) Ifx>5and x>2,thenxe (5, «)
(v) If[x]<5,thenxe (-5,5)

(vi) Graphof x>-2is

(vii) Solutionsetof x—y<0is Fig6.3
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Solution Y

(i) True, because the sign of inequality is reversed
when we multiply both sides of aninequality by a
negative quantity.

(i) Fase, product of two numbersis positiveif they
have the same sign.

(i) False, product of two numbersisnegativeif they =21 |O
have opposite signs.

(iv) True (v)
True if |[X|<5 = -5<x<5= xe (-5
5).

(vi) False, becausefor x > —2, theline x = =2 has to be dotted, i.e., the region does
not include the points on the line x = -2 (vii)

False, because (1, 0) does not satisfy the given inequality and it is a point in

Fig6.4

shaded portion.

Example 15 Fill inthe blanksin thefollowing:
(i) fx=-3,thenx+5 ..o 2
(i) If—x<—-4,then2X ....ccccuveuee. 8
1
@) If x—2< 0, thenx....... o 2b

o
c
(v) If |x-1<2,then—-1... x...3
_ 5

(i) If[3x=7]>2,thenx.... —

3 O X.. 3

(vii) If p>0andq<0,thenp+q..p

Solution

(i) (=), because same number can be added to both sides of inequality without
changing the sign of inequality.

(i) (=), after multiplying both sidesby — 2, the sign of inequality is reversed.
a
(i) (<), becauseif B< Oand a>0,thenb <O0.
(iv) (=), if both sides are divided by the same negative quantity, then the sign of



LINEAR INEQUALITIES 107

V) (<) [x-1<2 = -—2<x-1<2 = -1<x<3.

V) (<,>),[x=7>2 = X-7<-2 or X-7>2

5
= x<?3 or Xx >3

(vii) (<), aspispositiveand g is negative, therefore, p+ q isaways smaller than p.

| 6.3 EXERCISE

Short Answer Type

Solvefor x, theinequalitiesin Exercises 1 to 12.

10.

11.

12.

A 3<% w50 2 x=3-1_, 3 <2

x+1 x+1 |x—2-2 |x|-3"~ 2
2-3x

— - <9

|x-1 <5, |¢=2 5 =5<—

4x+3 22X+ 17,3x— 5<-2.

A company manufactures cassettes. Its cost and revenue functions are
C(x) = 26,000 + 30x and R(x) = 43x, respectively, where x is the number of
cassettes produced and sold in a week. How many cassettes must be sold by
the company to realise some profit?

Thewater acidity inapool isconsiderd normal when the average pH reading of
three daily measurements is between 8.2 and 8.5. If the first two pH readings
are 8.48 and 8.35, find the range of pH valuefor thethird reading that will result
intheacidity level being normal.

A solution of 9% acid is to be diluted by adding 3% acid solution to it. The
resulting mixture is to be more than 5% but less than 7% acid. If there is 460
litres of the 9% solution, how many litres of 3% solution will have to be added?
A solutionisto be kept between 40°C and 45°C. What istherange of temperature

9
in degree fahrenheit, if the conversion formulaisF = E C+32?

Thelongest side of atriangleistwicethe shortest side and the third sideis 2cm
longer than the shortest side. If the perimeter of the triangle is more than
166 cm then find the minimum length of the shortest side.

In drilling world's deepest hole it was found that the temperature T in degree
celcius, x km below the earth’'s surface was given by T = 30 + 25 (X — 3),
3<x<15. At what depth will the temperature be between 155°C and 205°C?
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LongAnswer Type

2X+1 X+7
> 5, >
7x-1 X—8

14. Findthelinear inequalitiesfor which the shaded regioninthegivenfigureisthe

2

13. Solvethefollowing system of inequalities

solution set.
Y
4
"Q 0,24)
(0, 20)
+><
< N X
~ O 7z
as, ON‘% (20, 0)
v J)\\
»
Fig6.5
15. Findthelinear inequalitiesfor which the shaded region in the givenfigureisthe
solution set.
Y
N
.8
w
I
\ y=5 =
0,4) Tz,
S
X'< >X
0 @0, G0
b s
\%
, 4
Y!
Fig6.6

16. Show that thefollowing system of linear inequalities hasno solution
X+2y<3,3x+4y>12,x20,y>1



17.

18.
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Solvethefollowing system of linear inequalities:
3X+2y>24,3x+y<15 x> 4

Show that the solution set of the following system of linear inequalitiesis an
unbounded region

2Xx+y>8,x+2y>10,x=>0,y=>0

Objective TypeQuestion

Choose the correct answer from the given four optionsin each of the Exercises 19 to

26 (M.C.Q.).
19. If x<5, then
(A) —x<-5 (B) —x<-5
(C©) —-x>-5b (D) —x=>-5
20. Giventhat x, y andb arerea numbersand x <y, b< 0, then
X |y X _y
= < =
A vy B =%
Xy X_Yy
= > =
21. If=3x+ 17 <—13, then
(A) xe (10, «) (B) xe [10, )
(C) x€ (—oo, 10] (D) xe [-10, 10)
22. If xisarea number and | x| < 3, then
(A) x=3 (B) —3<x<3
(C) x<-3 (D) -3<x<3
23. xandb arerea numbers. If b > 0 and | x| > b, then
(A) xe (=b, =) (B) xe& [-ee, b)
(C) xe (=b, b) (D) X€ (e, =D U (b, =)
24. If |x-1| >5, then
(A) xe (-4,6) (B) xe[-4,6]
(C) xe[-o,=-4) U (6 =) (D) x€[-e0, —4) U6, )
25. If |x+2 <9, then
(A) xe (-7,10) (B) xe[-11,7]

(C) Xe (=00, —7) U (1L, ) (D) X€ (o0, —7) U[LL, )
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26. Theineguality representing thefollowing graphis:

Y
4/
1—5 (0) 5 X
N
Fig6.7
(A) |x|<5 (B) |x|<5 © |x|>5 (D) |x|=5

Solution of alinear inequality in variable x isrepresented on number linein Exercises
27 to 30. Choose the correct answer from the given four options in each of the
exercises (M.C.Q.).

27. (A) X€ (~,5) (B) X€ (~<,5 o >
(C) xe[5,) (D) xe (5 ) Fig6.8

28. (A) xe (=, )

A\ 4

(B) xe&[7, )

Njo®

9
(D) xe [~ 3) |
Fig6.9

9
(D) x& (=eo, 7]

N\

N~ Q@

7 7

2. (A) xe(=7) (B) Xe (3]
Fig6.10

7 7

(C) xe [5,—°°) (D) xe (§,°°)

30. (A) X€ (=00, —2)
(B) xe (o0, —2] < -
(C) xe (-2, o]

(D) xe [-2, =)

Fig6.11
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31. Statewhich of the following statementsis True or False

(i)
(i)
(i)
(iv)
V)
(vi)

(vii)
(viii)
(ix)
(x)

(xi)

X yan y en .

If xy>0,thenx>0and y<O0

If xy>0,thenx<0and y<O0

If xy<0,thenx<0Qandy<O0

If x<-5and x<-2,thenx € (-, —5)
If x<-5andx>2,then xe (-5, 2)

If x>-—2andx<9,then xe (-2,9)

If | x| >5,then X € (—o0, —5) U [5, =)
If | x| < 4,then xe [-4,4]
Graphof x< 3is

Fig6.12
Graphof x>0is

,X

Fig6.13

111
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(xii) Graphofy<O0is

7

y

Y!
Fig6.14

(xiii) Solution set of x>0andy<0is

Y

N

N

>X

Fig6.15
(xiv) Solutionsetof x>0andy<1is

Y

N

N

Fig6.16
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(xv) Solutionsetof x+y>0is

N
4

v

Fig6.17

32. Fill intheblanksof thefollowing:

(i)
(ii)
(i)
(iv)
V)
(Vi)

(vii)
(viii)

If —4x> 12, thenx ... —3.

-3
If TXS—S, then x ... 4.

2
If m >0, then x ... =2.

If x>-5, then 4x ... =20.
Ifx>yandz<0,then—xz...-yz
Ifp>0andq<0,thenp—-q...p.

If |x+2| >5,thenx..—7orx...3.

If —2x+ 129, then x ... — 4.

s OL ——
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Chapter 7

PERMUTATIONSAND
COMBINATIONS

7.1 0Overview

Thestudy of permutations and combinationsis concerned with determining the number
of different ways of arranging and selecting objects out of a given number of objects,
without actually listing them. There are some basi ¢ counting techniqueswhich will be
useful in determining the number of different ways of arranging or selecting objects.
Thetwo basic counting principles are given below:

Fundamental principle of counting

7.1.1 Multiplication principle (Fundamental Principle of Counting)

Suppose an event E can occur in m different ways and associated with each way of
occurring of E, another event F can occur in ndifferent ways, then the total number of
occurrence of the two eventsin the given orderismx n ..

7.1.2 Addition principle

If an event E can occur in m ways and another event F can occur in n ways, and
suppose that both can not occur together, then E or F can occur in m + n ways.

7.1.3 Permutations A permutation is an arrangement of objects in a definite order.

7.1.4 Permutation of n different objects The number of permutations of n objects
taken all at atime, denoted by the symbol "P, is given by

"P, =|n, . (1)
where |[n =n(n—1) (n-2) ... 3.2.1, read as factorial n, or n factorial.

The number of permutations of n objects takenr at a time, where O <r < n,
denoted by "P , is given by

We assume that [0=1
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7.1.5 When repetition of objectsisallowed The number of permutations of n things
taken all at atime, when repetion of objectsisallowed isn".

The number of permutations of n objects, taken r at a time, when repetition of
objectsisallowed, isr.

7.1.6 Permutations when the objects are not distinct  The number of permutations
of nobjects of which p, are of onekind, p, are of second kind, ..., p, are of k™ kind and

therest if any, are of different kindsis ———
p.! pol... pe!

7.1.7 Combinations On many occasions we are not interested in arranging but only
in selecting r objectsfrom given n objects. A combination is a selection of some or all
of anumber of different objectswherethe order of selectionisimmaterial. The number
of selections of r objects from the given n objectsis denoted by "C , and is given by

n!
C = ri(n—r)!

Remarks

1. Usepermutationsif aproblem calls for the number of arrangements of objects
and different orders are to be counted.

2. Usecombinationsif aproblem callsfor the number of ways of selecting objects
and the order of selection is not to be counted.
7.1.8 Some important results
Let nand r be positive integers such that r < n. Then

(i) "C ="C, _,
(”) nCr + nCr_l: n+1Cr
(i) nr-1C_ =(-r+1H"C _,

7.2 Solved Examples

Short Answer Type

Example 1 Inaclass, there are 27 boys and 14 girls. The teacher wants to select 1
boy and 1 girl to represent the class for afunction. In how many ways can the teacher
make this selection?

Solution Here the teacher is to perform two operations:
(i) Selecting aboy from among the 27 boys and
(i) Selecting agirl fromamong 14 girls.
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The first of these can be done in 27 ways and second can be performed in
14 ways. By thefundamental principle of counting, the required number of waysis
27 x 14 =378.
Example 2
() How many numbers arethere between 99 and 1000 having 7 in the units place?
(i) How many numbers are there between 99 and 1000 having atleast one of their
digits7?
Solution

() First note that all these numbers have three digits. 7 isin the unit’'s place. The
middle digit can be any one of the 10 digitsfrom 0 to 9. The digit in hundred’s
place can be any one of the 9 digitsfrom 1 to 9. Therefore, by the fundamental
principleof counting, thereare 10 x 9 = 90 numbers between 99 and 1000 having
7 intheunit’s place.

(i) Total number of 3 digit numbers having atleast one of their digits as 7 = (Total
numbers of three digit numbers) — (Total number of 3 digit numbers in which 7
does not appear at al).
=(9x10x10)—(8x9x9)
=900 -648 = 252.

Example3 In how many ways can this diagram be coloured subject to the following
two conditions?

() Eachof thesmaller triangleisto be painted with one of three colours: red, blue or
green.

(i) No two adjacent regions have the same colour.

Solution These conditions are satisfied exactly when we do asfollows: First paint the
central triangle in any one of the three colours. Next paint the remaining 3 triangles,
with any one of the remaining two colours.

By the fundamental principle of counting, thiscan bedonein3x 2 x 2 x 2 = 24 ways.
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Example 4 In how many ways can 5 children be arranged in aline such that (i) two
particular children of them are alwaystogether (ii) two particular children of them are
never together.

Solution

(i) We consider the arrangements by taking 2 particular children together as one
and hencetheremaining 4 can bearranged in 4! = 24 ways. Again two particul ar
children taken together can be arranged in two ways. Therefore, there are
24 x 2 = 48 total ways of arrangement.

(i)  Amongthe5! =120 permutationsof 5 children, thereare 48 inwhich two children
aretogether. Intheremaining 120—48 = 72 permutations, two particular children
are never together.

Example5 If al permutations of the letters of the word AGAIN are arranged in the
order asin adictionary. What is the 49" word?

Solution Starting with letter A, and arranging the other four letters, there are 4! = 24
words. These arethefirst 24 words. Then starting with G, and arrangingA, A, | and N

4
S =12 words. Next the 37" word starts with I.
There are again 12 words starting with 1. This accounts up to the 48™ word.
The 49" word is NAAGI.

Example 6 In how many ways 3 mathematics books, 4 history books, 3 chemistry
books and 2 biology books can be arranged on a shelf so that all books of the same
subjects are together.

Solution First we take books of a particular subject as one unit. Thusthere are
4 units which can be arranged in 4! = 24 ways. Now in each of arrangements,
mathematics books can be arranged in 3! ways, history books in 4! ways,
chemistry booksin 3! ways and biology booksin 2! ways. Thus the total number
of ways = 4! x 3! x 41 x 3! x 21 = 41472,

Example 7 A student has to answer 10 questions, choosing atleast 4 from each of
Parts A and B. If there are 6 questionsin Part A and 7 in Part B, in how many ways
can the student choose 10 questions?

Solution The possibilitiesare:

4 from Part A and 6 from Part B
or 5 from Part A and 5 from Part B
or 6 from Part A and 4 from Part B.
Therefore, the required number of waysis

in different ways, there are
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6C4 x 7C6 + 6CS x 7CS + 6C6 x 7C4
=105 + 126 + 35 = 266.

LongAnswer Type

Example 8 Suppose m men and h women are to be seated in a row so that no two
women sit together. If m > n, show that the number of ways in which they can be
seated is

m!(m+1)!
(m-n+1)!

Solution Let the men take their seats first. They can be seated in™P_ways as shown
inthefollowing figure

OOMOM[O -~-OM[O
1st 2nd rnth
From the above figure, we observe, that there are (m + 1) places for n women.
It is given that m >n and no two women can sit together. Therefore, n women can
take their seats ™+ VP ways and hence the total number of ways so that no two
women sit together is

m!(m+1)!

N R

Example 9 Three married couples are to be seated in a row having six seats in a
cinemahall. If spouses are to be seated next to each other, in how many ways can they
be seated? Find also the number of ways of their seating if all the ladies sit together.
Solution Let usdenotemarried couplesby S, S,, S,, where each coupleis considered
tobeasingleunit as showninthefollowing figure:

i il L
1st 2nd 3rd
Then the number of ways in which spouces can be seated next to each other is
3! = 6 ways.
Again each couple can be seated in 2! ways. Thus the total number of seating
arrangement so that spouces sit next to each other = 3! x 2! x 21 x 21 = 48,

Again, if three ladies sit together, then necessarily three men must sit together.
Thus, ladies and men can be arranged altogether among themselves in 2! ways.
Therefore, the total number of ways where ladies sit together is 3! x 3! x 21 = 144,




PERMUTATIONS AND COMBINATIONS 119

Example 10 Inasmall village, thereare 87 families, of which 52 familieshave atmost
2 children. Inarural development programme 20 familiesareto be chosen for assistance,
of which atleast 18 families must have at most 2 children. In how many ways can the
choice be made?

Solution Itisgiventhat out of 87 families, 52 familieshave at most 2 children so other
35 families are of other type. According to the question, for rural development
programme, 20 families are to be chosen for assistance, of which at least 18 families
must have atmost 2 children. Thus, the following are the number of possible choices:

%2C,, x *C, (18 families having atmost 2 children and 2 selected from other type
of families)

2C,, % ¥C, (19 families having at most 2 children and 1 selected from other type
of families)

%C,, (All selected 20 families having atmost 2 children)
Hence, the total number of possible choicesis

52C18 X 35Cz + 52C19 X 35Cl + 52Czo
Example 11 A boy has 3 library tickets and 8 books of hisinterest in the library. Of

these 8, he does not want to borrow Mathematics Part 11, unless Mathematics Part | is
also borrowed. In how many ways can he choose the three books to be borrowed?

Solution Let us make the following cases:

Case (i) Boy borrows Mathematics Part 11, then he borrows Mathematics Part | a so.
So the number of possible choicesis®C, = 6.

Case (il) Boy does not borrow Mathematics Part I, then the number of possible
choicesis 7C, = 35.

Hence, the total number of possible choicesis 35 + 6 = 41.

Example 12 Find the number of permutations of n different thingstaken r at atime
such that two specific things occur together.

Solution A bundle of 2 specific things can be put inr placesin (r — 1) ways (Why?)
and 2 things in the bundle can be arranged themselves into |2 ways. Now (n — 2)
things will be arranged in (r — 2) placesin "P, _, ways.

Thus, using the fundamental principle of counting, the required numer of
permutationswill be |2- (r —1)- "?P._,.
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Objective Type Questions

Choose the correct answer out of four options given against each of the following
Examples (M.C.Q.).

Example 13 There are four bus routes between A and B; and three bus routes
between B and C. A man can travel round-trip in number of ways by busfromA to C
viaB. If he does not want to use a bus route more than once, in how many ways can
he make round trip?

(A) 72 (B) 144 (C) 14 (D) 19

Solution (A) isthe correct answer. In the following figure:

there are 4 bus routes from A to B and 3 routes from B to C. Therefore, there are
4 x 3=12waysto go from Ato C. It isround trip so the man will travel back from C
toA viaB. Itisrestricted that man can not usesame busroutesfrom Cto B and B to
A more than once. Thus, there are 2 x 3 = 6 routes for return journey. Therefore, the
required number of ways=12 x 6 = 72.

Example 14 In how many ways a committee consisting of 3 men and 2 women, can
be chosen from 7 men and 5 women?

(A) 45 (B) 350 (C) 4200 (D) 230
Solution (B) is the correct choice. Out of 7 men, 3 men can be chosen in 7C,
ways and out of 5 women, 2 women can be chosen in SC2 ways. Hence, the
committee can be chosen in 7C, x 5C, = 350 ways.

Example 15 All thelettersof theword ‘EAMCOT’ are arranged in different possible
ways. The number of such arrangements in which no two vowels are adjacent to each
otheris

(A) 360 (B) 144 (C) 72 (D) 54
Solution (B) is the correct choice. We note that there are 3 consonants and 3

vowelsE, A and O. Since no two vowels have to be together, the possible choice for
vowelsaretheplacesmarkedas‘X’. X M X C X T X, these volwels can be arranged

in “P, ways 3 consonents can be arranged in 13 ways. Hence, the required number of
ways = 3! x ‘P, = 144.

Example 16 Ten different letters of aphabet are given. Words with five letters are
formed from these given letters. Then the number of words which have atleast one
letter repeated is
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(A) 69760 (B) 30240 (C) 99748 (D) 99784
Solution (A) is correct choice. Number of 5 letters words (with the condition that a

|letter can be repeated) = 10°. Again number of words using 5 different lettersis P,
Therefore, required number of letters

= Total number of words— Total number of wordsin which no letter isrepeated
= 10° - P, = 69760.

Example 17 The number of signals that can be sent by 6 flags of different colours
taking one or more at atimeis

(A) 63 (B) 1956 (C) 720 (D) 21
Solution The correct answer is B.
Number of signals using one flag = °P, = 6
Number of signals using two flags = °P, = 30
Number of signals using three flags = P, = 120
Number of signals using four flags = P, = 360
Number of signals using five flags = °P, = 720
Number of signalsusing al six flags=°P, = 720
Therefore, the total number of signals using one or more flags at atimeis
6+ 30+ 120+ 360 + 720 + 720 = 1956 (Using addition principle).
Example 18 In an examination there are three multiple choice questions and each

question has 4 choices. Number of ways in which a student can fail to get all answer
correct is
(A) 1 (B) 12 () 27 (D) 63

Solution The correct choice is (D). There are three multiple choice question, each
has four possible answers. Therefore, the total number of possible answers will be
4 x 4 x 4 =64. Out of these possible answer only one will be correct and hence the
number of ways in which a student can fail to get correct answer is64 — 1 = 63.
Example 19 The straight lines |, |, and |, are parallel and lie in the same plane. A

total numbers of m points are taken on | ; npointson |, k points on |. The maximum
number of triangles formed with vertices at these points are

(A) (m+n+k)C3 (B) (m+n+k)c3—nC3—nC3—lC3
(C) "C,+"C, +*C, (D) "C,x"C, x'C,
Solution (B) isthe correct answer. Here the total number of points are (m +n + k)

which must give ™+n+YC_ number of triangles but m pointson |, taking 3 points at a
time gives "C, combinations which produce no triangle. Similarly, "C, and C,
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number of triangles can not be formed. Therefore, the required number of trianglesis
(Mm+n+ k)C3 _ mc3 _ an_ sz.

7.3 EXERCISE

Short Answer Type

1. Eight chairs are numbered 1 to 8. Two women and 3 men wish to occupy one
chair each. First the women choose the chairs from amongst the chairs 1 to 4
and then men select from the remaining chairs. Find the total number of possible
arrangements.

[Hint: 2 women occupy the chair, from 1 to 4 in “P,ways and 3 men occupy the
remaining chairsin °P, ways|]

2. If theletters of theword RACHIT are arranged in al possible ways aslisted in
dictionary. Then what is the rank of the word RACHIT ?

[Hint: In each case number of words beginning withA, C, H, | is5!]

3. A candidate is required to answer 7 questions out of 12 questions, which are
divided into two groups, each containing 6 questions. He is not permitted to
attempt more than 5 questions from either group. Find the number of different
ways of doing questions.

4. Out of 18 pointsin aplane, no three arein the sameline except five pointswhich
are collinear. Find the number of linesthat can be formed joining the point.
[Hint: Number of straight lines = *#C, —5C, + 1]

5. Wewishto select 6 personsfrom 8, but if the person A ischosen, then B must be
chosen. In how many ways can selections be made?

6. How many committee of five persons with a chairperson can be selected from
12 persons.

[Hint: Chairman can be selected in 12 ways and remaining in C, ]

7. How many automobile license plates can be made if each plate contains two
different lettersfollowed by three different digits?

8. A bag contains5 black and 6 red balls. Determine the number of waysin which
2 black and 3 red balls can be selected from the lot.

9. Findthe number of permutations of ndistinct thingstakenr together, inwhich 3
particular things must occur together.

10. Find the number of different words that can be formed from the letters of the
word ‘ TRIANGLE' so that no vowels are together.

11. Findthenumber of positiveintegersgreater than 6000 and |ess than 7000 which
aredivisible by 5, provided that no digit isto be repeated.




12.

13.

14,

15.

16.

17.

18.

19.

20.
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There are 10 persons named P, P,, P,, ... P,. Out of 10 persons, 5 persons are
to be arranged in aline such that in each arrangement P, must occur whereas P,
and P, do not occur. Find the number of such possible arrangements.
[Hint: Required number of arrangement =7C, x 5!]
Thereare10lampsin ahall. Each one of them can be switched on independently.
Find the number of waysin which the hall can beilluminated.
[Hint: Required number = 2° — 1].
A box contains two white, three black and four red balls. In how many ways
can three ballsbe drawn from the box, if atleast one black ball isto beincluded
in the draw.
[Hint: Required number of ways = 3C, x °C, + 3C, x °C, + *C,]
If"C _,=36,"C =84and"C _ =126, then find 'C,.
"C "C
[Hint: Form equation using 5—=—and—
Cr+l

1

r

Cr -1

Find the number of integers greater than 7000 that can be formed with the digits
3,5, 7, 8 and 9 where no digits are repeated.

[Hint: Besides 4 digit integers greater than 7000, five digit integers are always
greater than 7000.]

If 20 linesaredrawn in aplane such that no two of them are parallel and no three
are concurrent, in how many points will they intersect each other?

Inacertain city, al telephone numbers have six digits, thefirst two digitsaways
being 41 or 42 or 46 or 62 or 64. How many telephone numbershaveall six digits
distinct?

In an examination, astudent hasto answer 4 questions out of 5 questions; questions
1 and 2 are however compulsory. Determine the number of ways in which the
student can make the choice.

A convex polygon has 44 diagonal s. Find the number of itssides.

[Hint: Polygon of n sides has ("C, — n) number of diagonals]

tofind the value of r.]

LongAnswer TypeQuestions

21.

22.

18 micewere placed in two experimental groups and one control group, with all
groups equally large. In how many ways can the mice be placed into three
groups?

A bag contains six white marbles and five red marbles. Find the number of ways
inwhich four marbles can be drawn from the bag if (a) they can be of any colour
(b) two must be white and two red and (c) they must all be of the same colour.
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23.

24.

25.
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In how many ways can afootball team of 11 playersbe selected from 16 players?
How many of them will

() include?2 particular players?

(i) exclude 2 particular players?
A sportsteam of 11 studentsisto be constituted, choosing at least 5 from Class

XI and atleast 5 from Class X||. If there are 20 studentsin each of these classes,
in how many ways can the team be constituted?

A group consists of 4 girls and 7 boys. In how many ways can a team of 5
members be selected if the team has

() nogirls
(i) at least one boy and one girl
(iii) at least three girls.

ObjectiveTypeQuestions

Choose the correct answer out of the given four options against each of the Exercises
from 26 to 40 (M.C.Q.).

26.

27.

28.

29.

30.

31.

If "C, ="C, thennisequal to

(A) 20 (B) 12 (C) 6 (D) 30
The number of possible outcomeswhen acoinistossed 6 timesis

(A) 36 (B) 64 (©) 12 (D) 32

The number of different four digit numbersthat can be formed with the digits 2,
3,4, 7 and using each digit only onceis

(A) 120 (B) 96 (C) 24 (D) 100
The sum of the digitsin unit place of all the numbers formed with the help of 3,
4,5 and 6 taken all at atimeis

(A) 432 (B) 108 (C) 36 (D) 18
Total number of words formed by 2 vowels and 3 consonants taken from 4
vowelsand 5 consonantsis equal to

(A) 60 (B) 120 (C) 7200 (D) 720

A fivedigit number divisible by 3isto beformed using the numbersO, 1, 2, 3,4
and 5 without repetitions. The total number of ways this can be doneis

(A) 216 (B) 600 (C) 240 (D) 3125
[Hint: 5digit numberscan beformed using digits0, 1, 2, 4, 5or by using digits1,
2, 3,4, 5sincesum of digitsinthese casesisdivisible by 3.]



32.

33.

34.

35.

36.

37.

38.

39.

40.
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Every body in aroom shakes hands with everybody else. The total number of
hand shakesis 66. The total number of personsin the roomis

(A) 1 (B) 12 (C) 13 (D) 14

The number of triangles that are formed by choosing the vertices from a set of
12 points, seven of which lie on the samelineis

(A) 105 (B) 15 (C) 175 (D) 185
The number of parallelograms that can be formed from a set of four parallel
linesintersecting another set of three paralel linesis

(A) 6 (B) 18 () 12 (D) 9

The number of waysin which ateam of eleven players can be selected from 22
playersawaysincluding 2 of them and excluding 4 of themis

(A) *C,, (8) C, (©) c, (D) *cC,
Thenumber of 5-digit telephone numbers having atleast one of their digitsrepeatedis
(A) 90,000 (B) 10,000 (C) 30,240 (D) 69,760

The number of waysin which we can choose a committee from four men and six
women so that the committeeincludes at least two men and exactly twice asmany
women asmenis

(A) %4 (B) 126 (C) 128 (D) None
Thetotal number of 9 digit numberswhich have al different digitsis
(A) 10 (B) 9! (C) 9x9l (D) 10x10!

The number of words which can be formed out of the letters of the word
ARTICLE, so that vowels occupy the even place is

(A) 1440 (B) 144
c (D) “C,x 3C,
Given 5 different green dyes, four different blue dyes and three different red

dyes, the number of combinations of dyes which can be chosen taking at least
one green and one blue dyeis

(A) 3600 (B) 3720 (C) 3800 (D) 3600
[Hint: Possible numbers of choosing or not choosing 5 green dyes, 4 blue dyes
and 3 red dyes are 2°, 2* and 23, respectively]

Fill in the Blanksin the Exercises 41 to 50.

41.
42.
43.

If "P. = 840,"C, =35, thenr =

1508 + 15(:9 _ 15C6_15C7 =
The number of permutations of n different objects, taken r at a line, when
repetitions are alowed, is
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44.

45.

46.
47.

48.

49.

50.
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The number of different words that can be formed from the letters of the word
INTERMEDIATE such that two vowels never come together is

6!
[Hint: Number of ways of arranging 6 consonants of which two arealikeis >

1 1
and number of ways of arranging vowels = 7P6 X 5 X > J

Three balls are drawn from a bag containing 5 red, 4 white and 3 black balls.
The number of ways in which this can be doneif at least 2 arered is

The number of six-digit numbers, all digits of which areodd is

Inafootball championship, 153 matches were played . Every two teams played
onematch with each other. The number of teams, participating in the championship
is

The total number of waysinwhich six ‘+" and four ‘- signs can be arranged in
aline such that no two signs ‘= occur together is

A committee of 6 is to be chosen from 10 men and 7 women so as to contain
atleast 3 men and 2 women. In how many different ways can this be doneif two
particular women refuse to serve on the same committee.

[Hint: At least 3 men and 2 women: The number of ways = °C,x 'C,+°C,x 'C,.
For 2 particular women to be always there: the number of ways = *°C, +*°C_x °C.
Thetotal number of committees when two particular women are never together
= Total — together]

A box contains 2 white balls, 3 black balls and 4 red balls. The number of ways
three balls be drawn from the box if at least one black ball isto beincluded inthe
draw is

State whether the statements in Exercises from 51 to 59 True or False? Also give

justification.

51. Thereare12 pointsinaplane of which 5 pointsare collinear, then the number of
lines obtained by joining these pointsin pairsis “C,—°C,,.

52. Three letters can be posted in five letterboxes in 3° ways.

53. Inthe permutations of n things, r taken together, the number of permutationsin
which m particular things occur together is"P__ x P .

54. In a steamer there are stalls for 12 animals, and there are horses, cows and
calves (not less than 12 each) ready to be shipped. They can be loaded in 32
ways.

55. If some or al of n objects are taken at a time, the number of combinations

is2n1.



56.

57.

58.

59.
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There will be only 24 selections containing at least one red ball out of a bag
containing 4 red and 5 black balls. It is being given that the balls of the same
colour areidentical.

Eighteen guests are to be seated, half on each side of a long table. Four
particular guests desire to sit on one particular side and three others on other
side of the table. The number of ways in which the seating arrangements

11!
is — (9 (9
can be made is e CHICHE

[Hint: After sending 4 on one side and 3 on the other side, we have to select out
of 11; 5 on one side and 6 on the other. Now there are 9 on each side of the long
table and each can be arranged in 9! ways.]

A candidate is required to answer 7 questions out of 12 questions which are
divided into two groups, each containing 6 questions. He is not permitted to
attempt more than 5 questions from either group. He can choose the seven
guestionsin 650 ways.

To fill 12 vacancies there are 25 candidates of which 5 are from scheduled
castes. If 3 of the vacancies are reserved for scheduled caste candidates while

the rest are open to all, the number of ways in which the selection can be made
is°C, x #C,,

In each if the Exercises from 60 to 64 match each item given under the column C, to
its correct answer given under the column C,,

60.

61.

There are 3 books on Mathematics, 4 on Physics and 5 on English. How many
different collections can be made such that each collection consists of :

Cl C2
(&) One book of each subject; (i) 3968
(b) At least one book of each subject : (i) 60
(c) Atleast onebook of English: (i) 3255

Five boys and five girls form aline. Find the number of ways of making the
seating arrangement under the following condition:

C C

1 2
(a) Boysandgirlsalternate: (i) 5! x 6!
(b) Notwo girlssit together : (i) 10! -5!6!
(c) Allthegirlssit together @iy (512 + (5!Y

(d) All thegirlsare never together : (iv) 215151
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62.

63.

64.
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Thereare 10 professorsand 20 lecturers out of whom acommittee of 2 professors
and 3 lecturer isto beformed. Find :

C:l CZ

(@) Inhow many ways committee : (i) °C, x °C,
can be formed

(b) Inhow many ways a particular : (i) °C, x °C,
professor isincluded

(¢) Inhow many ways aparticular : (i) °C, x 2C,
lecturer isincluded

(d) Inhow many ways a particular : (iv) °C, x *°C,

lecturer is excluded
Usingthedigits 1, 2, 3,4, 5, 6, 7, anumber of 4 different digitsisformed. Find

Cl C2
(@) how many numbers are formed? (i) 840
(b) how many numbers are exactly (i) 200
divisibleby 2?
(c) how many numbers are exactly (i) 360
divisbleby 25?
(d) how many of these are exactly (iv) 40
divisbleby 4?

How many words (with or without dictionary meaning) can be made from the
|etters of the word MONDAY, assuming that no letter is repeated, if

Cl CZ
(a) 4lettersare used at atime (i 720
(b) All letters are used at atime (i) 240
(c) All letters are used but the (i) 360

firstisavowel

- O F e ——
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BINOMIAL THEOREM

8.1 Overview:
8.1.1 An expression consisting of two terms, connected by + or — sign is called a

binomial expression. For example, X +a, 2x—3y, E —13, 7x—5i , €tc., aredl binomia
X X y
expressions.
8.1.2 Binomial theorem
If a and b are real numbers and nis a positive integer, then
(@a+by ="C,a+"C a""'b*+"C,a 2P + ..

[n
r|n-r
The general term or (r + 1) term in the expansion is given by
T,,="C a"b
8.1.3 Some important observations

1. Thetotal number of termsinthe binomial expansion of (a +b)isn+1,i.e.one
more than the exponent n.

2. Intheexpansion, thefirst termisraised to the power of the binomial andin each
subsequent terms the power of a reduces by one with simultaneousincreasein
the power of b by one, till power of b becomes equal to the power of binomial,
i.e., the power of aisnin the first term, (n — 1) in the second term and so on
ending with zero in the last term. At the same time power of bis 0 in the first
term, 1inthe second term and 2 in the third term and so on, ending with ninthe
last term.

3. Inany term the sum of the indices (exponents) of ‘a’ and ‘b’ isequal ton (i.e.,
the power of the binomial).

4. The coefficients in the expansion follow a certain pattern known as pascal’s
triangle.

LR b+ ..+ "C b, Where”Cr = forO<r<n
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Index of Binomial Coefficient of various terms
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1

Each coefficient of any row isobtained by adding two coefficientsin the preceding
row, one on the immediate left and the other on the immediate right and each row is
bounded by 1 on both sides.

The (r + 1) term or general term is given by
T..= "C.,ah'

r+1

8.1.4 Some particular cases
If nisapositive integer, then
(@+br=C ab+rC abt+C,a-2 ?+ ..+ C a-r b+ ..+
"C, a’h" (1)
In particular
1. Replacingbby —bin (i), we get
(@=br=rC ankP-"C a-tb +rC, a2+ ..+ (-)rCa-b+. +
(1" "C,a’ b .. (2
2. Adding (1) and (2), we get
(@+br+(@a-br=2[C akP+rC a-2?+C an-4b*+..]
= 2 [terms at odd places]
3. Subtracting (2) from (1), we get
(@+b"—(a-b"=2["C a*b'+"C a b +..]
= 2 [sum of terms at even places]
4. Replacingaby 1and b by xin (1), we get
(1+X'="C,xX’+"C,x+"C,x¥* +...+"C X"+ ... +"C

n

n-1 n n
X' +"C X

n
ie. (L+xp=2"C X
r=0
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5. Replacingaby 1 and bby —xin ... (1), we get
(1-x="C,xX>="C x+"C,¥* ..+"C_ ()™ x™*+"C (-1)" x°

e, (l-xr= Zn:(—J)r "C, x'
r=0

8.1.5 The p" term from the end
The p™ term from the end in the expansion of (@ + b)" is (n—p + 2)" term from the

beginning.
8.1.6 Middle terms

The middle term depends upon the value of n.
(@) If niseven: then thetotal number of termsin the expansion of (a+ b)"isn+ 1

th
(odd). Hence, there is only one middle term, i.e., (D + 1) term isthe middle
2

term.
(b) If nisodd: then the total number of termsin the expansion of (a + b)risn+1

th th
(even). So there are two middle terms i.e., (n%l) ad [nLZ?’) are two

middleterms.

8.1.7 Binomial coefficient
In the Binomial expression, we have

(@+by="C,a@+"C & *b+"C,a" 2+ ..+"C b" .. (D
The coefficients "C, "C, "C, ..., "C are known as binomial or combinatorial
coefficients.

Puttinga=b=1in (1), we get
"C,+"C,+"C,+..+"C =2
Thusthe sum of all the binomial coefficientsisequal to 2.
Again, puttinga=21andb=-1in (i), we get
"C,+"C,+"C, +...="C +"C, +"C + ..
Thus, the sum of all the odd binomial coefficientsis equal to the sum of al the even

2n
binomial coefficients and each isequal to Py =2

"C,+"C,+"C,+..="C,+"C,+"C;+..=2""1
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8.2 Solved Examples
Short Answer Type

2r
Example 1 Find ther™ term in the expansion of (XJF;J :

1 r-1
Solution Wehave T =2C _ (xp-r*? (;)
—I& Xr+1—r+l
|r—1|r+1
__lx
|r -1r +1
Example 2 Expand the following (1 — x + x)*
Solution Put 1—x=vy. Then
(L—-x+x) = (y +x)
“C, Y0P +1C, ¥ ey
+4C, Y (7 +'C, y(RF + C, ()"
Y+ AR X2+ By? X+ dy X8+ X8
QA=-X'+4(1-x3+6x*(1—x?+4°(L—-x) + &
1-4x+ 10x? — 163 + 19x* — 16x> + 10x6 — 4x" + X8

X2

Solution Since r"term from the end in the expansion of (a + b)"is(n —r + 2)" term
from the beginning. Therefore 4™ term fromtheendis9 -4+ 2, i.e., 7" term from the
beginning, whichisgiven by

e (_j(z) _og X B_9x8x7 b4 672
-og(E)(2] - ek &

3 9
Example 3 Find the 4" term from the end in the expansion of (L ——ZJ

7 2 ) x X2 3x2x1 x x°

Example4 Evauate: (XZ _,’1_)(2 )4 + (x2 +1/1_ x2)4
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Solution Putting ,/1_ x% =y, we get
Thegivenexpression= (X’ —=y)* + (¢ +y)* =2 [xX* + ‘C, x* y* + *C, y']

_ g  4x3 4 1 2 _2\2
_Z[X to X 1-x)+(@1 xz)}

=2 +6x' (1 —x) + (1 —2¢+ x9
=28 — 12X + 14xX* — ¢ + 2

12
Example 5 Find the coefficient of x* in the expansion of (x3 - %)
X

Solution Let the general term, i.e., (r + 1)" contain x™.
2 r
We have T,,,=2C, (¢)y2-r [— 7)
— 12(:r X36 -3r-2r (_1)r i
— 12Cr (_1)r r x36- %
Now for thisto contain x*, we observe that
36-5r=11,i.e,r=5
Thus, the coefficient of x is
12x11x10x9x 8

12 _1)5 25 = — 32 =_
C, )2 Ex4x3x 2 * 25344

18
Example 6 Determine whether the expansion of (xz - Z) will contain a term

- X
containing x©7?

Solution Let T ,, contain x*. Then
(-2
Tr . — lBCr (X2)18 r [_j
X
= lBCr X36 —2r (_1)r . 2r Neald
— (_1)r 2r lBCr x36 -3
. 26
Thus, 36-3r=10,i.e,r=—

3
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Sincer isafraction, the given expansion cannot have aterm containing x*.
10
I ﬁ]

Example 7 Find the term independent of x in the expansion of +—
J§ 2X

Solution Let (r + 1)™ term be independent of x which is given by

_10¢ (97312( 1 j
' 2 X

r 10-r 10-r
= 10 o 2 oy o
= Cr 32 2 2fx 2

Since the term is independent of x, we have
10—-r

-2r=0 = r=2
Hence 34 term is independent of xand its value is given by

lOC3~°’_10><9X 1 5

T 274 T 2x1 9x12 12

12
Example 8 Find the middle term in the expansion of (Zax— %j .
X

Solution Since the power of binomial is even, it has one middle term which is the

th
(12; 2) termand it isgiven by

—_b\®
T = lZCG(Zax)G(7j

~ 12C 26 a6 XG X (_b)G
=VC T —
2°a°0°®  59136a°0°

6 6

_ 12C
- 6
X X




BINOMIAL THEOREM 135

9
X
Example 9 Find the middle term (terms) in the expansion of [;p + EJ .

Solution Since the power of binomial is odd. Therefore, we have two middle terms
which are 5" and 6% terms. These are given by

5 4
p X p 126p
T5 = 9C4 (;j (—p) :9C4— = —

o el

Example 10 Show that 2*+4 — 15n— 16, where n € N isdivisible by 225.
Solution We have
2n+4—-15n - 16

240+ _15n - 16
= 16" -15n-16
= (1+ 1501 — 150 — 16
= n*1G 19+ n+1C 151+ 1+1C, 15+ n+1C, 15?
+..+"*C__ (15)"*'-15n—-16
=1+(n+1)15+"*'C,15°+"*'C, 15°
+..+"C | (15)" - 15n-16
= 1+15n+ 15+ 1+1C, 152+ 1+1C, 153
+..+0+C o (15"t -15n-16
= 182 ["*1C, + "*1C, 15 + ... 0 on]
Thus, 24— 15n—16 isdivisible by 225.

Long Answer Type
Example 11 Find numerically the greatest term in the expansion of (2 + 3x)°, where

X=—.
2

3 9
Solution We have (2 + 3)° = 29(1+3X)
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3xY
29 QCr (_):|
Now. T _ { 2
) Tr B 29|:9 (3X)r_l:|
Cr—l -
2

_°c I s
) 9Cr—l B |£|9—I‘ Ig

10-r _10—r(gj S 3
. =T 4 nce X= >

3x
2

B
2

3x
2

90—-9r 51
T, 4r
=90-9r > 4r (Why?)

Therefore,

Thus the maximum value of r is 6. Therefore, the greatest termisT , =T..

o (3x)° 3
Hence, T =2°C| =] |, wherex = =
7 2 2
9\° Ox8x7(32) 7x38
= 29 '9C6 (—j = 29 X X [—J: x
4 3x2x1\ 22 2

Example 12 If nis a positive integer, find the coefficient of x* in the expansion of

(1+xr [1+ ;1()” .

Solution We have

n n 2n
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n
Now to find the coefficient of x*in (1 + x)" (1+ l) , it is equivalent to finding
X

- @ . . .
coefficient of x* in ——— which in turn is equa to the coefficient of x*-* in the
X

expansion of (1 + X
Since (1 + )" =2C, xX* + C, X' + C,X* + ... + 'C,_, X" + ... + C, x*"

Thus the coefficient of x*~*is*C__,

|20 [2n

“[n—if2n—n+1 [n-1jn+1

Which of the following is larger?
99% + 100% or 101
We have (101)® = (100 + 1)®

50.49 50.49.48
— 8y ————(100)%
1007 + 50 (100f° + ——~ (100)“+ ——— ( +...(1)
Smilaly 99% = (100 — 1)®
50.49.48

50.49
100% — 50 . 100° + 100+ .. (2)

. .
21 100%™ 357

Subtracting (2) from (1), we get

50-49- 48
101% —99® = 2 {50 . (100) 49 + W 10047 + }

50-49-48] 100" +
3-2-1

= 101®*-99° = 100° + 2[
= 101%¥ —-99%® > 100°°
Hence 101% >99% + 100%
Example 14 Find the coefficient of x® after simplifying and collecting the like terms
in the expansion of (1 + X)% + x (1 + X)%°+ x? (1 + X)*%® + ... + x19%,

X

Solution Since the above series is a geometric series with the common ratio 1+ x’

itssumis
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i
(=)

1001
(1+ x)100° _ X
1+ X
- T % x = (1 + x)100L — 001
1+ X

Hence, coefficient of X° is given by

e 1001
0 = [50(951
Example 15 If a,, a,, a, and a, are the coefficient of any four consecutive termsin
the expansion of (1 + X", prove that

4 % _ 28,
a+a, at+a, a+ag
Solution Let a,, a,, a, and a, be the coefficient of four consecutiveterms T, , , T, ,
» T, and T, respectively. Then

a, = coefficientof T, ="C
a, = coefficientof T, ="C

a, = coefficientof T, . =1C

3 r+2
and a, = coefficientof T,, ,="C, , ,
n
C
Thus 4 - =
a1+a2 Cr+ Cr+1
"C
- —r . n n —n+
- n+1C (‘ Cr+ Cr+1_ 1c:r+l)
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|n § [r+1n—r _(r+ﬂ

:|£|n—r [n+1 n+
n
a C
Similarly, - - L2
A3+ 3y Gt Cr+3
_ nCr+2 _r+3
n+1cr+3 n+1
=N a, r+1 r+3 2r+4
Hence, LH.S = + = + =
a+a a+a n+l n+l n+l
2 2("C 2("C
and RH.S. = —2_ - ("G =( )

“n n n+1
a2+a3 Cr+1+ Cr+2 Cr+2

s In X|r+2|n—r—1_2(r+2)
[r+1n-r-1 n+1  n+1

Objective Type Questions (M.C.Q)
Example 16 Thetotal number of termsin the expansion of (x + a)* — (x —a)* after
simplificationis

(a) 102 (b)y 25 (c) 26 (d) None of these
Solution C isthe correct choice since the total number of terms are 52 of which 26
terms get cancelled.

n
X
Example 17 If the coefficients of x” and x®in (2+ 3j areequal, thennis

(a) 56 (b) 55 (c) 45 (d) 15
Solution B is the correct choice. Since T, , ="C, &' X" in expansion of (a + x)",

X 7 2n77
Therefore, T, = ”C7(2)”‘7(:—3j ="C, 7 x’
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8 _
X 2n 8
and T9: an (2)n—8 (E] :nCS 38 X8
2n—7 n-8
Therefore, “073—7: "Cq 7 (sinceitisgiventhat coefficient of x” = coefficient>)

=

Example18 If (1—-x+x)"=a +a x+a x+..+a x* thena +a,+a, +..
+a, equals.
A 3"+1 5 3"-1 c 1-3"
* — (B) — © —
Solution Aisthe correct choice. Puttingx=1and -1 in
(I-—x+x)y=a +a x+a,x+..+a xn
we get 1=g +a +a, +a, +..+a, . (1)
and =g —-a+a-a+..+a,
2

1
3N+ =
(D) >

Adding (1) and (2), we get
I+1l=2@+a+ta +..+a)

3"+1
Therefore g,+a,+a,+..+a, = >

Example 19 The coefficient of xP and xa@ (p and q are positive integers) in the
expansion of (1 + x)P+aare

(A) equd (B) equal with oppositesigns

(C) reciprocal of each other (D) none of these
Solution A'isthe correct choice. Coefficient of x* and X' in the expansion of (1 +x)P
*darep +qCp and ? +qCq

|p+q
and PHIC =P 9C, =

* el

Hence (@) is the correct answer.



BINOMIAL THEOREM 141

Example 20 The number of termsin the expansion of (a+ b + c)", wheren e N is

(A) (n+1)2(n+2) B) n+1

© n+2 (D) (n+1)n
Solution A isthe correct choice. We have

@+b+cy=[a+ b+ o)
=a"+"C,a t(b+c)t+"C,a ?(b+0?
+..+"C (b+c)
Further, expanding each term of R.H.S., we note that
First term consist of 1 term.
Second term on simplification gives 2 terms.
Third term on expansion gives 3 terms.
Similarly, fourth term on expansion gives 4 terms and so on.
The total number of teems=1+2+3+ ..+ (n+1)

_(h+h(n+2)
B 2
Example 21 The ratio of the coefficient of x> to the term independent of X in

15
[xz + gj is
X

(A) 1232 (B) 132 (C) 3212 (D) 321

Solution (B) isthe correct choice. Let T

r+1

2 r
Tr+l :]SCr (x2)1s -1 [_j
X

=5BC ()7 xo-u - D
Now, for the coefficient of term containing x®,
30-3r=15 ie, r=5
Therefore, *C, (2)° is the coefficient of x* (from (1))
To find the term independent of x, put 30—3 =0

2\ 15
be the general term of (xz + —) , SO,
X
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Thus *C,, 2 is the term independent of x (from (1))

Now the ratio s o2 = & =
ow ther |0|515Cl -5 3

N5 N5
Example 22 If z= (§+'_] +(£_lj , then

2 2 2
(A) Re(=0 B) 1,@=0
(C) Re(9>0,1 (>0 (D) Re(>0,1 (<0

Solution B isthe correct choice. On simplification, we get

2o (B e (e D) Y]

Sincei? =—1andi*= 1, zwill not contain any i and hencel_ (z) = 0.

8.3 EXERCISE |
Short Answer Type
. . _ _ x 1)
1. Find the term independent of x, x # 0, in the expansion of > T3

K 10
2. If theterm free from xin the expansion of (\/_ - 2) is 405, find the value
X

of k.
3. Find the coefficient of xin the expansion of (1 —3x + 7>2) (1 — x).

2

15
4. Find the term independent of x in the expansion of, (3x - 3) :
X

5. Find the middle term (terms) in the expansion of

10 3\ 9
0 33 o (2%)
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Find the coefficient of x® in the expansion of (x —x?)%.

1 15
Find the coefficient o —17 Inthe expansion O X —— .
ind the coeffici f & in the expans f ( 4 1)

X

1 1\"

y2+ X3

Find the sixth term of the expansion , if the binomial coefficient of

the third term from the end is 45.

[Hint: Binomial coefficient of third term from the end = Binomial coefficient of
third term from beginning ="C,]

Find the value of r, if the coefficients of (2r + 4)" and (r — 2)"" terms in the
expansion of (1 + x)*® are equal.

If the coefficient of second, third and fourth termsin the expansion of (1 + x)*
arein A.R Show that 2n2—9n + 7 = 0.

11. Find the coefficient of x*in the expansion of (1 + X + X2 + x3)1,
LongAnswer Type
p 8
12. If pisarea number and if the middle term in the expansion of (—2 + 2) is
1120, find p.
2n
13. Show that the middle term in the expansion of (x——j is
X
1x3x5x%x..(2n-1) « (-2)"
m .
l n
14. Findninthebinomial [\E’EJF?/—_B] if theratio of 7" term from the beginning to
o1
the 7" term from the end is 5
15. Intheexpansion of (x + ay if the sum of odd termsis denoted by O and the sum of
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16.

17.

eventerm by E.
Then prove that
(i) O2—E2=(x2—a) (i) 40E = (x+ @2 — (x—a)"

2n
If xP occurs in the expansion of [X2+ ;() , prove that its coefficient is

[2n
A4n-p|2n+p-
3 3 o
Find the term independent of x in the expansion of (1 + X + 2x3) (g X2 — 3i] .
X

ObjectiveTypeQuestions
Choose the correct answer from the given options in each of the Exercises 18 to 24

(M.C.Q)).

18.

19.

20.

21.

22.

The total number of terms in the expansion of (x + a)'® + (x — a)'® after
simplificationis

(A) 50 (B) 202 (C) 51 (D) none of these
Giventheintegersr > 1, n> 2, and coefficients of (3r)*and (r + 2)™ termsin
the binomial expansion of (1 + x)2" are equal, then

(A) n=2r (B) n=3r ©) n=2r+1 (D) none of these
The two successive termsin the expansion of (1 + x)* whose coefficientsarein
theratio 1:4 are

(A) 39and4h(B) 4hand 5h (C) 5hand 6™ (D) 6hand 7

24
[Hint: %:%3;4*1 :% =4r+4=24-4=[r =4]]
—Tr

r+1
The coefficient of X in the expansion of (1 + x)2"and (1 + x)2"-1 arein theratio.
(A) 1:2 (B) 1:3 (© 3:1 (D) 2:1
[Hint:™C, :2"~'C,
If the coefficients of 2™, 3 and the 4" terms in the expansion of (1 + X)" arein
A.P, then value of nis
(A) 2 B) 7 (c) 11 (D) 14
[Hint: 2nC,="C +"C,=n?-9n+14=0=n=2o0r7
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24,
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If A and B are coefficient of x"in the expansions of (1 +x)*and (1 + x)>"~*

A
respectively, then = equals

B
1
(A) 1 (B) 2 © 3 (D) <
A ann
[Hint: EZWZZ]

n

10
1 . 7
If the middle term of [; +xd nx) isequal to 7 <, then value of X is

8
T T TT s
(A) 2nm + 6 (B) nm+ 6 (© n7t+(—1)ﬂE (D) nm + (1) 3
— _ 1 . 63 . 1 1
[Hint: T6—10C5?.X55|n5)(:§:>S|n5X—§:>SIn—E

yis
= Xx=nm+ (-1)" g]

Fill inthe blanksin Exercises 25 to 33.

25,
26.

27.

28.

The largest coefficient in the expansion of (1 + X)® is
The number of terms in the expansion of (x +y + z)"
[Hint: (x+y+2"=[x+{+ 2]

16
In the expansion of [xz——zj , the value of constant term is
X

If the seventh terms from the beginning and the end in the expansion of

1 n
[\3/5 + %] are equal, then n equals

1\N~® 16 ( })6
[Hint:T.=T _ = ”C6(23) - | = "Cp6\2®
33
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29.

30.
31.

33.

[Hint: P*9C, = P*9C]
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n-12
-2 (1)
=>(2§) =| T = only problemwhenn —12 =0= n = 12].
L35J
Th ici 6| - 1 2b)'
e coefficient of a-¢ b* in the expansion of __? is
a
: -2b 1120 _
[Hint : T5—mC4(a] [ 3] = a °b*]

Middle term in the expansion of (a3 + ba)® is :
Theratio of the coefficients of x» andx?inthe expansion of (1+x)P*dis

10
(e
3 2x? 'S

If 255 is d|V|ded by 13, the reminder is

State which of the statement in Exercises 34 to 40 |sTrue or False.

34.

35.

36.

38.

39.

40.

10 - 20(:1
The sum of the series O © Cr is 2%+ TO
r=0

Theexpression 2 + Fisdivisible by 64.

Hint: 72+ 9"=(1+8)"—-(1-8)°

The number of termsin the expansion of [(2x + y®)4]”is 8 37.

The sum of coefficients of the two middle termsin the expansion of (1 +x)?"~*
is equal to *~'C

The last two digits of the numbers 3*®°are 01.

2n
If the expansion of (X - —2) contains a term independent of x, then nis a
X

multipleof 2.

Number of termsin the expansion of (a +b)" wheren € Nisone lessthan the
power n.

- O F e ——



Chapter

SEQUENCE AND SERIES

9.1 Overview

By a sequence, we mean an arrangement of numbers in a definite order according
to some rule. We denote the terms of a sequence by a,a, a,..,ec, the subscript
denotes the position of the term.

In view of the above a sequence in the set X can be regarded as a mapping or a
functionf: N — X defined by

f(n=t v ne N.

Domain of fisaset of natural numbers or some subset of it denoting the position of
term. If its range denoting the value of termsis a subset of R real numbersthen it is
called a real sequence.

A sequenceiseither finite or infinite depending upon the number of termsin asequence.
We should not expect that itstermswill be necessarily given by a specific formula.
However, we expect a theoretical scheme or rule for generating the terms.

Leta, a, a,, ..., bethe sequence, then, the expression a, + a, + a, + ... iscalled the
series associated with given sequence. The seriesisfinite or infinite according asthe
given sequenceisfiniteor infinite.

Remark When the seriesis used, it refers to the indicated sum not to the sum itself.

Sequence following certain patterns are more often called progressions. In
progressions, we note that each term except the first progresses in a definite manner.

21

9.1.1 Arithmetic progression (A.P.) is a sequence in which each term except the
first isobtained by adding afixed number (positive or negative) to the preceding term.
Thus any sequence a, a,, a, ... a,, ... is called an arithmetic progression if

a,,,=a,+d,ne N, whered iscalled the common difference of theA.P., usualy we

n+1"

denote the first term of an A.P by a and the last term by |
The general term or the n'"term of the A.P. is given by

a= a+nh-1d
The n term from the last is given by a= I-(n-1d
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Thesum S, of thefirst nterms of anA.P. is given by

n n
S,= > [2a+ (n-1) d] =—2(a+ 1), wherel = a+ (n—1) d isthelast terms of theA.P,

and the general termisgivenbya =S -S|
The arithmetic mean for any n positive numbersa, a,, a,, ... a_isgiven by

!
A.M.=—ai+82: o

If a,A and b areinA.P, thenA is called the arithmetic mean of numbersa and b and

) a+b
i.e, = —

2

If the terms of an A.P. are increased, decreased, multiplied or divided by the same
constant, they still remaininA.P.

If a, a, a, ... areinA.P. with common difference d, then
(i) a *xk a,xk a,+k ...areasoinA.P with common difference d.
() aka ka k .. aeasoinA.P with common difference dk (k # 0).

433
k' k' k
..andb,,
b,a, *

and ... are aso in A.P. with common difference %(k #0).

b,, b, ... are two A.P, then
b, a,+ Db, ... aeaso inA.P

' 3% 3 .
(i) a,b,a,b,ab, ..and b'b, b, arenotinA.R

Ita, a8,
(i) &=

If a,a, a,..and a, arein A.Ps, then
() a+8=a+g_;=a+a,_,=..
ar—k—i—q'+

i) a :Tk v k 0<k<n-—r
(i) If ™ term of any sequence is linear expression in n, then the sequence is an
AP

(iv) If sumof nterms of any sequenceisaquadratic expression in n, then sequence
isan A.P
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9.1.2 A Geometric progression (G.P) is a sequence in which each term except the
first is obtained by multiplying the previous term by a non-zero constant called the
common ratio. Let usconsider aG.P with first non-zero term a and commonratior,
i.e., a ar,ar? ..., ar"1 ..

n-1

Here, common ratior =

ar
The general term or nt"term of GP. isgivenby a = ar"-*.
Last term | of a G.P. is same as the n'" term and is given by | =ar"-1.

I
and the n" term from the last isgiven by a_= 1

Thesum S, of the first ntermsis given by

n
s- 2ar-b ifre1
n r—1
S = na ifr=1

If a, Gandb arein G.P, then G is called the geometric mean of the numbers a and

b and isgiven by
G= Jab

() If theterms of a G.P. are multiplied or divided by the same non-zero constant
(k# 0), they still remainin G.P.

Ifa,a,a,..,aeinGP, thena k, a k aKk, .. and ﬁ,i,a—,
3 1 2 3 k k k
arealso in GP. with same common ratio, in particularly
if a, a, a,, ... arein GP, then
1 11 _
31’ az, a, aredsoin GP.
(i) If a,a, &, ..and b, b, b, .. aetwo GPs, thena, b, a, b,, a,b,, ... and
a & 343

E’ E E ...aedsoin GP

@iy If a,a, a, . areinA.P. (aI >0 vy i), then x& x% x%,..,aeinGPR (y x>0)
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(iv) Ifa, a, a, ..., a,aeinGP, thena, 3, =a,a,_,=a,a,_, = ..

9.1.3 Important results on the sum of special sequences
(i) Sum of the first n natural numbers:

D n=1+2+3+..+ n=M

(i) Sum of the squares of first n natural numbers.

nn+l) (2n+1J
6

(iiiy Sum of cubes of first n natural numbers:

Zn2=12+22+32+...+n2=

2
dnP=P+28+3F 4.+ n3={n(n2+])}

9.2 Solved Examples
Short Answer Type
Example 1 Thefirst term of anA.R is a, the second term isb and the last termis c.
(b+c—-2a)(c+a)
2(b—a) '
Solution Let d be the common diffrence and n be the number of terms of the A.P.
Since the first term is a and the second termis b
Therefore, d=b-a
Also, thelast termisc, so

Show that the sum of theA.P.is

c=za+(n-1) (b—-a(since d= b-a)

c—-a
= n-1= _—a
1 c-a b-a+c-a b+c-2a
= + = =
= : b-a b-a b-a
n b+c-2a)
= = ) = ——(a+cC
Therefore, S, 2(a+) 2(b_a) (a+0)

Example 2 The p" term of an A.P. isa and ¢" term is b. Prove that the sum of its
(p+ Qg termsis
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w[a+b+ a—b}
2 P-ql-

Solution Let A be the first term and D be the common difference of the A.P. It is
giventhat

t=a=A+(p-1D)D=a . (D
t=b=>A+(g-1)D=b .. (2
Subtracting (2) from (1), we get

P-1-g+1)D=a-b
a-b
— D= T4 )
Adding (1) and (2), we get
2A+(p+tg-2)D=a+hb
= 2A+(p+g-1)D=a+b+D
a-b
= 2A+(p+a-1D=a+b+ 7T .. (4)
P+q
Now Siq= T[2A+(p+q—1)D]
= p+q{a+b+a b}
2 P-q

[(using ... (3) and (4)]
Example 3 If thereare (2n + 1) termsin anA.P, then prove that the ratio of the sum
of odd terms and the sum of even termsis(n +1) : n

Solution Leta be thefirst term and d the common difference of the A.P. Also et S1
be the sum of odd terms of A.P. having (2n + 1) terms. Then

Slz a1+a3+a5+"'+a2n+l

n+1
T(a1+a2n+1)

S,

S, = nTJrl [a+a+ (2n+1-1)d]
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= (n+1) (a+nd)
Similarly, if S, denotes the sum of even terms, then

S

2

n
2 [2a+2nd] =n (a+ nd)

S _ (n+1)(a+nd) _ n+1

Hence g " n(a+nd) n

Example4 Attheend of each year the value of acertain machine has depreciated by
20% of its value at the beginning of that year. If itsinitial value was Rs 1250, find the
value at the end of 5 years.

Solution After each year the value of the machine is 80% of its value the previous
year so at the end of 5 years the machine will depreciate as many times as 5.

Hence, we have to find the 61 term of the GP. whose first term a, is 1250 and common
ratior is.8.

Hence, value at the end 5 years = t, = a, r° = 1250 (.8)° = 409.6

Example 5 Find the sum of first 24 terms of the A.P. a,, a,, a,, ... if it isknown that
a1+a5+a10+a15+a20+ a24 =225

Solution Weknow that inanA.P,, the sum of theterms equidistant from the beginning
and end is always the same and is equal to the sum of first and last term.

Therefore d=b-a

e, & tay= 8 tay =a,ta;

Itisgiventhat (a +a,) + (g, +a,) +(a,+a,) =225

= (al + 324) + (al + a24) + (al + a24) =225

= 3(a+a,)=225

= a+a,=175

n
We know that S =E[a+|] , Where aisthefirst term and | isthe last term of an A.P

24
Thus, S, = B [a, +38,] =12x75=900

Example 6 The product of three numbersin A.R is 224, and the largest number is 7
times the smallest. Find the numbers.

Solution Let the three numbersinA.P. bea—d, a,a+ d(d> 0)
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Now @-da(a+d =224

= a@-d) =224 . (D)
Now, since the largest number is 7 timesthe smallest, i.e,a+d =7 (a—d)
Therefore, d= 37:3

Substituting thisvalue of din (1), we get

9a2
a(az——j = 224
16

a=8
and d= 3—a=§><8=6
4 4

Hence, the three numbers are 2, 8, 14.

Example 7 Show that (x> + xy + ¥?), (Z + xz+ x?) and (y?> + yz + Z) are consecutive
termsof an A.R, if x,yand z areinA.P.

Solution Theterms (x2 + Xy + Yy, (2 +xz + x2) and (y2 +yz + 2) will bein A.P. if
Z+x2+X) = (C+xy+Y)= (Y +yz+Z) = (2 +x2+X)

i.e, Z+XZ—Xy— Y= Y+ yz—xz — X
e, X+ 2+ 2z—y = Y +yz+xy
i.e, X+22-y2=y(xX+ty+2
i.e, X+z—y=y

ie., X+z=2y

whichistrue, since x, y, zare inA.P. Hencex® + xy+ Y2 Z + xz+ X%, y? + yz+ Z are
inA.P.

Example 8 If a, b, c,d arein G.R, prove that a2 —b? I* —c? c2— d* areasoin GP
Solution Letr be the common ratio of the given GP. Then

b
-

= —=T

C
b~ ¢
= b=ar,c=br=ar?,d=c =ar®
Now, d-bP=a’-ar?=a2(1-r?
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b?—c?= ar?-ar*=ar*(1-r?
and c-d?=arr-ar*=2ar'(1-r?
b*-c®* ¢*-d?
Therefore, e = T2 —r2
Hence, a2 —b? b2 -, c2— d? arein GP

Long Answer Type

Example 9 If the sum of mtermsof an A.P is equal to the sum of either the next n
terms or the next p terms, then prove that

1 1 11
(e (m]:““* (57)

Solution Letthe A.Rbea,a+d,a+2d, ... Wearegiven
a+ta,+..+a =a +a +..+a .. (1)

Adding a, + a, + ... + a, on both sides of (1), we get
2[ata,t..tgl=at+tat..ta, ta, +. +a,,
2S =S

Therefore, zg {2a+(m—1)d}:? {2a+ (m+n—1)d}

Putting 2a + (m—1) d = x in the above equation, we get

m+n
mx = (X + nd)
2
2m-m-n)x= (m+n) nd

= (Mm-n)x= (m+n)nd .. (2

Smilarly,ifa, +a,+..+a =a  +a ,+..+a
Addinga, +a,+ ... +a_on both sides
we get, 2(d,ta,+..+a)= a+ta+t..+ta  t..+a
or, 2S,= S,.,
m
- 2[3{2a+(m—1)d}} = msz {2a+ (m+p — 1)d} which gives
i.e, (m=p) x= (m+ p)pd .. (3

Dividing (2) by (3), we get
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(m-n)x (m+n)nd
(m-p)x (m+p)pd
= (m=n)(m+p)p=(M=-p)(m+n)n
Dividing both sides by mnp, we get

11 11
a2 (i

11 11
e (5= oo (53)

Example 10 If &, a,, ..., @ arein A.P. with common difference d (where d # 0);
then the sum of the series sin d (cosec @, cosec a, + COSeC a, COSEC @, + ...+ COSeC
a , cosec a) isequal to cot a —cot a_

Solution We have
sind (cosec a, Cosec a, + COSEC &, COSEC a, + ...+ COsec a, , COSEC a,)

snd ! + ! Fo.ot !

sina;Sna, sSna,sina, sna, ,sna,

sin(a-a) Sn(&-3)  sin@-a.,)
snasina, sna,sna,  sna,,sina,

sina2cosai—oosazsinalhsina3cosa2—oosagsina2)+ +sinaﬂoosan,l—oosaqsinaml)
= sina,sina, sina,sina, sina_,sina,
= (cota —cota) + (cota,—cota,) + ... + (cot a
=cot a —cot a

—cot a)

-1

Example 11
(i) Ifa,b,c,darefour distinct positive quantitiesin A.PR, then show that
bc > ad
(iiy If a, b, c,darefour distinct positive quantitiesin GP., then show that
a+d>b+c
Solution
() Sincea, b,c,dareinA.P, thenA.M. > GM,, for the first three terms.
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a+c
Therefore, b > \[ac (Here sz)
Squaring, we get b2 > ac .. (1)

Similarly, for the last three terms

AM > GM

b+d

Here——=c

¢> Vod ( 2 j
> bd - (2

Multiplying (1) and (2), we get
b%c? > (ac) (bd)
= bc>ad
(i) Sincea, b, c,darein GP
again A.M. > GM. for the first three terms

a+c )
T >Dh (snoe ac:b)
= a+c>2b .. (3

Similarly, for the last three terms

b—;d >c (sinoe\/mzc)

= b+d>2c .. (4
Adding (3) and (4), we get
(a+c)+b+d)>2b+2c
a+d>b+c
Eample 12 If a, b, ¢ are three consecutive terms of an A.P and x, y, z are three
consecutive terms of a G.P. Then prove that
Xb-c ye-a za-b=1
Solution We have a, b, ¢ as three consecutive terms of A.P. Then
b-a=c-b=d (say)
c—a= 2d
a-b= -d
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Now xP-c, yc-a zab= y-d y2 7-d
=x " (e)?.z ¢ (sincey= (Jfx)) asx, y, zare GP)
=xd.xd.4. 2z
= xdrd A-d
=x°z=1

n
Example 13 Find the natural number a for which Z f(a+ k) = 16(2"— 1), where
k=1

the function f satisfiesf (x +y) =f (x) . f (y) for al natural numbers x, y and further
f(1)=2
Solution Given that
fx+y)=f( .f(y)andf (1) =2
Therefore, f@Q=fA+D)=f@Q).f(1)=22
fR=Ff1L+2)=f(1).f(Q=2°
f@hH=f1L+3)=1(Q).f(]=2
and so on. Continuing the process, we obtain
f(k) = 2kand f (@) = 22

Hence Stk — 3 f@.f (K
k=1 k=1

f (a) kZﬂf(k)

=222+ 22+ 22+ ...+ 20

22 2.(2”_1) _2a+l(2n_])
= o1 | .. (1)

n
But, we are given Y. fa+k) = 16 (21— 1)

k=1

210 _1)= 16 (2 1)

= 21l=2"=a+1=4
= a= 3
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Objective Type Questions

Choosethe correct answer out of thefour given optionsin Examples14to0 23 (M.C.Q.).
Example 14 A sequence may be defined as a

(A) relation, whoserange — N (natural numbers)

(B) function whoserangec N

(C) function whosedomainc N

(D) progression having real values

Solution (C) is the correct answer. A sequence is a function f : N — X having
domainc N

Example 15 If x, y, z are positive integers then value of expression
(x+y)(y+2(z+X)is

(A) =8xyz (B) > 8xyz (C) <8xyz (D) = 4xyz
Solution (B) isthe correct answer, since

X Z Z+X
AM.>GM.,, %y>\/x_y, y; >Jyz and %»/Z

Multiplying thethreeinequalities, we get
X+ +Z YV+Z
Zy.yz .y2 >0 (Y2 (29
o, (X+y)(y+2(z+x)>8xyz

Example 16 InaG.P of positiveterms, if any termisequal to the sum of the next two
terms. Then the common ratio of the G.P. is

(A) sn1g° (B) 2cosl18° (C) cos18° (D) 2sin18°
Solution (D) is the correct answer, since
tn = tn+l + tn+2

= armt =ar + arm!
= 1l=r+r?

15
2

,sincer >0

J5

Therefore, r= ZT_l =2sin18°
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Example 17 Inan A.P. thepthtermisq and the (p + Q)™ term is 0. Then the gth term is
(A) -p B p () ptq (D) p—-q

Solution (B) is the correct answer

Let a, d bethefirst term and common difference respectively.

Therefore, T = a+(p-1) d=qgand .. (1)

p

T.,= a+t(p+g-1)d=0 .. (2
Subtracting (1), from (2) weget qd =—q
Substituting in (1) weget a=q—-(p-1) (-)=g+p-1
Now T,= at(q-1)d=q+p-1+@-1) (-1)

= q+tp-1-q+1=p

Example 18 Let S be the sum, P be the product and R be the sum of the reciprocals
of 3termsof aGP. Then P R®: S®isequal to

(A) 1:1 (B) (commonratio): 1
(C) (first term)?: (common ratio)? (D) none of these
Solution (A) is the correct answer

a
Let us take a G.P with three terms ?, a, ar Then

2
S:E+a+ar:w
r r

ro1 1 1(r2+r+1)
P=a’ R= —+=+—==| ———
a a a a r

3
ae_i(r2+r+1j
PPR® as r

S 2 ’
2T +r+1

=1

r
Therefore, theratiois1: 1
Example 19 The 10th common term between the series
3+7+11+...and1+6+11+..is

(A) 191 (B) 193 (C) 211 (D) None of these
Solution (A) is the correct answer.
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Thefirst common termis 11.

Now the next common term is obtained by adding L.C.M. of the common difference 4
and5, i.e., 20.

Therefore, 10th common term = T, of the APwhosea=11andd= 20
T,=a+9d=11+9(20) =191

Example 20 InaG.P. of even number of terms, the sum of all termsis 5 times the
sum of the odd terms. The common ratio of the G.P is

-4 1
(A) ? (B) E, © 4 (D) none the these
Solution (C) is the correct answer

a(r™™-1) 5a((r®)"-1
Let usconsider aGP. a, ar, ar?, ... with 2nterms. We have 1 - (r2—1 )

(Since common ratio of odd termswill ber? and number of termswill be n)

a(r 2n _:D =5a(r 2n _:D
R (r?-1)

=a(r+1)=5a,ie,r=4

Example 21 The minimum value of the expression 3+ 3% x e R, is

1
(A) O B) 3 € 3 (D) 243

Solution (D) is the correct answer.
We know A.M. > GM. for positive numbers.

> ,/3* L3

3 +3 3
2 3

=  F+3x >3

X — X

Therefore, F+3
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9.3 EXERCISE

Short Answer Type
1. Thefirst term of an A.Risa, and the sum of thefirst p termsis zero, show that

the sum of its next gtermsis w. [Hint: Requiredsum=S,, —S]

2. A man saved Rs 66000 in 20 years. In each succeeding year after the first year
he saved Rs 200 more than what he saved in the previous year. How much did
he save in the first year?

3. A man accepts a position with an initial salary of Rs 5200 per month. It is
understood that he will receive an automatic increase of Rs 320 inthe very next
month and each month thereafter.

() Find hissalary for the tenth month
(b) What ishistotal earnings during thefirst year?
4. If the pth andqth terms of a G.P. are g and p respectively, show that its (p + g)*

1
P \pq
termis [%} )

5. A carpenter was hired to build 192 window frames. Thefirst day he made five
frames and each day, thereafter he made two more frames than he made the
day before. How many days did it take him to finish the job?

6. Weknow the sum of theinterior anglesof atriangleis 180°. Show that the sums
of the interior angles of polygons with 3, 4, 5, 6, ... sides form an arithmetic
progression. Find the sum of theinterior anglesfor a21 sided polygon.

7. A side of an equilateral triangle is 20cm long. A second equilateral triangleis
inscribed in it by joining the mid points of the sides of the first triangle. The
processis continued as shown in the accompanying diagram. Find the perimeter
of the sixth inscribed equilateral triangle.

8. Inapotato race 20 potatoes are placed in aline at intervals of 4 metreswith the
first potato 24 metres from the starting point. A contestant is required to bring
the potatoes back to the starting place one at atime. How far would he runin
bringing back al the potatoes?

9. Inacricket tournament 16 school teams participated. A sum of Rs8000isto be
awarded among themselves as prize money. If the last placed team is awarded
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Rs 275 in prize money and the award increases by the same amount for
successive finishing places, how much amount will thefirst place team receive?

10. Ifa,a,a, .., a aeinA.R, wherea > O for al i, show that
1 + 1 ot ! = n-1
ata Jafa e+ Ja+fa
11. Find the sum of the series
(F-29+(53-43 + (7*—-6% + ... to (i) n terms (ii) 10 terms
12. Findthert term of an A.P. sum of whose first ntermsis 2n + 3r
[Hint: 8,=S,—-S,,]

Long Answer Type

13. If A isthe arithmetic mean and G, G, be two geometric means between any
two numbers, then prove that

2 2
2A=&+ﬁ
2 Gl
14. |If 0,0,0,..,0 ae inA.P., whose common difference is d, show that
sech, sech, + sech, sech, + ... + secO | secO :M.
sn

15. If thesum of ptermsof anA.P. isgand the sum of gqtermsisp, show that the
sum of p + qtermsis— (p + g). Also, find the sum of first p —qterms (p > q).

16. If p™, g™, and r'" terms of an A.P. and GP. are both a, b and c respectively,
show that

are b2, P=1
Objective Type Questions

Choose the correct answer out of the four given optionsin each of the Exercises 17 to
26 (M.C.Q.).
17. If thesum of n terms of anA.P. is given by
S, = 3n + 2r?, then the common difference of theA.R is
(A) 3 (B) 2 (©) 6 (D) 4
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18. Thethird term of GP. is4. The product of itsfirst 5 termsis
(A) 43 (B) 4* (© & (D) None of these

19. If 9timesthe 9 term of an A.R is equal to 13 timesthe 13t term, then the 22
term of the A.P. is

(A) 0 (B) 22 (C) 220 (D) 198

20. If x, 2y, 3zare in A.P, where the distinct numbers x, y, zare in G.P. then the
common ratio of the G.Pis

1 1
(A) 3 B) 3 (© 2 ) 3

21. IfinanA.R, S ,=qn*and S, = gm? where S, denotes the sum of r terms of the
A.P, then S, equals

3

A () mnq © @ () (m+n) ¢
22. Let S denotethesum of thefirst ntermsof an A.P.I1f S, =3S then§, : S is
equal to
(A) 4 (B) 6 (C) 8 (D) 10
23. Theminimum value of 4 + 47 xe R, is
(A) 2 (B) 4 © 1 (D) 0

24. LetS denote the sum of the cubes of the first n natural numbers and S, denote

n
the sum of the first n natural numbers. Then Z S equals
r=1

nn+1)(n+ 2 n(n+1)
A~ — ® —%—
2
n“+3n+2
© —S (D) None of these
25. |If t denotes the nth term of the series2 + 3+ 6+ 11 + 18 + ... then t, is
(A) 492—-1 (B) 492 (C) 502+1 (D) 492+2

26. Thelengths of three unequal edges of arectangular solid block arein G.P. The
volume of the block is 216 cm?® and the total surface areais 252cn?. The length
of the longest edgeis

(A) 12cm (B) 6cm (C) 18cm (D) 3cm
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Fill inthe blanksin the Exercises 27 to 29.

27.

28.

29.

30.
31.

32.

33.
34.

35.

36.

a-b
For a, b, c to be in GP. the value of misequal 0., .

The sum of terms equidistant from the beginning and end in an A.R isequal to

State whether statement in Exercises 30 to 34 are True or False.
Two sequences cannot be in both A.P. and G.P. together.

Every progression is a sequence but the conversg, i.e., every sequenceisalso a
progression need not necessarily be true.

Any term of an A.P. (except first) is equal to half the sum of terms which are
equidistant fromiit.

The sum or difference of two G.Ps, isagain a G.P.

If thesum of n termsof asequenceisquadratic expression thenit alwaysrepresents
anA.P.

Match the questions given under Column | with their appropriate answers given
under the Column I1.

Column |
Column |1
1 i) A.P.
4’ 1 - ..
EB% 2,3,57 (i) sequence
(c) 13,8,3,-2,—7 (i) GP
Column | Column |1
2
() 1°+22+ 3%+ ..+n? (i) (n(n_;])j
(b) 13+28+ 3+ ..+n3 (i) nn+1)
(C) 2+4+6+..+2n (i) w
(d 1+2+3+.+n (iv) n(n_2+J)

e O L ——



Chapter 10
(STRAIGHT LINES)

10.1 Overview
10.1.1 Slope of a line

If 6 istheangle made by alinewith positive direction of x-axisin anticlockwisedirection,
then the value of tan 0 is called the slope of the line and is denoted by m.

The slope of aline passing through points P(x,, y;) and Q (x,, Y,) is given by

m=tang = 221
X=X

10.1.2 Angle between two lines Theangle 6 between the two lines having slopesm, and
m, isgiven by

tan0= + (M=)

1+ mm,
If we take the acute angle between two lines, then tan 6 = |—o—2
we e lne acute angle een olines, thentan 0 = 1+rqmz

If the lines are parallel, thenm =m,.
If the lines are perpendicular, then mm, = —1.

10.1.3 Collinearity of three points If three points P (h, k), Q (x,, y,) and R (X,.y,)
Yi—K Y-y

are such that slope of PQ = slope of QR, i.e., =
x—h X-x

o (h—=x) ¥,—Yy) =(-y) (X,—x,) then they are said to be collinear.

10.1.4 Various forms of the egquation of a line
(i) Ifalineisat adistance aand parallel to x-axis, then the equation of thelineis
y=ta.
(i) If alineis paralel to y-axis at a distance b from y-axis then its equation is
X=xb
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(i)

(iv)

(v)

(vi)

(vii)

EXEMPLAR PROBLEMS — MATHEMATICS

Point-dlopeform : The equation of aline having slope mand passing through the
point (x, y,) isgivenby y -y, =m (X —X)

Two-point-form : The equation of aline passing through two points (x , y,) and
(X, Y,) isgiven by

Slopeintercept form : The equation of theline makingan intercept con y-axisand
having dope misgiven by

y=mx+c
Note that the value of ¢ will be positive or negative as the intercept is made on
the positive or negative side of they-axis, respectively.
Intercept form : The equation of the line making interceptsaand b on x- andy-

axisrespectively isgiven by §+%=1.

Normal form : Suppose anon-vertical lineisknown to uswith following data:

(a) Length of the perpendicular (normal) pfrom originto theline.

(b) Angle » which normal makeswith the positive direction of x-axis.
Then the equation of such alineisgivenby xcos @ +ysin @ =p

10.1.5 General equation of a line

Any eguation of theform Ax + By + C =0, where A and B are simultaneously not zero,
is called the general equation of aline.

Different forms of Ax + By+ C =0

The general form of the line can be reduced to various forms as given below:

(i) Slopeintercept form: If B = 0, thenAx + By + C = 0 can be written as

Y= — X+ — here M=—and c=—
T e— — = + T e— o —
5 5 OrYy=mx+c where 5 5

-C
If B=0,thenx= Twhich isavertica linewhosed opeisnot defined andx-intercept

- —C
is =
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X
(i) Intercept form: If C = O, thenAx + By+ C = 0 can be written as _—C+ _l
A B
Xy _—C _—C
= AT Ay a=—andb=—
lor a+b 1, where A 5

If C =0, thenAx + By + C = 0 can be written as Ax + By = 0 whichisaline
passing through the origin and therefore has zero intercepts on the axes.

(iii) Normal Form : The normal form of the equation Ax+ By + C=0is
Xcosm+ysin @ =p where,
coso =+ A sne =+ B and p= £ S .
Note: Proper choice of signsisto be made so that p should be always positive.

10.1.6 Distanceof apoint fromaline The perpendicular distance (or simply distance)
d of apoint P(x,,y,) fromthelineAx + By + C = O is given by

|Ax+ By, +C|

Distance between two parallel lines
The distance d between two parallel lines y = mx + ¢ andy = mx + ¢, is given by

d=

e-c
d=

2
;‘

10.1.7 Locusand Equation of Locus The curve described by a point which moves
under certain given condition is called its locus. To find the locus of a point P whose
coordinates are (h, k), express the condition involving h and k. Eliminate variables if
any and finally replace h by x and k by y to get the locus of P.

10.1.8 Intersection of two given lines Twolinesax+by+c =0andax+by+
c,=0are

() intersectingif —=—
&

b
b,
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(i) paralel and distinct if :%7&

Qe e
|0

o . b
d f_:_:
(iii) coincidenti

Remarks

(i) Thepoints(x,Y,) and (X, Y,) are on the same side of the line or on the opposite
sideof thelineax+by + ¢=0, if ax, + by, + candax, + by, + c are of the same
sign or of opposite signsrespectively.

(i) The condition that the linesax + by + ¢ = Oandax + b,y + c= Oare
perpendicular isaa, + bb, = 0.

(iii) The equation of any line through the point of intersection of two linesa,x + by +
c,=0and ax+by+c,=0isax+by+c, +k(ax,+by,+c)=0.Thevaue
of kiisdetermined from extra condition givenin the problem.

10.2 Solved Examples

Short Answer Type
Example 1 Find the equation of a line which passes through the point (2, 3) and
makes an angle of 30° with the positive direction of x-axis.

1
Solution Herethe slope of thelineism=tand =tan 30° = ﬁ and the given point is

(2, 3). Therefore, using point slope formula of the equation of aline, we have

y—3=71§(x—2) or X—43y +(33 -2 =0.

Example 2 Find the equation of the line where length of the perpendicular segment
fromtheorigintothelineis4 and theinclination of the perpendicular segment with the
positive direction of x-axisis 30°.

Solution The normal form of the equation of thelineisx cos® + Yy sing = p. Here
p=4and @ =30°. Therefore, the equation of thelineis

x cos30° +ysin 30° =4

3 1
x% tyZ=4 o J3x+y=8



STRAIGHT LINES 169

Example 3 Provethat every straight line has an equation of theformAx+By+ C =0,
where A, B and C are constants.

Proof Givenastraight line, either it cutsthey-axis, or isparallel to or coincident with
it. We know that the equation of alinewhich cutsthey-axis(i.e., it hasy-intercept) can
be put intheformy = mx + b; further, if thelineis parallel to or coincident with the y-
axis, itsequation is of the form x = x,, where x = 0 in the case of coincidence. Both of
these equations are of the form given in the problem and hence the proof.

Example4 Findtheequation of thestraight line passing through (1, 2) and perpendicular
tothelinex+y+7=0.

Solution Let m be the slope of the line whose equation is to be found out which is
perpendicular to thelinex+y + 7 =0. Thesope of thegivenliney=(-1) x—7is—1.
Therefore, using the condition of perpendicularity of lines, we havemx (- 1) = -1
orm=1 (Why?)

Hence, the required equation of thelineisy—1=(1) (x—2)ory—-1=x—-2 = X—
y—-1=0.

Example 5 Find the distance between the lines 3x + 4y = 9 and 6x + 8y = 15.
Solution The equations of lines 3x + 4y = 9 and 6x + 8y = 15 may be rewritten as

3X+4-9=0 and 3x+4y—1—§=0
Since, the slope of these lines are same and hence they are parallel to each other.

Therefore, the distance between them is given by

15
-1 3

e | 1

Example 6 Show that the locus of the mid-point of the distance between the axes of

. . . .1 1 4 .
the variable line x coso. + y sina = pis —+—=— where p is a constant.
X Y

y2

Solution Changing the given equation of the line into intercept form, we have

X + Y =1 which gives the coordinates [—poj and[o, _i],wherethe
p p cosa sna

cosa.  Sina
line intersects x-axis and y-axis, respectively.
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Let (h, k) denote the mid-point of the line segment joining the points
[—p, o] and ( o,.—p,J
cosa sna

Then h——P__ and k=~ P why?)

200sa sSna

Thisgiv&scom:—p and Sina:—p

2n 2k
Squaring and adding we get
2 2
p P~ _ 1 1 4
ww Y e

: 1 4
Therefore, therequired locusis —+—=—.

x>y p

Example 7 If the line joining two points A(2, 0) and B(3, 1) is rotated about A in
anticlock wise direction through an angle of 15°. Find the equation of the linein new

position.
: , . 1-0 )
Solution The slope of the line AB is Ezlor tan45° (Why?) (see Fig.). After

rotation of thelinethrough 15°, the slope of thelineAC in new positionistan 60° = /3

>
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Therefore, the equation of the new lineAC is
y-0=J3(x-2) o y—V3x+2V3 =0
Long Answer Type

3
Example 8 If the dope of aline passing through the point A(3, 2) is 7 then find

points on the line which are 5 units away from the point A.

3
Solution Equation of the line passing through (3, 2) having slope 2 isgiven by

3
2= - -3
y 4(x )

or 4y-3x+1= 0 (1)
Let (h, k) be the points on the line such that

(h=3)2+ (k-22= 25 (2) (Why?)
Also, we have

4k-3h+1= 0 (3) (Why?)
3h-1

or k= 4 (@]
Putting the value of kin (2) and on simplifying, we get

25h2—150h - 175= 0 (How?)
or lk—-6h-7= 0
or h+1)(h-7)= 0=>h=-1,h=7

Putting these values of kin (4), we get k =—1 and k = 5. Therefore, the coordinates of
the required points are either (-1, -1) or (7, 5).

Example9 Find the equation to the straight line passing through the point of intersection
of thelines5x—6y—1=0and 3x + 2y + 5= 0 and perpendicul ar to the line 3x — 5y +
11=0.

Solution First we find the point of intersection of lines5x—6y—1=0and X + 2y +

.3
5=0whichis(-1,—1).Alsothesopeof theline3x-5y+11=0 ISE . Therefore,

-5
theslope of theline perpendicular tothislineis 3 (Why?). Hence, the equation of the
required lineisgiven by
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-5
+1= — (x+1
y 3 (x+1)

or X+3y+8= 0

Alternatively The equation of any line through the intersection of lines5x—6y—1=0
and3x+2y+5=0is

Bx—6y—1+k(Bx+2y+5)=0 D

o —(5+3K)
Slope of thislineis ———~
or opeo Islinels 61 2k

3
Also, dlopeof theline3x—5y+11=0is 5

Now, both are perpendicular

-(5+3%k) 3
SO T6r2k 5
or k= 45
Therefore, equation of required linein given by

5x—6y—-1+45(3x+2y+5)= 0
or 5+3y+8= 0

-1

Example 10 A ray of light coming from the point (1, 2) isreflected at apoint A on the
x-axis and then passes through the point (5, 3). Find the coordinates of the point A.

Solution Let theincident ray strike x-axis at the point A whose coordinates be (x, 0).
From the figure, the slope of the reflected ray is given by

tan6= — D
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Again, the lope of theincident ray isgiven by

-2
—9)=z — ?
tan (m —0) 1 (Why?)
6= —2 2
or —tan 6 = 1 2
Solving (1) and (2), we get
3 2 13
— = —— o X= —
5-x x-1 5

Therefore, the required coordinates of the point A are (%3 oj .

Example 11 If one diagonal of asquareisaong theline 8x — 15y = 0 and one of its
vertex is at (1, 2), then find the equation of sides of the square passing through this
vertex.

Solution Let ABCD bethe given sguare and the coordinates of the vertex D be (1, 2).
We are required to find the equations of its sides DC and AD.

A B
N
&
o B
s
¥
D (1,2) C
Fig. 10.3

8
Given that BD isaong the line 8x — 15y = 0, so its dlope is 5 (Why?). The angles
made by BD with sidesAD and DC is 45° (Why?). Let the slope of DC be m. Then

tan 45° = (Why?)
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or 15+8n= 15m-8

23
or 7m= 23, whichgivesm= 7

Therefore, the equation of the side DC is given by

23
y—2= e X—1)or23x—7y—9=0.

Similarly, the equation of another side AD isgiven by
-7
y—2= >3 (x=1) or 7x+23y—-53=0.

ObjectiveTypeQuestions
Each of the Examples 12 to 20 hasfour possible options out of which only oneoptionis
correct. Choose the correct option (M.C.Q.).
Example 12 The inclination of the line x —y + 3 = 0 with the positive direction of
X-axisis

(A) 45° (B) 135° (C) —45° (D) —135°
Solution (A) is the correct answer. The eguation of the line x —y + 3 = 0 can be
rewrittenasy =x + 3= m=tan6 = 1 and hence 6 = 45°.
Example 13 Thetwo linesax + by = cand a’x + b'y = ¢’ are perpendicular if

(A) aa’ +bb" =0 (B) ab’” = ba’

(C) ab+ab’ =0 (D) ab’ +ba’ =0

. _ . —a
Solution (A) iscorrect answer. Slope of thelineax + by =cis 5

!

—-a
and the slope of thelineax + by = ¢’ is e The lines are perpendicular if

_ 3
tan 0 = 5 x (1
—-a)(-—-a
(F) [TJ =-1 or aa +bb =0 (Why?)

Example 14 The equation of the line passing through (1, 2) and perpendicular to
X+y+7=0is
(A) y=x+1=0 (B) y—=x—-1=0
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(C) y—x+2=0 (D) y—=x-2=0.
Solution (B) isthe correct answer. Let the slope of the line be m. Then, its equation
passing through (1, 2) isgiven by

y—2= m(x-1) (D)
Again, thislineisperpendicular tothegivenlinex +y+7=0whosedopeis—1 (Why?)
Therefore, we have m(-1)= -1
or m= 1
Hence, therequired equation of thelineisobtained by putting the valueof min (1), i.e.,
y—2= x-1
or y—-x—-1= 0

Example 15 The distance of the point P (1, — 3) from theline2y —3x =4 is
7
(A) 13 (B) E\/ﬁ (C) i3 (D) None of these

Solution (A) isthe correct answer. The distance of the point P (1, — 3) from the line

2y—3x —4=0isthelength of perpendicular from the point to the linewhichisgiven

by
2(-3)-3-4|

Example 16 The coordinates of the foot of the perpendicular from the point (2, 3) on
thelinex+y—-11=0are

Solution (B) is the correct choice. Let (h, k) be the coordinates of the foot of the
perpendicular from the point (2, 3) on theline x +y — 11 = 0. Then, the slope of the

k-3
perpendicular lineis hoo .Agan the dope of thegivenlinex+y—-11=0is-1
(why?)
Using the condition of perpendicularity of lines, we have
(k-3)
p3) D= -1 (Why?)

or k—h= 1 1
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Since (h, K) lieson the given line, we have,
h+k—11= 0 or h+k=11 (2

Solving (1) and (2), weget h =5 and k= 6. Thus (5, 6) are the required coordinates of
the foot of the perpendicular.

Example 17 Theintercept cut off by alinefromy-axisistwice than that from x-axis,
and the line passes through the point (1, 2). The equation of thelineis

(A) x+y=4 (B) 2x+y+4=0

(C) x-y=4 (D) x-y+4=0
Solution (A) isthe correct choice. Let the line make intercept ‘a’ on x-axis. Then, it
makes intercept ‘2a’ ony-axis. Therefore, the equation of thelineis given by

§+l=1

a 2a

It passes through (1, 2), so, we have

E+£=10r a=2
a 2a

Therefore, the required equation of thelineis given by

X, ¥
—4+==1 =
> or 2x+y=4

Example 18 A line passesthrough P (1, 2) such that itsintercept between the axesis
bisected at P The equation of thelineis

(A) x+2y=5 (B) x-y+1=0

(C) x+y-3=0 (D) 2x+y-4=0
Solution  The correct choice is (D). We know that the equation of a line making
intercepts a and b withx-axis and y-axis, respectively, is given by

Xy
Z4i=1,
a+b

0 0+b
Here we have 12% and 2= % , (Why?)

which givea =2 and b = 4. Therefore, the required equation of thelineis given by
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231 o 2x+y—-4=0
2 4
Example 19 Thereflection of the point (4, — 13) about theline5x +y+ 6 =01is

Solution The correct choiceis (A). Let (h, k) bethe point of reflection of the given point
(4,—13) about theline5x +y + 6 =0. Themid-point of theline segment joining points (h, K)
and (4, —13) isgiven by

h+4 k-13
22 (Why?)

Thispoint lies on the given line, so we have

h+4) k-1
S(Lj+ 23+6:0

2
or 5h+k+19=0 (2)
k+13

Againthedopeof thelinejoining points (h, k) and (4, —13) isgiven by h-4 - Thisline
_ _ _ . (k+3)
is perpendicular to the given line and hence (=5 il -1 (Why?)
Thisgives bk+65= h-4

or h-5%-69= 0 (2

On solving (1) and (2), we get h = -1 and k = —14. Thus the point (-1, — 14) isthe
reflection of the given point.
Example 20 A point moves such that its distance from the point (4, 0) is half that of
its distance from the line x = 16. The locus of the point is

(A) 3% +42=192 (B) 4% +3y*=192

(C) x2+y*=192 (D) None of these
Solution The correct choiceis (A). Let (h, k) be the coordinates of the moving point.
Then, we have

(h 16 )
J(h=27+12 = %L h_16 (Why?)
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1
(h-42+k= 7 (h-16)

4(h2—8h+16+K) = h?—32h+256
3R+ 4K = 192

Hence, the required locusis given by 3x2+4y? =192

10.3 EXERCISE |

Short Answer Type Questions

1.

2.

10.

11.

Find the equation of the straight line which passes through the point (1, — 2) and
cuts off equal intercepts from axes.

Find the equation of theline passing through the point (5, 2) and perpendicular to
thelinejoining the points (2, 3) and (3, —1).

Find the angle between thelinesy = (2 —/3) (x + 5) andy = (2 + /3) (x—7).
Find the equation of the lines which passes through the point (3, 4) and cuts off
intercepts from the coordinate axes such that their sumis 14.

Find the points on the line x + y = 4 which lie at a unit distance from the line
4x + 3y = 10.

X X
Show that the tangent of an angle between the lines E+%=1 and 5_%21 is

2ab
a’-b?’

Find the equation of lines passing through (1, 2) and making angle 30° with
y-axis.

Find the equation of theline passing through the point of intersection of 2x+ y =
5and x + 3y + 8 = 0 and parallel to theline 3x+ 4y = 7.

For what values of a and b the intercepts cut off on the coordinate axes by the
lineax + by + 8 =0areequal inlength but oppositein signsto those cut off by the
line 2x — 3y + 6 = 0 on the axes.

If the intercept of aline between the coordinate axesisdivided by the point (-5,
4) intheratio 1 : 2, then find the equation of theline.

Find the equation of a straight line on which length of perpendicular from the
originisfour unitsand theline makesan angle of 120° with the positive direction
of x-axis.
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[Hint: Use normal form, here ¢ =30°.]

Find the equation of one of the sides of an isosceles right angled triangle whose
hypotenuseis given by 3x + 4y = 4 and the opposite vertex of the hypotenuseis
2, 2).

Long Answer Type

13.

14.

15.

16.

17.

18.

19.

If the equation of the base of an equilatera triangleisx + y =2 and the vertex is
(2, - 1), then find the length of the side of the triangle.

[Hint: Find length of perpendicular (p) from (2, — 1) tothelineand usep=1sn
60°, where | isthe length of side of the triangle].

A variable line passes through a fixed point P. The algebraic sum of the
perpendiculars drawn from the points (2, 0), (0, 2) and (1, 1) onthelineis zero.
Find the coordinates of the point P.

[Hint: Let the dope of the line be m. Then the equation of the line passing
through the fixed point P (x , y,) isy —y, =m(x —X,). Taking the algebraic sum
of perpendicular distances equal to zero, wegety —1=m(x—1). Thus(x,,y,)
is(1,1).]

In what direction should aline be drawn through the point (1, 2) so that its point

of intersection with thelinex + y = 4 isat adistance 3 from the given paint.

A straight line moves so that the sum of the reciprocal s of itsintercepts made on
axesis constant. Show that the line passes through a fixed point.

X 11 1
[Hint: ;Jr%:lwhere a—!—b= constant = E(say). This implies that

k k
;+5=12 line passes through the fixed point (k, k).]

Find the equation of the line which passes through the point (- 4, 3) and the
portion of the line intercepted between the axesisdivided internally in theratio
5: 3 by thispoint.

Find the eguations of the lines through the point of intersection of the lines
7
X—y+1=0and2x— 3y + 5=0and whose distance from the point (3, 2) is 5

If the sum of the distances of amoving point in aplane from the axesis 1, then
find thelocusof thepoint. [Hint: Giventhat |X +|y| = 1, which givesfour sides
of a square.]
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20.

21.
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P, P, are points on either of thetwo linesy — 3 |x| =2 at adistance of 5 units
fromtheir point of intersection. Find the coordinates of thefoot of perpendiculars
drawn from P,, P, on the bisector of the angle between the given lines.

[Hint: Linesarey = {3x+2andy =— /3 x+ 2 according as x > 0 or x<O0.

y-axis is the bisector of the angles between the lines. P, P, are the points on
these lines at a distance of 5 units from the point of intersection of these lines
which have a point on y-axis as common foot of perpendiculars from these
points. They-coordinate of thefoot of the perpendicular isgiven by 2+ 5 cos30°.]

X
If p isthe length of perpendicular from the origin on the line g+%= land &,

p?, b? are in A.P, then show that & + b*= 0.

ObjectiveTypeQuestions

Choose the correct answer from the given four options in Exercises 22 to 41

22.

23.

24,

25.

26.

A line cutting off intercept — 3 from the y-axis and the tengent at angle to the x-

.. 3 o
aX|S|s§,|tsequat|on|s

(A) 59y-3x+15=0 (B) 3y—5x+15=0

(© 5-3x-15=0 (D) None of these

Slope of aline which cuts off intercepts of equal lengths on the axesis
(A) -1 (B) -0

<€ 2 (D) 3

Theequation of the straight line passing through the point (3, 2) and perpendicul ar
totheliney=xis

(A) x-y=5 (B) x+y=5

(C) x+y=1 (D) x-y=1

The equation of theline passing through the point (1, 2) and perpendicular to the
linex+y+1=0is

(A) y=x+1 =0 (B) y—x-1=0

(C) y—-x+2 =0 (D) y—=x-2 =0

The tangent of angle between the lines whose intercepts on the axes are a, —b
and b, — a, respectively, is



27.

28.

29.

30.

31.
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a’-b? b? —a?
(B)
ab 2

(A)

b? —a?
2ab

(© (D) None of these

If the line §+%=1 passes through the points (2, —3) and (4, —5), then (a, b) is

The distance of the point of intersection of thelines2x—3y+5=0and 3x + 4y =0
fromtheline5x—2y =0is

130 13 130
(A) 17955 N (B) 775 729 (© 2 (D) None of these

The equations of the lineswhich passthrough the point (3, —2) and areinclined at
60° totheline /3 x+y=11is

(A) y+2=0, 3x-y-2-3/3=0
(B) x=2=0, {/3x-y+2+3,/3=0
(C) JS3x-y-2-33=0

(D) None of these

The equations of the lines passing through the point (1, 0) and at a distance ?3
fromtheorigin, are

(A) VBx+ y-43=03x-y-3=0

(B) 3x+y+J3=0,{3x—y +43=0

(C) x+yBY-yB=0Xx-3Yy 3 =0

(D) None of these.
The distance between the linesy = mx + c,andy = mx + ¢, is

—% G-

lg-c|
RN N e (D) ©



182

32.

33.

34.

35.

36.

37.

38.

39.
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The coordinates of the foot of perpendiculars from the point (2, 3) on the line

y =3x+4isgiven by
wEY 3D o9 ek

If the coordinates of the middle point of the portion of alineintercepted between
the coordinate axesis (3, 2), then the equation of the line will be

(A) x+3y=12 (B) 3 +2y=12 (C) 4x-3y=6 (D) 5x—-2y=10
Equation of the line passing through (1, 2) and parallel totheliney =3 —1is
(A) y+2=x+1 (B) y+2=3(x +1)

(C© y-2=3(x -1 (D) y=-2=x-1

Equations of diagonals of the square formed by thelinesx =0,y =0, x=1 and
y=1lare

(A) y=x, y+x=1 (B) y=x, x+y=2

1
©C) y=x y+x=§ (D) y=2x, y+2x=1

For specifying astraight line, how many geometrical parametersshould beknown?
(A) 1 (B) 2 (C) 4 (D) 3

The point (4, 1) undergoes the following two successive transformations :

() Reflection about theliney = x

(i) Translation through adistance 2 unitsalong the positive x-axis

Then the final coordinates of the point are

77
(A) (4.3 (B) 3.4 © 14 (D) [2—2]
A point equidistant from the lines 4x + 3y + 10 = 0, 5x — 12y + 26 = 0 and
X +24y—50=0is
(A) 1.1 (B) @1 (© (0.0 (D) G

A line passes through (2, 2) and is perpendicular to the line 3x + y = 3. Itsy-
interceptis

1 2 4
A) 3 ®) 3 © 1 0) 3



40.

41.
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Theratioinwhichtheline 3x + 4y + 2 = 0 dividesthe distance between the lines

3X+4y+5=0and3x+4y—-5=0is

(A) 1:2 B) 3:7 (C) 2:3 (D) 2:5

One vertex of the equilatera triangle with centroid at the origin and one side as

X+y—-2=0is

[Hint: Let ABC be the equilatera triangle with vertex A (h, k) and let D (., B)
200+ h 2B+ k

be the point on BC. Then 3 =0= 3 Alsoa + -2 =0 and
(k-0)

—_— -1)=-1].

Lh—OJX( ) ]

Fill intheblank in Exercises42 to 47.

42.

43.

44,

45.
46.

47.

If & b, c areinA.P, then the straight lines ax + by + ¢ = 0 will always pass
through .

The line which cuts off equal intercept from the axes and pass through
the point (1, -2) is ___.

Equations of thelinesthrough the point (3, 2) and making an angle of 45° with
thelinex —2y=3ae____ .

The points (3, 4) and (2, — 6) are situatedonthe _ of thelinex -4y —-8=0.
A point moves so that square of itsdistance from the point (3, —2) isnumerically
equal toitsdistancefromtheline 5x— 12y = 3. Theequation of itslocusis .

L ocusof the mid-pointsof the portion of thelinex sin6 +y cos0 = pintercepted
between the axes is .

State whether the statements in Exercises 48 to 56 are true or false. Justify.

48.

49.
50.

51.

52.

If thevertices of atriangle haveintegral coordinates, then thetriangle can not be
equilateral.

ThepointsA (-2, 1), B (0, 5), C (-1, 2) are collinear.
Equation of theline passing through the point (a cos0, asin®) and perpendicular
tothelinexsec6 +ycosec 6= aisxcosO —ysno=asin 20.

The straight line 5x + 4y = 0 passes through the point of intersection of the
straight linesx+2y—10=0and 2x+y+5=0.

Thevertex of an equilateral triangleis (2, 3) and the equation of the oppositesideis
X +y =2, Then the other two Sidesarey —3= (2 + f3) (x—2).
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53.

54.

55.

56.
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The equation of thelinejoining the point (3, 5) to the point of intersection of the
lines4x +y—1=0and 7x — 3y — 35 = 0 isequidistant from the points (0, 0) and
(8, 34).

Xy : 1 1 1 _
Theline ;+B=1 movesin such away that ?JFF:? , Wherecisaconstant.

The locus of the foot of the perpendicular from the origin on the given lineis
X2+ Y =C2

Thelinesax +2y + 1 =0, bx + 3y + 1 =0 and cx+ 4y + 1 = 0 are concurrent if
a b, carein GP.

Linejoining the points (3, —4) and (— 2, 6) isperpendicular to thelinejoining the
points (=3, 6) and (9, —18).

Match the questions given under Column C, with their appropriate answers given
under the Column C, in Exercises 57 to 59.

57.

(a)

(b)

(c)

58.

(a)

Column C, Column C,
The coordinates of the points 0 B1),(-71)
P and Q on theline x + By = 13 which
are at adistance of 2 units from the
line1l2x -5y + 26 =0 are

. : : N 111 7
The coordinates of the point on theline (i) (—— ,—) ' [_Ti)

X +y =4, which are at a unit distance
fromtheline4x + 3y— 10=0are

. . : 12 16
The coordinates of the point on the line (iii) (1. Ej : [—3, Ej

joiningA (-2, 5) and B (3, 1) such
that AP = PQ = QB are
The value of the A, if thelines
(2x+3y+4) +A(6x—y+12)=0are
Column C, Column C,

parallel toy-axisis (i) A=—



(b)

(c)
(d)

59.

(a)

(b)

(c)

(d)
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1
perpendicular to 7x +y—-4=0is (i) X=—§
: 17
passes through (1, 2) is (iii) 7»=—Zl
parallel tox axisis (iv) A=3
The equation of the line through the intersection of the lines 2x— 3y = 0 and

4x—5y = 2 and

Column C, Column C,
throughthepoint (2, 1) is (i 2x-y=4
perpendicular totheline (i) x+y-5=0
X+2y+1=0is
parald totheline @[iii) x-y-1=0
3Xx—4y+5=0is
equally inclined to the axesis (iv) 3x—-4y-1=0

e O e ——



Chapter 11
(CONIC SECTIONS)

11.1 Overview

11.1.1 Sectionsof acone Let | beafixed vertical lineand mbe another lineintersecting
it at afixed point V andinclined toit at an angle o (Fig. 11.1).

/\l

/

v
Fig. 11.1
Suppose we rotate the line m around the line | in such away that the anglec. remains

constant. Then the surface generated is a double-napped right circular hollow cone
herein after referred as cone and extending indefinitely in both directions (Fig. 11.2).

/ 1
Axis

Upper

nappe Plane
Ol

Lower

nappe Cone

Fig. 11.2 Fig. 11.3
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Thepoint V iscalled the vertex; theline | istheaxis of the cone. Therotating linemis
called a generator of the cone. The vertex separates the cone into two parts called
nappes.

If we take the intersection of a plane with a cone, the section so obtained is called a
conic section. Thus, conic sections are the curves obtained by intersecting a right
circular cone by aplane.

We obtain different kinds of conic sections depending on the position of theintersecting
plane with respect to the cone and the angle made by it with the vertical axis of the
cone. Let 3 be the angle made by the intersecting plane with the vertical axis of the
cone(Fig.11.3).

The intersection of the plane with the cone can take place either at the vertex of the
cone or at any other part of the nappe either below or above the vertex.

When the plane cuts the nappe (other than the vertex) of the cone, we have the
following situations:

(@) When 3 =90°, thesectionisacircle.

(b) When o < < 90° the section isan ellipse.

(c) When B = «; the section is aparabola.
(In each of the above three situations, the plane cuts entirely across one nappe
of the cone).

(d) When 0 < B < «; the plane cuts through both the nappes and the curves of
intersection is a hyperbola.

Indeed these curves areimportant tools for present day exploration of outer space and
also for research into the behaviour of atomic particles.
Wetake conic sectionsas plane curves. For thispurpose, it isconvenient to use equivalent
definition that refer only to the planein which the curvelies, and refer to special points
and linesinthisplane called foci and directrices. According to thisapproach, parabola,
ellipse and hyperbolaare defined in terms of afixed point (called focus) and fixed line
(called directrix) in the plane.
If Sisthe focus and | is the directrix, then the set of al pointsin the plane whose
distance from S bears a constant ratio e called eccentricity to their distancefromlisa
conic section.
As special case of ellipse, we obtain circle for which e = 0 and hence we study it
differently.
11.1.2 Circle Acircleisthe set of all pointsin a plane which are at afixed distance
from afixed point in the plane. Thefixed point is called the centre of the circleand the
distance from centre to any point on the circleis called the radius of the circle.
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The equation of a circle with radius r having Y
centre (h, k) isgiven by (x —h)?2 + (y — k> =r?
The general equation of the circle is given by
X2+ y2+ 20x + 2fy + ¢ =0, where g, f and c are
constants.

(@) The centre of thiscircleis(—g, —f)

(b) Theradiusof thecircleisy/g? + 2 —c

P (x,y)

Thegenera equation of thecircle passing through %)
the originis given by x2 + y2 + 2gx + 2fy = 0.

Fig. 11.4

> X

General equation of second degreei.e., ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represent
acircleif (i) the coefficient of x? equalsthe coefficient of y? i.e., a=b= 0 and (ii) the

coefficient of xy is zero, i.e.,h = 0.

The parametric equations of the circlex2 + y2=r2are given by X =r cosb,y =r sind
where6 isthe parameter and the parametric equations of the circle (x — h)2 + (y —k)2 = r2

aregiven by
X—h=rcosh,y—k=r sno
or X= h+rcosd,y=k+rsno.
Y
A
P(x, y)
T 0 R
0 >X
Fig. 11.5

Note: Thegeneral equation of thecircleinvolvesthree
constants which impliesthat at least three conditions are
required to determine acircle uniquely.

11.1.3 Parabola

A parabolaisthe set of points P whose distances from a
fixed point Fintheplaneare equal to their distancesfrom
afixedlinel intheplane. Thefixed point Fiscalled focus
and the fixed line | the directrix of the parabola.

Fig. 11.6
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Standard equations of parabola
The four possible forms of parabolaare shown below in Fig. 11.7 (a) to (d)
The latus rectum of a parabola is a line segment perpendicular to the axis of the
parabola, through the focus and whose end pointslie on the parabola (Fig. 11.7).
Y Y

AN A / \ A

v h
] Il
R F (a,0) F (=a,0) .

X' € 5 >X X'€ 5 > X
A 4 \ / v
y=dax Y Y y=—4ax

(a) (b)

Y Y

N N
pd y=a N
~ 7z

o
v \/
x’=day x'=—day
(© Fig. 11.7 G
Main facts about the parabola

Forms of Parabolas y’=dax | y*=-4ax | x*=day | x*=-4day
AXis y=0 y=0 x=0 x=0
Directix =—a X=a =—a y=a
Ver tex (0,0 (0,0) (0,0) (0,0)
Focus (a0 (a0 [(OFE)) (0, -a)
Length of latus da 4da 4da 4da
rectum
Equations of latus X=a X=-a y=a y=-a
rectum
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Focal distance of a point

Let the equation of the parabola be y* = 4ax and P(x, y) be a point on it. Then the
distance of P from the focus (a, 0) is called the focal distance of the point, i.e.,

= oty
J(x—a)’ + 4ax
J(x+a)?

= |x+al
11.1.4 Ellipse An €llipseisthe set of pointsin a plane, the sum of whose distances
from two fixed pointsis constant. Alternatively, an ellipseisthe set of al pointsin the
plane whose distances from afixed point in the plane bears a constant ratio, less than,
totheir distancefrom afixed linein the plane. Thefixed point iscalled focus, thefixed
line adirectrix and the constant ratio (€) the centricity of the ellipse.

We have two standard forms of the ellipseg, i.e.,

X2 Y Xy
(@) ?4-?:1 and (i) F-i-?:l,
Inboth casesa>b and ¥ =a%(1-€), e< 1.
In (i) major axisisalong x-axisand minor along y-axisand in (ii) major axisisalongy-
axisand minor along x-axis as shown in Fig. 11.8 (a) and (b) respectively.

Main facts about the Ellipse

Y X
N
cl Py ‘&
A B N (0,ae)P
F,(-ae,0)O| F,(ae, 0)
Z N
~ M) (S w0
.Y, o
i + L = 1 '\“"/
2 2
a b
a
® (0,~a)
x2 y2
? + ? =1
(b)

Fig. 11.8
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. Xy X ¥
Forms of the ellipse ?+F=1 F+?=1
a>b a>b
Equation of major axis y=0 x=0
Length of major axis 2a 2a
Equation of Minor axis x=0 y=0
Length of Minor axis 2b 2b
Directrices X== a y== a
e e
Equation of latus rectum X=+ae y=+tae
2 2b2
Length of latus rectum — —
a a
Centre (0,0 (0,0)

Focal Distance

X
Thefocal distance of apoint (x, y) on the ellipse ? + § =1lis

a —e| x| from the nearer focus
a +e | x| from the farther focus

Sum of thefocal distances of any point on an ellipseis constant and equal to the length
of the major axis.

11.1.5 Hyperbola A hyperbolais the set of all pointsin a plane, the difference of
whose distances from two fixed pointsis constant. Alternatively, ahyperbolaisthe set
of al pointsin aplanewhose distancesfrom afixed point in the plane bears a constant
ratio, greater than 1, to their distances from afixed linein the plane. Thefixed pointis
called afocus, thefixed lineadirectrix and the constant ratio denoted by e, the ecentricity
of the hyperbola.

We have two standard forms of the hyperbola, i.e.,
Xy

(i) ?—b—=1 and iy S-—=1
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Hereb? =& (¢ —1),e> 1.
In (i) transverse axis is along x-axis and conjugate axis along y-axiswhere asin (ii)
transverse axisis along y-axis and conjugate axis along x-axis.

Y

N
(0,ae)
Y
N\

\\ / / 0, a)
’ O XIL \X
X < ° o ~ ~ 7
(—aex0))(—a,0) | (@,0)\ (ae,0) 0

(Oa_a)

o
N
2

pd
<

N
N
@

(@) X _Y (b) ,
a b y sz
Far .
Fig. 11.9
Main facts about the Hyperbola
2 2
x>y Yy X
Forms of the hyperbola —-=-=1 S -—==1
yp 2 b 22 b2
Equation of transverse axis y=0 x=0
Equation of conjugate axis x=0 y=
Length of transverse axis 2a 2a
Foci (£ ae 0) (O, + ae)
Equation of latus rectum X=+ae y=+tae
2b? 2h?
Length of latus rectum — —
a a
Centre (0,0 (0,0
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Focal distance

2 2
X
The focal distance of any point (x, y) on the hyperbola e —% =lis
e | x | —a from the nearer focus
e | x| + a from the farther focus

Differences of thefocal distances of any point on ahyperbolais constant and equal to
the length of the transverse axis.

Parametric equation of conics

Conics Parametric equations
(i) Parabola: y? = 4ax X=at’, y=2at; —co < t<oo
X2y
(i) EIIipse:?+F=l Xx=acosh,y=bsing; 0<0<2n
x? Y

(i) Hyperbola: ?—F= X = asech, y = btan6, where

—£<6<£; £<6<ﬁ
2 2 2 2

11.2 Solved Examples

Short Answer Type

Example 1 Find the centre and radius of the circle x> + y> —2x + 4y = 8

Solution we write the given equation in the form (x> — 2x) + (y*+ 4y) =8

Now, completing the squares, we get

(R=2x+1)+(y?+4y+4)=8+1+4

(x=1p+(y+2¢r=13

Comparing it with the standard form of the equation of the circle, we see that the
centre of the circleis (1, —2) and radiusis /3.

Example 2 If the equation of the parabolais x* = — 8y, find coordinates of the focus,
the equation of the directrix and length of latus rectum.

Solution The given equation is of the form x? = — 4ay where a is positive.
Therefore, thefocusison y-axisin the negative direction and parabolaopens downwards.
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Comparing the given equation with standard form, we get a = 2.

Therefore, the coordinates of the focus are (0, —2) and the the equation of directrix is
y = 2 and the length of the latusrectumis4a, i.e., 8.

Example 3 Given the ellipse with equation 9x? + 25y2 = 225, find the major and minor
axes, eccentricity, foci and vertices.

Solution We put the equation in standard form by dividing by 225 and get

2
X_+ﬁ :1
25 9

4
Thisshowsthata=5andb=3. Hence9=25(1-¢°),s0 e= E . Since the denominator

of x2islarger, the magjor axisisalongx-axis, minor axisalong y-axis, foci are (4, 0) and
(-4, 0) and vertices are (5, 0) and (-5, 0).

36
Example 4 Find the equation of the ellipse with foci at (+ 5, 0) and X = 5 as one of

the directrices.

ol

a 3b
Solution We haveae =5, s 5 which give & = 36 or a = 6. Therefore, e =

25 2 2
Nowb= avl-€* =6,[1-= = 1. Thus, theequation of the€ellipseis X Y. 1.
36 36 11
Example5 For the hyperbola 9x* — 16y? = 144, find the vertices, foci and eccentricity.
X2 2
Solution The equation of the hyperbolacan be written as B 9 l,s0a=4,b=3
9 25 5 )
and9=16 (e’ 1), sothat &€= E+1=— ,whichgivese= - . Vetticesare (xa, 0) =

16 4
(x4,0)andfoci are (x ae 0) = (= 5, 0).

5
Example 6 Find the equation of the hyperbola with vertices at (0, £ 6) and e= 5 .

Finditsfoci.
Solution Sincetheverticesare on they-axes (with origin at the mid-point), the equation

2

X
isof theform =5 ——=1.
a’? b?
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25
Asverticesare (0, + 6),a=6,b*=a?(€#—1) = 36 [3— ) =64, 5o the required

y2

X2
equation of the hyperbolais % a= 1 and thefoci are (0, + ae) = (0, * 10).
Long Answer Type

Example 7 Find the equation of the circle which passes through the points (20, 3),
(29, 8) and (2, —9). Find its centre and radius.

Solution By substitution of coordinatesin the general equation of the circle given by
X2+ y?+ 2gx + 2fy + ¢ = 0, we have
409 + 6f + c= —409
38g+16f+c= —425
4g-18f+c= -85
From these three equations, we get
=-7,f=-3andc=-111
Hence, the equation of thecircleis
¥ +y*—14x—-6y—-111= 0
or x=72+{y—-32= 13
Therefore, the centre of the circleis (7, 3) and radiusis 13.

Example 8 An equilatera triangle is inscribed in the parabola y* = 4ax whose one
vertex is at the vertex of the parabola. Find the length of the side of the triangle.

Solution As shown in the figure APQ denotes the equilateral triangle with its equal
sides of length | (say).

Here AP= | soAR =1 cos30° s
_ B
2
30° R
. | A
Also, PR = Ism30°=5.
Thus [@ , I_j arethe coordinates of the point Plying onthe
22 )N

parabola y* = 4ax. Fig. 11.10
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Therefore, Z = —] =1=8 aJ§.

L (I\f

Thus, 8 a\/§ istherequired length of the side of theequilateral triangleinscribedin
the parabola y? = 4ax.

Example 9 Find the equation of the ellipse which passes through the point (-3, 1) and

has eccentricity % , With x-axis asits mgjor axis and centre at the origin.

X2 2
Solution Let ?+ X? =1 pethe equation of the élipse passing through the point (-3, 1).

Therefore, we have % +i =1.
a® b
or M+ a&= azh?
or 9a’(a®-e)+at= &@a&(1-¢€) (Usingb?’=a’(1-¢)
.. 32
or a= 3
gain = @ (1-¢)=7 -
Hence, the required equation of the ellipseis
Xy
3 5
or 3x2+5y2= 32

Example 10 Find the equation of the hyperbolawhaose verticesare (+ 6, 0) and one of
the directricesisx = 4.
Solution As the vertices are on the x-axis and their middle point is the origin, the

X2

equation is of the type a——§=1.

Hereb? = & (¢ — 1), vertices are (+ a, 0) and directrices are given by x = +

o lo
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2

a
Thus a=6, = =4and 0 ezg which gives k2 = 36 (4—1 = 45

2 2

Consequently, the required equation of the hyperbolais % - % =1

Objective Type Questions
Each of the examples from 11 to 16, has four possible options, out of which oneis
correct. Choose the correct answer from the given four options (M.C.Q.)

Example 11 The equation of the circle in thefirst quadrant touching each coordinate
axisat adistance of one unit fromtheoriginis:
(A) X+y?—2x—-2y+1=0 (B) x*+y*—2x-2y—-1=0
(C) x+y2-X-2y=0 (C) xe+y2—2x+2y—-1=0
Solution The correct choice is (A), since the equation can be written as (x — 1)2 +
(y—1)2= 1 which represents a circle touching both the axes with its centre (1, 1) and
radius one unit.

Example 12 The eguation of the circle having centre (1, —2) and passing through the
point of intersection of thelines 3x +y =14 and 2x + 5y = 18is
(A) x2+y2—2X+4y—-20=0 (B) x2+y2—2x—-4y—20=0
(©) xX2+y*+2x—4y—-20=0 (D) x*+y*+2X+4y—20=0
Solution The correct optionis (A). The point of intersection of 3x +y—14 = 0 and 2x
+5y—-18=0arex=4,y =2, i.e, thepoint (4, 2)

Therefore, theradiusis= ~/9 +16 =5 and hence the equation of the circleisgiven by
x—17+(y+2¢= 25
or X +y?—2x+4y—-20= 0.
Example 13 The area of the triangle formed by the lines joining the vertex of the
parabola x2 = 12y to the ends of itslatus rectum is
(A) 12sg. units
(B) 16sg. units
(C) 18sg. units
(D) 24sg.units
Solution The correct option is (C). From the

figure, OPQ represent thetrianglewhose area 0
isto be determined. The area of the triangle

4

\Q 0, 3) /
-6,3) F P, 3)

1 1 .
= EPQXOF:E(]_ZX:’)):]_S Fig. 1.11
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Example 14 The equations of the lines joining the vertex of the parabolay? = 6x to the
points on it which have abscissa 24 are

(A) yx2x=0
(B) 2y+x=0
(C) xx2=0
(D) 2zy=0
Solution (B) is the correct choice. Let P and Q be
points on the parabolay? = 6x and OR, OQ bethelines 1

joining the vertex O to the points P and Q whose
abscissa are 24.

Thus y?= 6x24=144
or y= =12 o

Therefore the coordinates of the points P and Q are
(24, 12) and (24, —12) respectively. Hencethelinesare

p /(24

y= i%x:Zyzix_ NN, -»

Fig. 11.12

Example 15 The equation of the ellipse whose centreis at the origin and the x-axis,
the mgjor axis, which passes through the points (-3, 1) and (2, -2) is
(A) 5@ +3y 32 (B) 3 +52=32
(C) 5 -3?=32 (D) 3 +52+32=0
X2
Solution (B) is the correct choice. Let pes +F =1 be the equation of the ellipse.

Then according to the given conditions, we have

i‘f—i_l d i_{.i—i

a’> b? an a? b?> 4
o 32 32
which gives =3 and b= X

Hence, required equation of ellipseis 3x? + 5y = 32.

Example 16 The length of the transverse axis along x-axis with centre at origin of a
hyperbolais 7 and it passes through the point (5, —2). The equation of the hyperbolais
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(A) ixz_% =1 (B) 4_9)(2_2 =1
49 51 4 1%

O X y-1 D f th

© 29 1% (D) none of these

2

X
Solution (C) is the correct choice. Let 2z § =1 represent the hyperbola. Then

according to the given condition, the length of transverse axis, i.e.,2a=7= a= g .

Also, the point (5, —2) lies on the hyperbola, so, we have

4 4
—(25)—— = i i
49( ) b2 1 whichgives

196
b= TR Hence, the equation of the hyperbolais

State whether the statements in Examples 17 and 18 are correct or not. Justify.

Example 17 Circle on which the coordinates of any point are (2 + 4 co®, -1 +
4 5inB) where 0 is parameter is given by (x —2)2 + (y + 1)2 = 16.

Solution True. From given conditions, we have
X=2+4coh=> (X—2)=4cosb vy

and y=-1+4sn0=y+1=4sno.
Squaring B

and adding, we get (x—2)2+ (y + 1)2 = 16.

S
7

Example 18 A bar of given length moveswith its ONP (%, )
extremitieson two fixed straight lines at right angles. X

Any point of the bar describes an dllipse. y

Solution True. Let P (X, y) be any point on the bar 0 R
such that PA = a and PB = b, clearly from the O L A >X

Fig. 11.13. Fig. 11.13
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x= OL =bcosH and
y= PL =asino
. y
These give F -
Fill inthe blanksin Examples 19to 23.

= 1, whichisandlipse.

Example 19 The equation of the circle which passes through the point (4, 5) and
has its centre at (2, 2) is .

Solution Asthecircle is passing through the point (4, 5) and its centre is (2, 2) soits

radius is [(4-2)?%+(5-2)2 =13. Therefore the required answer is
(Xx—2)2+ (y—2)2=13.

Example 20 A circle hasradius 3 units and its centre lieson theline y = x— 1. If it
passes through the point (7, 3), its equation is

Solution Let (h, k) be the centre of the circle. Then k=h-1. Therefore the equation
of thecircleisgivenby (x—h)2+[y—(h-1)]2= . (D

Given that the circle passes through the point (7, 3) and hence we get
(7-h?+@B-(h=-1)*= 9
or (7-hP+(@-hP= 9
or K -11h+28= 0
which gives(h—7) (h—4)= 0 =h=40rh=7
Therefore, the required equations of the circlesare ¥ + y>—8x—6y + 16 =0
or X+ Yy —14x—12y + 76 = 0
Example 21 If thelatusrectum of an ellipse with axisaong x-axisand centre at origin
is 10, distance between foci = length of minor axis, then the equation of the ellipseis

2

Solution Given that Q:m and2ae =2b= b =ae
a

Again, we know that
b?= & (1-¢€9)

1 .
2o = & = b=
or =e A (using b = ae)
Thus a= b2
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Agan — = 10

o
1

542. Thuswegeta=10
Therefore, the required equation of the ellipseis

or

2 2
XY
100 50
Example 22 The equation of the parabola whose focus is the point (2, 3) and
directrix isthe line x —4y +3=01s .

Solution Using the definition of parabola, we have

X—4y+3

J17

J(x=2)% +(y—3)?

Squaring, we get
17 @+ y2—4x —6y+ 13) = X2+ 16y2 + 9 — 8xy — 24y + 6X
or 16 +y*+ 8xy—74x— 78y +212= 0

2
Example 23 The eccentricity of the hyperbola ? - F =1 which passes through

the points (3, 0) and (342, 2) is

X2 2
Solution Giventhat the hyperbola ? —% =1 jspassing through the points (3, 0) and
(342,2), soweget a2=9and b2 = 4.
Again, we know that ? = & (€ — 1). This gives

4= 9(e-1)
13
or €= —
9
or e= @
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11.3 EXERCISE

Short Answer Type

1.

10.

11.

12.

13.

Find the equation of the circle which touches the both axes in first quadrant and
whose radiusis a

2at a(l-t
Show that the point (x, y) given by x = T and y=ﬁ liesonacircle

for al real values of t suchthat =1 < t <1 where ais any given real numbers.

If acircle passesthrough the point (0, 0) (a, 0), (O, b) then find the coordinates of
its centre.

Find the equation of the circle which touches x-axis and whose centreis (1, 2).

If thelines3x—4y + 4=0and 6x—8y —7 = 0 aretangentsto acircle, then find
the radius of the circle.

[Hint: Distance between given parallel lines gives the diameter of the circle.]

Find the equation of acircle which touches both the axesand theline 3x—4y +8=0
and liesin the third quadrant.

[Hint: Let a be the radius of the circle, then (— a, — a) will be centre and
perpendicular distance from the centre to the given line gives the radius of the
circle]

If one end of adiameter of thecirclex2+y —4x—6y+11=0is(3, 4), thenfind
the coordinate of the other end of the diameter.

Find the equation of the circle having (1, —2) asits centre and passing through
X+y=14,2x+5y =18

If theliney = /3 x +k touches the circle x2 + y2 = 16, then find the value of k.

[Hint: Equate perpendicular distance from the centre of the circleto itsradius).
Find the equation of acircle concentric withthecirclex2+y —6x+ 12y +15=0
and has double of its area.

[Hint: concentric circles have the same centre.]

If the latus rectum of an ellipse is equal to half of minor axis, then find its
eccentricity.

Given the ellipse with equation 9x2 + 252 = 225, find the eccentricity and foci.

5
If the eccentricity of an ellipseis 3 and the distance betweenitsfoci is 10, then

find latus rectum of the ellipse.



14.

15.

16.
17.

18.

19.

20.

21.

22.
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2
Find the equation of ellipse whose eccentricity is 3 latus rectum is 5 and the

centreis (0, 0).
2 2

X
Find the distance between the directrices of the ellipse % + y_20 =1

Find the coordinates of apoint on the parabolay? = 8x whosefocal distanceis4.
Find the length of the line-segment joining the vertex of the parabolay? = 4ax
and a point on the parabola where the line-segment makes an angle 6 to the x-
axis.

If the points (0, 4) and (0, 2) are respectively the vertex and focus of aparabola,
then find the equation of the parabola.

If theliney = mx + 1 istangent to the parabolay? = 4x then find the value of m.
[Hint: Solving the equation of line and parabola, we obtain aquadratic equation
and then apply the tangency condition giving the value of m.

If the distance between the foci of a hyperbolais 16 and its eccentricity is /2 ,
then obtain the equation of the hyperbola.

Find the eccentricity of the hyperbola 9y? — 4x* = 36.

3
Find the equation of the hyperbola with eccentricity > andfoci at (= 2, 0).

Long Answer Type

23.

24.

25.

26.

27.

28.

If thelines 2x — 3y = 5 and 3x —4y = 7 are the diameters of acircle of area 154
sguare units, then obtain the equation of thecircle.

Find the equation of the circle which passes through the points (2, 3) and (4, 5)
and the centre lies on the straight liney —4x + 3=0.

Find the equation of a circle whose centreis (3, —1) and which cuts off a chord
of length 6 unitson theline 2x—5y+ 18 =0.

[Hint: To determine the radius of the circle, find the perpendicular distance
from the centre to the given line]

Find the equation of acircle of radius 5 which istouching another circle
Xe+y2—2x—4y—-20=0at (5, 5).

Find the equation of acircle passing through the point (7, 3) having radius 3 units
and whose centre lieson the liney= x— 1.

Find the equation of each of the following parabolas

(a) Directrix x =0, focus at (6, 0) (b) Vertex at (0, 4), focus at (0, 2)
(c) Focusat (-1, -2), directrixx—2y +3=0
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29.

30.

31.

32.
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Find the equation of the set of all points the sum of whose distances from the
points (3, 0) and (9, 0) is12.

2
Find the equation of the set of all points whose distance from (0, 4) are 3 of

their distance fromtheliney = 9.

Show that the set of al pointssuch that the difference of their distancesfrom (4, 0)
and (— 4, 0) isalways equal to 2 represent a hyperbola.
Find the equation of the hyperbolawith

wilh

(@) Vertices(x5,0), foci (=7, 0) (b) Vertices(0,£7),e=

(c) Foci (0, = 4/10), passing through (2, 3)

Objective Type Questions

State Whether the statements in each of the Exercisesfrom 33 to 40 are True or False.
Justify

33.
34.

35.

36.
37.

38.

39.

40.

Thelinex + 3y = O isadiameter of thecirclex2 +y2 + 6x+ 2y = 0.

The shortest distance from the point (2, —7) to thecircle x2 +y2 —14x — 10y—151=0
isequal to 5.

[Hint: The shortest distance is equal to the difference of the radius and the
distance between the centre and the given point.]

If thelinelx + my = 1 isatangent to the circle x2 + y2= &, then the point (I, m)
liesonacircle.

[Hint: Usethat distance from the centre of the circleto the given lineisequal to
radius of the circle.]

The point (1, 2) liesinside thecircle ¥ +y?—2x + 6y + 1 = 0.
Thelinelx + my + n= 0 will touch the parabolay? = 4ax if In = an?

2 2
If Pisapoint onthedlipse %+ y£=1whosefoci aeSand S, then PS+PS'=8.

2 2

Theline 2x + 3y = 12 touches the ellipse % + y? =2 atthepoint (3, 2).

The locus of the point of intersection of lines /3x—y-4J3k =0 and
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J3kx + ky — 4;\/;_3 = 0 for different value of kisahyperbolawhose eccentricity
is2.
[Hint:Eliminate k between the given equations]

Fill inthe Blank in Exercisesfrom 41 to 46.

41.

42.

43.

44.

45.

46.

The equation of the circle having centre at (3, — 4) and touching the line
5x+ 12y —12=0is
[Hint: To determine radius find the perpendlcular distance from the centre of
thecircletotheline]

The equation of the circle circumscribing the triangle whose sides are the lines
y=Xx+2,3y=4x, 2y = Xis
Ané€llipseisdescribed by using an endless string WhICh is passed over two pins.
If the axes are 6 cm and 4 cm, the length of the string and distance between the
pins are

Theequation of theelhpsehavmgfom (0,1), (0,-1) and minor axisof length Lis

The equation of the parabola having focus at (-1, —2) and the directrix
X—2y+3=0is .

5
The equation of the hyperbola with vertices at (0, + 6) and eccentricity 3 is

and its foci are

Choose the correct answer out of the given four options (M.C.Q.) in Exercises 47 to 59.

47.

48.

49.

The area of the circle centred at (1, 2) and passing through (4, 6) is

(A) 5m (B) 10n (C) 25n (D) none of these
Equation of a circle which passes through (3, 6) and touches the axesis

(A) X¥*+y*+e&x+6y+3=0 (B) * +y*—6x—6y—9=0

(C) xX¥*+y*—6x—6y+9=0 (D) none of these

Equation of the circle with centre on the y-axis and passing through the origin
and thepoint (2, 3) is

(A) x+y+13y=0 (B) 3x2+3y2+13x+3=0

(C) 6X +6y*—13x=0 (D) X*+y*+13x+3=0
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50.

51.

52.

53.

54.

55.

56.
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The equation of acirclewith origin as centre and passing through the vertices of
an equilateral triangle whose median is of length 3ais

(A) x2+y2=09a2 (B) x2 +y2=16a2
(C) x2+y2=4a2 (D) X2 +y2=@
[Hint: Centroid of the triangle coincides with the centre of the circle and the

2
radius of thecircleis 3 of the length of the median]

If the focus of aparabolais (0, -3) and its directrix isy = 3, then itsequation is
(A) x*=-12y (B) x* =12 (C) y*=-12x (D) y*=12x

If the parabolay? = 4ax passesthrough the point (3, 2), then thelength of itslatus
rectumis

2 4 1
() 3 B) 3 © 3 (D) 4

If the vertex of the parabolaisthe point (-3, 0) and the directrix isthelinex + 5=0,
thenitsequationis

(A) y*=8(x+3) (B) x*=8(y+3)
(C) y»=-8(x+3) (D) y»=8(x+5)
The equation of the ellipse whosefocusis (1, —1), the directrix thelinex—y—3

1
= 0 and eccentricity 2 is

(A) ™+ 2Xy+7y*—10x+10y+7=0

(B) 7 +2Xy+7y*+7=0

(C) 7@+ 2xy+T7y2+10x—10y—7=0

(D) none

The length of the latus rectum of the ellipse 3x* + y? = 12 is

4

(A) 4 (B) 3 €) 8 O) 73
X2

If eisthe eccentricity of the ellipse ?+F=1(a< b), then

(A) P=a2(1-¢&) (B) & =b*(1-¢)

(C) & =b?(&-1) (D) ? =a® (& - 1)



57.

58.

59.
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The eccentricity of the hyperbolawhose latus rectum is 8 and conjugate axisis
equal to half of the distance between thefoci is

(A) % (B) 745 © 725 (D) none of these

The distance between the foci of ahyperbolais 16 and its eccentricity is JE .ts
equationis

2 2
(A) X—y* =32 (B) %—%:1 (C) 2x—3y?=7 (D) none of these

3
Equation of the hyperbolawith eccentricty 5 andfoci at (+2,0)is
X2 y2 2 y2 4 2 y2

4 X X
A) —— X1 ="B) =—-L1-=— () =-2Z-=1 (D) noneof these
(A) 4 5 9 ®) 9 9 9 © 4 9 ©®)

- O F e ——



Chapter 12

INTRODUCTIONTO THREE
DIMENSIONAL GEOMETRY

12.1 Overview

12.1.1 Coordinate axes and coordinate planes Let X"OX, Y'OY, Z'OZ be three
mutually perpendicular linesthat passthrough apoint O such that X’OX and Y'OY lies
in the plane of the paper and line Z'OZ is perpendicular to the plane of paper. These
threelinesare called rectangular axes (lines X’OX, Y’OY and Z’OZ are called x-axis,
y-axis and z-axis). We call this coordinate system

athree dimensional space, or simply space. 7

The three axes taken together in pairs determine
Xy, yz,zx-plane, i.e., three coordinate planes. Each A
plane divide the space in two parts and the three g
coordinate planes together divide the space into
eight regions (parts) called octant, namely (i) OXYZ  y’«< - Y
(i) OX"YZ (iii) OXY’Z (iv) OXYZ’ (v) OXY’Z o
(vi) OX’YZ" (vii) OX’Y’Z (viii) OX'Y’Z".
(Fig.12.1).

Let Pbeany point inthe space, not in acoordinate
plane, and through P pass planes paralel to the VA
coordinate planes yz, zx and xy meeting the Fig. 12.1
coordinate axesin thepoints A, B, C respectively.

Three planes are
(i) ADPF || yzplane (i) BDPE || xz-plane
(iiiy CFPE || xy-plane
These planes determine arectangular parallel opiped which hasthree pairs of rectangular
faces

(ADPF,OBEC),(BDPE,CFA O) and (A OB D, FPEC) (Fig 12.2)

XI

12.1.2 Coordinate of a point in space An arbitrary point Pin three-dimensional
space is assigned coordinates (X, Y,, z) provided that
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(1) the planethrough P parallel to the yz-plane intersects the x-axis at (x,, 0, 0);
(2) the plane through P parallel to the xz-plane intersects the y-axis at (0, y,, 0);
(3) the plane through P parallel to the xy-plane intersects the z-axis at (0, 0, 2).

The space coordinates (X, Y, %)) are called the Cartesian coordinates of P or smply
the rectangular coordinates of P.

Moreover we can say, the plane ADPF

(Fig.12.2) isperpendicular to the x-axis or x- Z
axisis perpendicular to the plane ADPF and
hence perpendicular to every linein the plane. C
Therefore, PA isperpendicular to OX and OX F
is perpendicular to PA. Thus A is the foot of
perpendicular drawn from P on x-axis and z z
distance of thisfoot A from O is x-coordinate
of point P. Similarly, wecall B and C arethe 2,—y —= >Y
feet of perpendiculars drawn from point Pon X A, D

they and z-axis and distances of these feet B

and C from O are the y and z coordinates of Fig. 12.2
the point P.

Hence the coordinates X, y z of a point P are the perpendicular distance of P from the
three coordinate planes yz, zx and xy, respectively.

12.1.3 Sign of coordinates of a point The distance measured along or paralel to OX,
QY, OZ will be positive and distance moved along or parallel to OX’, OY’, OZ” will be
negative. The three mutually perpendicular coordinate plane which in turn divide the
space into eight parts and each part is know as octant. The sign of the coordinates of
a point depend upon the octant in which it lies. In first octant all the coordinates are
positiveand in seventh octant all coordinates are negative. Inthird octant X, y coordinates
arenegativeand zispositive. Infifth octant x, y are positive and z isnegative. Infourth
octant x, zare positive and y is negative. In sixth octant x, zare negative y is positive.
In the second octant X is negative and y and z are positive.

Octants — | I I v \ \ VII Vil
Coordinates OXYZ | OX'YZ [OX"Y'Z| OXY’Z | OXYZ’| OX"YZ'|OX"Y’Z"|OXY’Z’
1
- - + - - +
y + - - + - -
+ + + + - - - -
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12.1.4 Distance formula The distance between two points P (x,, y,, ) and Q (X,, Y.,
z) isgiven by

PQ=% =% )*+(¥,~ Y1) +(2,-2)’
A paralleopiped isformed by planes drawn through the points(x, y,, z) and (X, ¥, Z))
parallel to the coordinate planes. The length of edges are x,— x,, ¥, —Y,, Z,—z and

length of diagonal is /(% —%)2+(Y, - V) +(z,-2)? -

12.1.5 Section formula The coordinates of the point R which dividesthe line segment
joining two points P(x,, y,, ,) and Q(X,, Y,, ) internally or externally intheratiom: n

mX, +NX, My, +ny; m22+n21j[mxz_nx1 my, - mz2_n21]

m+n  m+n  m+n m-n  m-n  m-n

are given by (
respectively.
The coordinates of the mid-point of theline segment joining two pointsP (X ,Y,, ) and

0 (x ) are ()(1+X2 Yit Y, 71"'22}
2 Y2 % 2 "2 "2 )

The coordinates of the centroid of the triangle, whose verticesare (X, Y,, 2), (X,, ¥,» Z)

X+X%+Xs VitYotY; 415,17
and X, yS,ZSare( 3 , 3 ) 3 j

12.2 Solved Examples
Short Answer Type

Example 1 Locate the points (i) (2, 3, 4)
(i) (-2, -2, 3) in space.
Solution 1
(i) Tolocatethepoint (2, 3, 4) inspace, we
move 2 unitsfrom O aong the positive
direction of x-axis. Let this point be A
(2,0,0). Fromthepoint A moves3 units
paralel to +ve direction of y-axisLet
thispoint be B (2, 3, 0). From the point 0
B moves4 unitsaongpositivedirection
of zaxis. Let thispoint be P (2, 3, 4)
Fig.(12.3). Fig. 12.3

P(2,3,4)

X“A 2,0,0) B (2,3,0)
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From the origin, move 2 unitsalong thenegative direction of x-axis. Let thispoint
be A (-2, 0, 0). From the point A move 2 units parallel to negative direction of
y-axis.

Letthispoint be B (—2,—2, 0). From B move 3 unitsparallel to positivedirection of
z- axis. Thisisour reguired point Q (-2, -2, 3) (Fig.12.4.)

Z
(_2’ _2’ 3) X’
(-2,-2,0) L A(-2,0,0)
Y’ Y
X
7’
Fig. 12.4

Example 2 Sketchtheplane (i)x =1 (ii) y=3(iii)) z=4
Solution

(i)

(i)

(ii)

1,0,0)

The equation of the plan x = 0 represents the yz-plane and equation of the plane
X = 1 represents the plane parallel to yz-plane at a distance 1 unit above yz-
plane. Now, we draw a plane parallel to yz plane at adistance 1 unit above yz
planeFig.12.5(a).

The equation of the plane y = 0 represents the xz plane and the equation of the
planey = 3 represents the plane parallel to xz plane at a distance 3 unit above xz
plane (Fig. 12.5(b)).

The equation of the plane z= 0 represents the xy-plane and z = 3 represents the
plane parallel to xy-plane at a distance 3 unit above xy-plane (Fig. 12.5(c)).

z

A B(1,1,0)

(a)
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Example 3 Let L, M, N bethefeet of the perpendiculars drawn from apoint P (3, 4, 5)
on the x, y and z-axes respectively. Find the coordinates of L, M and N.

Solution Since L isthe foot of perpendicular from P on the x-axis, itsy and z co-
ordinatesare zero. The coordinatesof L is(3, 0, 0). Similarly, the coordinatesof M and
N are (0, 4, 0) and (0, O, 5), respectively.

Example 4 Let L, M, N be the feet of the 7

perpendicular segments drawn from a point N
P (3, 4, 5) on thexy, yz and zx-planes, respectively.
What are the coordinates of L, M and N?

Solution Since L is the foot of perpendicular M

segment from P on the xy-plane, zcoordinate is Ne P

zero in the xy-plane. Hence, coordinates of L is ° G.4,5)

(3, 4, 0). Similarly, we can find the coordinates of o >Y
of M (0,4,5)andN (3,0, 5), Fig.12.6. °

Example 5 Let L, M, N are the feet of the _
perpendicul ars drawn from the point P (3, 4, 5) on Fig. 12.6
the xy, yz and zx-planes, respectively. Find the

distance of these points L, M, N from the

point P, Fig.12.7. Z

Solution L isthefoot of perpendicular drawn
from the point P (3, 4, 5) to the xy-plane.
Therefore, the coordinate of the point L is M(0, 4, 5)
(3, 4, 0). The distance between the point (3, 4,

5)and (3, 4, 0) is5. Similarly, we can find the N@3,0,5) 0

lengths of the foot of perpendiculars on yz and o P@3,4,5)
2x-plane which are 3 and 4 units, respectively. >Y
Example 6 Using distance formulashow that ¢L@3,4,0)

the points P (2, 4, 6), Q (- 2, - 2, — 2) and X _

R (6, 10, 14) are collinear. Fig. 12.7

Solution Threepointsare collinear if the sum of any two distancesisequal to thethird
distance.

PQ = \(2-2)"+(2-4)"+(-2-6)° =|[16+36+64 = 116 = 21/29
QR = {/(6+2)2+(10+2)% + (14+2)? = J64+144+ 256 = \[464 = 4/29

PR = /(6- 2)2+(10-4)?+(14—6)> = f16+36+64 = \116 = 24/29
Since QR = PQ + PR. Therefore, the given points are collinear.
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Example 7 Find the coordinates of apoint equidistant from the four points O (0, 0, 0),
A (1,0,0),B (0, m,0)and C (0O, O, n).
Solution Let P (X, Yy, 2) be the required point. Then OP= PA = PB = PC.

I
Now OP = FA =0P? = FA?2 = X +y?*+Z=(x—1)2+(y —0)’+(z-00> = x = >

m n
Similarly, OP=PB=y = 2 andOP=PC= z= >

L mn
2'2'2 )

Example 8 Find the point onx-axiswhich is equidistant from the pointA (3, 2, 2) and
B (5,5, 4).

Solution The point on the x-axisisof form P (x, 0, 0). Since the points A and B are
equidistant from P. Therefore FA2 = PBz?, i.e,,

(x=3+(0-2+(0-2?*=(x=-5?*+ (0-5)7*+ (0-4)°

Hence, the coordinate of the required point are (

49
=4x=25+25+16-17i.e,x= 7

49
Thus, the point Pon the x - axisis(j , 0, 0) which is equidistant fromA and B.

Example9 Find the point ony-axiswhichisat adistance /10 fromthepoint (1, 2, 3)
Solution Let the point P be on y-axis. Therefore, it is of the form P (0,y, 0).

The point (1, 2, 3) isat adistance /10 from (0, y, 0). Therefore

J1-02 +(2-y)?+(3-0)? =10
=>yY-4y+4=0 =(y-22=0=>y=2
Hence, the required point is (0, 2, 0).

Example 10 If aparallelopiped isformed by planes drawn through the points (2, 3, 5)
and (5, 9, 7) parallel to the coordinate planes, then find the length of edges of a
parallel opiped and length of the diagonal .

Solution Length of edges of the parallelopiped are5-2,9-3,7-5i.e, 3, 6, 2.
Length of diagonal is,/32 +6%+ 22 =7units.
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Example 11 Show that the points (0, 7, 10), (-1, 6, 6) and (— 4, 9, 6) form aright
angled isoscelestriangle.

Solution Let P (0, 7, 10), Q (-1, 6, 6) and R (-4, 9, 6) be the given three points.
Here PQ = \f1+1+16 = 342

QR = .9+9+0=3/2

PR= J16+4+16 =6

Now PQ2+ QRe = (3J2)?+(32)%= 18 + 18 = 36 = (PR)?

Therefore, A PQR isaright angled triangle at Q. Also PQ = QR. Hence A PQR isan
isoscelestriangle.

Example 12 Show that the points (5, -1, 1), (7,—4, 7), (1 -6, 10) and (-1, — 3, 4) are
the vertices of arhombus.

Solution LetA(5,-1,1),B(7,—4,7),C(1, -6, 10) and D (- 1, — 3, 4) be the four
points of a quadrilateral. Here

AB = ,/4+9+36 =7,BC= {J36+4+9 =7,CD = /4+9+36 =7,

DA = \J23+4+9 =7

Note that AB = BC = CD = DA. Therefore, ABCD is arhombus.

Example 13 Find theratio in which the line segment joining the points (2, 4, 5) and
(3, 5, —4) isdivided by the xz-plane.

Solution Letthejoint of P (2, 4,5) and Q (3, 5, —4) bedivided by xz-planeintheratio
k:1 at the point R(X, Y, z). Therefore

X_3k+2 _5k+4 _ —4k+5

k41 y= k+1 k+1

Sincethe point R (%, Y, 2) lies on the xz-plane, the y-coordinate should be zero,i.e.,

5k+4 4

k+1 ‘OZ”‘:‘E

Hence, therequired ratiois—4: 5, i.e.; externaly intheratio 4 : 5.

Example 14 Find the coordinate of the point Pwhichisfive - sixth of theway fromA
(-2,0,6)toB (10, -6,—12).
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Solution Let P (x,y, 2 betherequired point,i.e., PdividesAB intheratio5: 1. Then

5x10+1x—2 5x—6+1x0 5x—-12+1x6
Py "5 T se1 0 541 )BT

Example 15 Describe the vertices and edges of the rectangular parallelopiped with
vertex (3, 5, 6) placed in the first octant with one vertex at origin and edges of
parallelopiped liealong X, y and z-axes.

Solution The six planes of the parallel opiped are asfollows:

Plane OABC liesin the xy-plane. The z-coordinate of every point in thisplaneis zero.
z = 0 is the equation of thisxy-plane. Plane PDEF is parallel to xy-plane and 6 unit
distance above it. The equation of the plane is z = 6. Plane ABPF represents plane
x = 3. Plane OCDE liesin the yz-plane and x = 0 is the equation of this plane. Plane
AOEFliesinthexzplane. The y coordinate of everypointinthisplaneiszero. Therefore,
y = 0 isthe equation of plane.

Plane BCDP isparallé to the plane AOEF at a distance y= 5.

Edge OA lies on the x-axis. The x-axis has equationy = 0 and z= 0.

Edges OC and OE lie on y-axis and z-axis, respectively. The y-axis has its equation
z=0,x=0. Thez-axishasitseguation x = 0, y = 0. The perpendicular distance of the
point P (3, 5, 6) fromthe x-

axis is \[52+6% = B1. Z

The perpendicul ar distance 0.0.6

of the point P (3, 5, 6) g|©0.6 D (0, 5, 6)
from y-axis and z-axis

are \[#+62= 45 and . P

,/32+52 =, respectively. 3,0,6)

The coordinates of the feet
of perpendicularsfrom the
point P (3, 5, 6) to the C
coordinate axes are A, C, 0 (0,0, 0) (0, 5, 0)
E. The coordinates of feet

of perpendicularsfrom the A
point P on the coordinate (3,0,0) 3,5,0)
planes xy, yz and zx are
(3,5, 0), (0, 5, 6) and Fig. 12.8
(3,0, 6).Also, perpendicular

3,5,6)
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distance of the point P from the xy, yz and zx-planes are 6, 5 and 3, respectively,
Fig.12.8.

Example 16 LetA (3,2,0),B (5, 3, 2), C (-9, 6, — 3) bethree pointsforming atriangle.
AD, the bisector of £ BAC, meets BC in D. Find the coordinates of the point D.

Solution Note that

AB=\J(5-3?2+(3-2)%+(2- 0> =f4+1+4 =3

AC=\/(—9—3)2+(6—2)2+(—3— 0)? =~/144+16+9 =13

BD AB 3

DC AC 13

i.e., D dividesBCintheratio 3: 13. Hence, the coordinates of D are

Since AD is the bisector of £ BAC,We have

[3(—9)+13(5) 3(6)+13(3) 3(—3)+13(2)) (19 57 17)

3+13 ' 3+13 ' 3+13 ) (8’16’16
Example 17 Determinethe point in yz-planewhich is equidistant from three pointsA
(2,03) B(0,3,2)andC (0,0, 1).

Solution Sincex-coordinate of every pointinyz-planeiszero. Let P(0, y, Z) beapoint
on the yz-plane such that PA = PB = PC. Now

PA=PB= (0-2)2+ (y—-0)2+(z—-3)2=(0-02+(y—-3)?+(z—2)?,i.e.z—3y=0
and PB = PC

=SV +9-6y+22+4—-4z=y+72+1-22,ie3y+z=6

Simplifying thetwo equating, wegety=1,z=3

Here, the coordinate of the point P are (0, 1, 3).

Objective Type Questions

Choose the correct answer out of given four optionsin each of the Examplesfrom 18
to 23 (M.C.Q.).
Example 18 The length of the foot of perpendicular drawn from the point P (3, 4, 5)
ony-axisis

(A) 10 (B) V34 (C) 13 (D) 5/2

Solution Let | bethefoot of perpendicular from point P on the y-axis. Therefore, its
x and z-coordinates are zero, i.e., (0, 4, 0). Therefore, distance between the points (0,

4,0)and (3,4,5)is {J9+25 i.e, 34 .
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Example 19 What isthe perpendicular distance of the point P (6, 7, 8) from xy-plane?
(A) 8 B) 7 (C) 6 (D) None of these

Solution Let L bethefoot of perpendicular drawn from the point P (6, 7, 8) to the xy-
plane and the distance of thisfoot L from Pis zcoordinate of P, i.e., 8 units.

Example 20 L isthefoot of the perpendicular drawn from apoint P (6, 7, 8) onthexy-
plane. What are the coordinates of point L?

(A) (6,0,0) (B) (6,7,0) (C) (6,0,8) (D) noneof these

Solution SincelL isthefoot of perpendicular from P on the xy-plane, z-coordinateis
zero in the xy-plane. Hence, coordinates of L are (6, 7, 0).

Example 21 L isthefoot of the perpendicular drawn from a point (6, 7, 8) on x-axis.
The coordinates of L are

(A) (6,0,0) (B) (0,7,0) (C) (0,0,8) (D) noneof these

Solution SinceL isthefoot of perpendicular from Ponthex- axis, yand z-coordinates
are zero. Hence, the coordinates of L are (6, O, 0).

Example 22 What isthe locus of a point for which y =0, z=0?
(A) equation of x-axis (B) equation of y-axis
(C) equation of zaxis (D) none of these
Solution Locusof thepointy =0,z =0isxaxis, sinceon x-axisbothy=0andz=0.

Example 23 L, isthefoot of the perpendicular drawn from a point P (3, 4, 5) on the
xz plane. What are the coordinates of point L ?

(A) (3,0,0) (B) (0,4,5) (©) (3,0,5) (D) (3,4,0

Solution SincelL isthefoot of perpendicular segment drawn from the point P (3, 4, 5)
on the xz-plane. Sincethe y-coordinates of all pointsin the xz-plane are zero, coordinate
of thefoot of perpendicular are (3, 0, 5).

Fill in the blanks in Examples 24 to 28.

Example24 Alineisparalel to xy-planeif all thepointsonthelinehaveequal .
Solution A line parallel toxy-planeif al the pointson theline have equal z-coordinates.
Example 25 The equation x = b represents aplane parallel to _ plane.

Solution Since x = 0 represent yz-plane, therefore x = b represent a plane parallel to
yz -plane at a unit distance b from the origin.

Example 26 Perpendicular distance of the point P (3, 5, 6) from y-axisis
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Solution SinceM isthefoot of perpendicular from P on they-axis, therefore, itsx and
z-coordinates are zero. The coordinates of M is (0, 5, 0). Therefore, the perpendicular

distance of the point P from y-axis ,/32 +6%= 45.
Example 27 L isthe foot of perpendicular drawn from the point P (3, 4, 5) on zx-
planes. The coordinates of L are

Solution SinceL isthefoot of perpendicular from P on the zx-plane, y-coordinate of
every point is zero in the zx-plane. Hence, coordinate of L are (3, 0, 5).

Example 28 The length of the foot of perpendicular drawn from the point P (a, b, c)
on z-axis is

Solution The coordinates of the foot of perpendicular from the point P (a, b, ¢) on z-
axisis (0, 0,c). The distance between the point P (a, b, ¢) and (0, 0, c) is ,/az +b?.

Check whether the statements in Example from 30 to 37 are True or False
Example 29 The y-axis and z-axis, together determine a plane known as yz-plane.
Solution True

Example 30 The point (4, 5, — 6) liesin the VI' octant.

Solution False, the point (4, 5, — 6) liesin the V" octant,

Example 31 The x-axis is the intersection of two planes xy-plane and xz plane.
Solution True.

Example 32 Three mutually perpendicular planes divide the space into 8 octants.
Solution  True.

Example 33 The equation of the plane z= 6 represent a plane parallel to the xy-plane,
having a z-intercept of 6 units.

Solution True.

Example 34 The equation of the plane x = 0 represent the yz-plane.

Solution True.

Example 35 The point on the x-axis withx-coordinate equal to x,iswritten as(x,, 0, 0).
Solution True.

Example 36 x = X, represent a plane parallel to the yz-plane.

Solution  True.
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Match each item given under the column C, to its correct answer given under

column C,.
Example 37
Column C, Column C,
(a) If thecentriod of thetriangleis (i) Paralelogram

origin and two of itsvertices
are(3,—-5,7)and (-1, 7,—6)
then the third vertex is
(b) If the mid-points of the sides of (i (2,-2,-1)
triangleare (1, 2,—3), (3,0, 1)
and (-1, 1, —4) then the centriod is
(c) Thepoints(3,—1,-1), (5,-4,0), (i) aslsoscelesright-angled
triangle
(2,3,—2) and (0, 6, — 3) are the
vertices of a
(d) PointA(1,-1,3),B(2,—4,5)and (iv) (1,1,-2
C(5,-13,11) are
(e) PointsA (2,4, 3),B (4,1,9) and (v) Callinear
C (10, — 1, 6) are the vertices of
Solution (a)
LetA (3,-5,7),B(—1,7,—6),C(X Y, 2 betheverticesof aA ABC with centriod (0,
0,0)

3-1+X -5+7+y 7-6+z 2 2
Therefore, (0, 0, 0) = ( , Y, j.ThisimpIies Xte_ o Y2 o
3 3 3 3
zl
3

Hencex =—2,y=-2, and z=— L.Therefore (a) <> (ii)

(b) Let ABC be the given A and DEF be the mid-points of the sides BC, CA, AB,
respectively. We know that the centriod of the A ABC = centriod of A DEF.

1+3-1 2+0+1 -3+1-4

Therefore, centriodofADEFis( 3 ' 3 3 jz(l, 1,-2)
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Hence (b) <> (iv)

Mid-oaint of dieconal AC [3+2 -1+3 —1—2j_[§1—_3j
(c) id-point of diagon N e T

o _ _ (5+0 ~-4+6 O—3j (51—3j
Mid-point of diagonal BD is 5 T o )T 2

Diagonals of parallelogram bisect each other. Therefore (c) <> (i)

(A |AB| =y(2-17+(-4+17+(5-37 =14

|BC| =4/(5-2)% +(~13+ 4 +(11-5)* =314

|AC| =y/(5-2)? +(-13+1)? +(11-3)? = 414
Now |AB| +|BC| =|AC]|. Hence Points A, B, C are collinear. Hence (d) <> (V)
() AB= 4+9+36=7

BC= [36+4+9=7

CA= [64+25+9 =72

Now AB2z +BC2 = AC?. Hence ABC is an isosceles right angled triangle and hence

© o (iii)

| 12.3 EXERCISE |

Short Answer Type
1. Locatethefollowing points:

i (1,-13), (i) (1,2 4)
(i) (=2,—-4,-7) (iv) (—4,2,-5).
2. Name the octant in which each of thefollowing pointslies.
i) (1,273, (i) (4,-2,3), @ii) (4,-2,-5) (iv) (4,2,-5)

V) (=4,2,5) (vi) (=3,-1,6)  (vi) (2, —4,—7) (vii) (—4,2,—5).

Let A, B, C be the feet of perpendiculars from a point P on the x, y, z-axis
respectively. Find the coordinates of A, B and C in each of the following where
thepoint Pis:



10.

11.

12.

13.

14.

15.

16.

17.
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(i) A=@4,2 (i) (-537) (i) (4,-3,-5)
Let A, B, C be the feet of perpendiculars from a point P on the xy, yz and zx-
planes respectively. Find the coordinates of A, B, C in each of the following
wherethe point Pis

) (3,4,5 (i) (-5,3,7) (i) (4,-3,-5).
How far apart are the points (2, 0, 0) and (-3, 0, 0)?
Find the distance from the originto (6, 6, 7).

Show that if x2+y2 = 1, then the point (X, Y, ,/1_ X2 —y? ) isat adistance 1 unit
fromtheorigin.

Show that the point A (1, — 1, 3), B (2, — 4, 5) and (5, — 13, 11) are collinear.
Three consecutive vertices of aparalelogram ABCD areA (6,—2, 4), B (2, 4,-8),
C (-2, 2, 4). Find the coordinates of the fourth vertex.

[Hint: Diagonals of a parallelogram have the same mid-point.]

Show that the triangle ABC with verticesA (0, 4, 1), B (2,3,—1) and C (4, 5, 0)
isright angled.

Find the third vertex of triangle whose centroid is origin and two vertices are
(2,4, 6) and (0, -2, -5).

Find the centroid of atriangle, the mid-point of whose sidesare D (1, 2, — 3),
E(B,0,)andF (-1, 1,-4).

The mid-points of the sides of atriangle are (5, 7, 11), (0, 8, 5) and (2, 3, — 1).
Finditsvertices.

Three vertices of a Parallelogram ABCD areA (1, 2, 3),B (- 1,-2,-1) and
C (2, 3, 2). Find the fourth vertex D.

Find the coordinate of the pointswhich trisect the line segment joining the points
A(2,1,-3)andB (5,-8,3).

If the origin is the centriod of a triangle ABC having vertices A (a, 1, 3),
B(-2b,-5 andC (4, 7, ¢), find thevauesof a, b, c.
LetA(2,2,-3),B(5,6,9) and C (2, 7, 9) betheverticesof atriangle. Theinternal
bisector of the angle A meets BC at the point D. Find the coordinates of D.

Long Answer Type

18.

Show that the three points A (2, 3, 4), B (-1, 2, —3) and C (— 4, 1, — 10) are
collinear and find theratio in which C dividesAB.
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19.

20.

21.
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The mid-point of the sides of atriangleare (1, 5, — 1), (0, 4, — 2) and (2, 3, 4).
Find itsvertices. Also find the centriod of thetriangle.

Prove that the points (0, — 1, —7), (2, 1, —9) and (6, 5, — 13) are collinear. Find
theratio in which thefirst point divides the join of the other two.

What are the coordinates of the vertices of a cube whose edgeis 2 units, one of
whose vertices coincides with the origin and the three edges passing through the
origin, coincideswith the positive direction of the axesthrough the origin?

Objective Type Questions

Choose the correct answer from the given four options inidcated against each of the
Exercises from 22 (M.C.Q.).

22.

23.

24.

25.

26.

27.

28.

29.

30.

The distance of point P(3, 4, 5) from the yz-planeis

(A) 3units (B) 4units (C) Sunits (D) 550

What is the length of foot of perpendicular drawn from the point P (3, 4, 5) on
y-axis

(A) a1 (B) /34 (C) 5 (D) none of these
Distance of the point (3, 4, 5) fromtheorigin (0, 0, 0) is
(A) /50 (B) 3 € 4 (D) 5

If the distance between thepoints(a, 0, 1) and (0, 1, 2) isﬁ , then the value of
ais

(A) 5 (B) £5 (©) -5 (D) none of these
x-axisistheintersection of two planes

(A) xyand xz (B) yz and zx (C) xyand yz (D) none of these
Equation of y-axisis considered as

(A) x=0,y=0 (B) y=0,z=0 (C) z=0,x=0 (D) none of these
The point (-2, -3, —4) liesin the

(A) First octant (B) Seventh octant

(C) Second octant (D) Eighth octant

A planeisparallel to yz-plane soit is perpendicular to:

(A) x-axis (B) y-axis (C) zaxis (D) none of these
Thelocus of apoint for whichy =0,z=0is

(A) equation of x-axis (B) equation of y-axis

(C) equation at z-axis (D) none of these



31.

32.

33.

34.
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Thelocus of apoint for whichx=0is
(A) xy-plane (B) yz-plane (C) zx-plane (D) none of these

If aparallelopiped isformed by planes drawn through the points (5, 8, 10) and
(3, 6, 8) pardlel to the coordinate planes, then the length of diagona of the
paralelopipedis

(A) 23 (B) 342 ©) 2 (D) V3

L isthefoot of the perpendicular drawn from apoint P (3, 4, 5) on the xy-plane.
The coordinates of point L are

(A) (3,0,0) (B) (0,4,5) (C) (3,0,5) (D) noneof these

L isthe foot of the perpendicular drawn from a point (3, 4, 5) on x-axis. The
coordinates of L are

(A) (3,0,0) (B) (0,4,0) (C) (0,0,5) (D) noneof these

Fill in the blanksin Exercisesfrom 35 to 49.

35.
36.

37.

38.
39.

40.
41.
42.
43.
44.
45.
46.
47.

The three axes OX, QY, OZ determine

The three planes determine a rectangular parallelopiped which has
of rectangular faces.

The coordinates of a point are the perpendicular distance from the
on the respectives axes.

The three coordinate planes divide the space into parts.

If apoint P liesin yz-plane, then the coordinates of a point on yz-planeis of the
form

The equation of yz-plane is .

If the point P lies on zaxis, then coordinates of P are of the form
The equation of zaxis, are .

A lineisparalée to xy-planeif all the points on the line have equal
A lineisparallel to x-axisif al the points on the line have equal

X = a represent a plane paralel to

The plane parallel to yz- planeis perpendicular to

The length of the longest piece of a string that can be stretched straight in a
rectangular room whose dimensions are 10, 13 and 8 units are
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48.
49,

50.

(b)
(c)

(d)
(€)

(f)

9)
(h)

(i)

()
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If the distance between the points (a, 2, 1) and (1, -1, 1) is 5, thena

If themid-pointsof the sidesof atriangleAB; BC; CAareD (1, 2,—-3),E(3,0,1)
and F (-1, 1, — 4), then the centriod of thetriangle ABC is

Match each item given under the column C, to its correct answer given under

column C,.

Column C,
Point (2, 3,4) liesinthe (i)
Locus of the points having x (iii)
coordinateOis
A lineisparalel to x-axisif and only (iv)
If x =0, y= 0 taken together will (V)
represent the
Z= c represent the plane (vi)

Planesx = a,y = b represent the line (vii)
Coordinates of apoint are the (viii)
distances from the origin to the feet of
perpendiculars

A ball isthe solid region in the space (ix)
enclosed by a

Region in the plane enclosed by acircleis (x)
known as a

Column C,

yz-plane
z-coordinateis zero

z-axis
plane parallel to xy-plane

if al the pointson the
line have equal y and
z-coordinates.

fromthe point ontherespective
paralel to z- axis.
disc

sphere

- O F e ——



Chapter 13
(LIMITSAND DERIVATIVES)

13.1 Overview
13.1.1 Limits of a function

Let f be afunction defined in adomain which we take to be an interval, say, I. We shall
study the concept of limit of f at apoint ‘a’ inl.

Wesay lim f(x) isthe expected value of f at x = a given the values of f near to the
X—a~

left of a. Thisvalueis caled the left hand limit of f at a.

We say X"_[Q f(X) isthe expected value of f at x = a given the values of f near to the

right of a. Thisvaueis called the right hand limit of f at a.

If theright and left hand limits coincide, we call the common value asthelimit of f at

X = aand denote it by Ler; f(x).

Some properties of limits

Let f and g be two functions such that both lim f (x) and lim g(x) exist. Then
X—a X—a
O Im[f(X)+gX)]=lim f(X)+limg(x)

(@i lim[f(x)—g(x)]=1im f(x)~limg(x)
(iii)y For every real number o
Ixin;(cx f)(x)=oc|xin; f(X)
(v) limLf09geo]=[lim £ () limg(x)]
lim f (X)

im L 00_ s
ag(x) limg(x)

provided g (X) # O
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Limits of polynomials and rational functions
If fisapolynomial function, then !(I_rg f (X) existsand isgiven by
lim f(x)= f(a)

An Important limit
Animportant limit which isvery useful and used in the sequel isgiven below:

Remark The above expression remains valid for any rational number provided ‘&’ is
positive.
Limits of trigonometric functions

To evaluate the limits of trigonometric functions, we shall make use of the following
limitswhich are given below:

N e SNX =1 o limsnx=
(i) I|m—X:1 (ii) !(IL?)COSX—l (iil) Lmsnx_o

x—0

13.1.2 Derivatives Supposef isarea valued function, then
f(x+h)— f(x)
h

f/(x) = lim

h—0

iscalled the derivative of f atx, provided the limit on the R.H.S. of (1) exists.

Algebra of derivative of functions Since the very definition of derivativesinvolve
limitsin arather direct fashion, we expect therules of derivativesto follow closely that
of limitsasgiven below:
Let f and g be two functions such that their derivatives are defined in a common
domain. Then:

(i) Derivativeof thesum of two function isthesum of thederivativesof thefunctions.

e

d d d
&[f(X) +9(x)] =g [+ 9()

(i) Derivative of thedifference of two functionsisthe difference of the derivatives
of the functions.

d d d
&[f(x) - 9(x)] =g [ =5 9()
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(iii)y Derivative of the product of two functions is given by the following product
rule.

d

%[f(x) -9(9)] =[& f(X)j -g(x) + f(x)-[%g(x)j

Thisisreferred to as Leibnitz Rule for the product of two functions.

(iv) Derivative of quotient of two functionsis given by the following quotient rule
(wherever the denominator is non-zero).

0ty (o 109) 909~ (S a00)
ala) - (900)

13.2 Solved Examples
Short Answer Type

Example 1 Evauate lim

X—2

1 2(2x-3
X—2 xX—3x%+2x

Solution We have

{ 1 2(2x-3) }_ i

X—2

lim

X—2

X—2 X —3x%+2x

1 2(2x-3 }
{x—z X(x=1) (x-2

[ x(x-1)-2(2x- 3
2| X(x-1) (x-2) }

x*> —5x+6
x-2| X(X=1) (x=2) |

[ (x=2)(x=3) |

o2 x(x-1) (x—2 | X=270

[ x—S} -1

x-2| X(x—-1) :?
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NN

Solution Puty =2+ x so that whenx — 0,y — 2. Then

1
_ 2 _922
—Mz lim Y2=2
X

Example 2 Evauate lim
x—0

lim

x—0

1 S
= 2(2)2 _E 2 2 :L
2 2 22
Xn_ n
Example 3 Find the positive integer n so that lim =108.

x->3 X—3

Solution We have

. x"=3"

L Ol
Therefore, n3)"-1= 108=4(27) = 4(3)*-1
Comparing, we get n=

Example 4 Evaluate lim (secx — tan X)

X—
3

Solution Puty= g—X.Theny—>0asx—> I Therefore

lim (secx — tan x)

X
3

. T n
limlsec( —y) —tan (5 -yl

= Iing(cosec y —cot y)
y—>

. ( 1 cosy)
= lim| —-—=
y-oldny sny

_ lim (1—'cosyj
y>0\ gny
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2gn2Y (since,sinzzzl_cosy\
y—0 y .y oY LY
25|n20032 smy_23m20052
= |im'[anX=O

%40

Example’5 Evauate Iirr(}SIn (2+x) ~sn(2=x)
x— X

Solution (i) We have

2cos(2+ X+ 2-X) sin (2+ Xx—2+X)

Iimsm(2+x)—sm(2—x) - im 2 2
x—0 X x—>0 X
. 2c0s2snx
= lim———
Xx—0 X

. 9nXx . 9nXx
20082 lim —— = 2c0s2 [asllm—z j
x=>0 X x=>0 X

Example 6 Find the derivative of f (x) = ax + b, where a and b are non-zero constants,
by first principle.
Solution By definition,

lim f(x+h)— f(x)

h—0 h

(%)

Iima(x+ h) +b— (ax +b) _ Iim@ =b
h—0 h h—»0 h

Example 7 Find the derivative of f (x) = ax?+ bx + ¢, where a, b and ¢ are none-zero
constant, by first principle.

Solution By definition,

00 = i £ = £

h—0 h
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im a(x+h?+b(x+h+c—ax® —bx-c¢
h—»0 h

_bh +ah®+2axh
- lim — ——————
h—0 h

lim ah +2ax+ b= b +2ax

Example 8 Find the derivative of f (x) = X3, by first principle.
Solution By definition,

09 = lim f(x+h)— f(x)

h—0 h

. (x+h*-x3
||m¢
h—0

X+ +3h(x+h) -
lim
h—0 h

lim 2 + 3x (x + h)) = 3¢

1
Example 9 Find the derivative of f (x) = X by first principle.

Solution By definition,

i £ — £ (0
h—0 h

, 1[ 1 1}
lim=—| — -
h-0h\x+h X

-h -1

lim— = —
h>0h(x+h)x x°

f/(x)

Example 10 Find the derivative of f (X) = sinx, by first principle.
Solution By definition,
f(x+h)- f(x)

h

(9= lim
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sin(x+ h)—snx

= lim
h—0
2cos 2X2+ h) sinb
Y
2
sinh
. (2x+h) . 2
= limeos == lim—
2

= cosx.1l=cosx
Example 11 Find the derivative of f(x) = x", wheren is positive integer, by first
principle.
Solution By definition,

f(x+h)— f(x)

f(x)

h
(x+h)"=x"
- h
Using Binomial theorem, we have (x +h)"="C x"+"C X' ~*h+ .. +"C h"
lim (x+h)" = x"
Thus, = W% h
_ lim h(x"*+..+h"] o
) h =X '

Example 12 Find the derivative of 2x* + Xx.
Solution Let y=2x*+ X
Differentiating both sides with respect to x, we get
dy d 4 d
— = —(2X")+—(X
5 dx( ) dX( )
= 2x4¢ 1+ 1
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8 +1

d
Therefore, &(2X4 +X) = 8¢+ 1.

Example 13 Find the derivative of x2 cosx.
Solution Lety = X2 cosx
Differentiating both sides with respect to x, we get

Y _ i(xzcosx)
ax dx

d d
= X?—(cosx) +cosx— (x*
I (cosx) dx( )

= X2 (—sinx) + cosx ()
= 2X COSX — X2 Sinx
Long Answer Type

. 2dn?x+sinx-1
Example 14 Evauate lim —— ,
X_% 29n“x—-3sin x+1

Solution Note that
2sn? x+sinx—1= (2sinx—1) (sinx+ 1)
2sn’x—3snx+1= (2sinx—1)(snx-1)
2sn’x+sinx—1 fim (2SN X 1) (sinx +1)

lim =
Therefore, H%zsjnzx_gsinx+1 I (28inx=1) (sinx—1)

~ sinx+1
Xﬁggnx—l

(as2sinx—1 #0)

1+§n%
= p =-3
sin—-1
6
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. tanx-d9nx
Example 15 Evauate lim ————
x=0 SN’ X
Solution We have
. 1
tan x—snx snx B
Iim# = lim .C%SX
x—0 sin® X x—0 an” X

— lim 1- cosx
x=0 cosX sin® X

2sn‘ =
lim =

0
“ cosx (4sin21(- cos? 5)
2 2

N =

x-a [3a+ 24/

, 2 _J
Solution We have “m\/a+_+3x
X

,/a+2x JZ& ,/a+2x+\/_x
x_>a\/3a+x 20x Ja+2x+4/3x

. a+ 2x— 3x
lim

xa ((fBat x— 24x) (fa+ 2x+/3x)

= lim (a- X)(\/THZ\,_)
X*a(\/a+2x+\/_)(\/3a+x—ZJ_)(J3a+X+2\/_)

(a-x)[yBa+x+2x]
i (M+J§()(3a+x—4x)
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4\a 2 23

3x2+B3a 343 9

Example 17 Evaluate ljg S8 — COSIX
x->0  ooscx -1

Zsin((aJr b) x) n 8= DX

Solution We have lim 2 — 2
x—0 2SII"I CX
2
Zsin(a+b)x-sin(a_b)x 2
= lim ———
X—> X P2
sin®—
2
2
_ 4
sin—(aer)X sin—(a b) (3) )
_ lim 2 : 2 LA
—Ho(a+b)x( 2] (a-b)x 2 sin? &
2 a+b 2 a-b 2

X

2 2 c?

[a+b a-b 4] a? —b?

(a+h)?sin(a+h)-a?sina
h

Example 18 Evauate lim
h—0

2 i 2 i
Solution We have Lirrg)(a+ h) sm(ah+ h) —a“sina

— lim (a® + h? + 2ah)[sinacosh +cosa sinh] — a®sina
h—0 h

._.a’sna(cosh-1) a’osasinh
= Llrrg[ +
—

+ (h+2a) (sinacosh+ cosasin h)]
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. ., h

2 2

jim| e U +Iimw+lim(h+2a)sin(a+ h)
_h0 h? 2| hoo0 h h-0

2

—azsnax0+ a&cosa(l) +2asna

= a’cosa+2asna
Example 19 Find the derivative of f(x) = tan (ax + b), by first principle.
f(x+h)- f(x)

h

Solution We havef’(x) = LI_IB

_”mtan(a(x+ h) +b) — tan (ax + b)
" ho0 h

sin(ax+ah+b) sn(ax+b)
lim ws(ax+ah+b) oos(ax+ b)
~ho0 h

_”msin(ax+ ah + b) cos(ax+ b) —sn (ax + b) cos (ax + ah + b)
"~ h-0 h cos (ax + b) cos (ax +ah +b)

_lim agn (ah)
"~ h-0 a- h cos (ax + b) cos (ax + ah + b)

a . sinah

"0 cos (ax + D) 008 (ax rah 1 b) a0 an Lo 0@ =0
a 5 b

o ——— + .

ws? (ax +b) asect (ax +b)

Example 20 Find the derivative of f (x)=+/sinx, by first principle.
Solution By definition,

£(x) = L'_rfg f(x+hr)]— f(X)
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liszm (x+h) —+/sinx
h—0 h

) ”m(\/sin (x+ h) —+/sinx ) (\an (x+ ) ++/dnx)
-0 h(y/sn (x+ h) +vanx)

. an(x+ h)—-gnx
— lim
h~0 h(fsn (x+ h) +snx)

sn—
2

Z.E(Jsin (x+h) + Jsinx)

2Cos(zx+ hj . h

= lim
h—0

COS X 1 -
= = ECOt XAfsinx

2~J9nx
0S X
Example 21 Find the derivative of —.
1+9nx
Solution Lety= X
Hen Y= Trdnx

Differentiating both sides with respects to x, we get
dy i( COSX j
dx  dx\1+sinx

. d d .
L+d9nXx) I (cosx) — oosx& (1+sinx)

(1+ snx)’

L+ 9nXx) (—sinx) — cosx (00sXx)
@+ sinx)?
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—sinx —sin? x— cos?x
(1+ sinx)?

-(1+snx) -1
(1+snx)?  1+snx

Objective Type Questions

Choosethe correct answer out of the four options given against each Example 22 to 28

(M.C.Q.).

sinx
Example22 lim———— isequa to
P x>0 X(L+ COsX) ™

1
(A) O (B) > (C) 1

Solution (B) isthe correct answer, we have

2sin X s X
sinx . 2
lim

lim————— = .
x>0 X(L+ €oSX) ~ x-0 x(Zcosz 5)
2

tan>
= —=lim —2 = 1-
2 x-0 l( 2
2
. 1-snx .
Example23 lim is equd to
x>k 00SX
2
(A) O (B) -1 © 1
Solution (A) is the correct answer, since
. 1—5in(£— y
jjm 1230X _ lim 2
xol  00SX y—> cos(g— y)

(D) -1

(D) doesnot exit

. T
taking— — x= )
(1ingZ - x=y



238 EXEMPLAR PROBLEMS — MATHEMATICS

lim —
y»>0 gny

= Iimtanl/ =0
y—0 2
Example 24 Iimm isequa to
x—0 X
(A) 1 (B) -1 (©) 0
Solution (D) is the correct answer, since
x| x
RHS= lim—===1
x—=0" X X
x|l —=x
and LHS= lim—=—=-
x—=0" X X

1-cosy _im

2sin? Y

Y 1Y

29n= 0s=

2 2

(D) doesnot exists

Example 25 !jinl[x -1 , Where [.] is greatest integer function, is equal to

(A) 1 (B) 2 (© 0
Solution (D) isthe correct answer, since

RHS= Ilim[x-1=0
x—1*

and LHS= lim[x-1]=-1
E le 26 Iimxsin1 i ast
xample lim x IS equals to

1
(A) 0 (B) 1 © 3

Solution (A) isthe correct answer, since

. .1
Ix'ﬂ(]) X=0gnd-1< sn; <1, by Sandwitch Theorem, we have

(D) doesnot exists

(D) doesnot exist
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) 1
limxsn— = 0
X

x—0

1+2+3+..+n

Example 27 Mpo v , ne N, isequal to
1 1
A) O B) 1 C — D) =
() (8) © 3 (0 5
_ . . 1+2+3+...+n
Solution (C) isthe correct answer. As X'm 72
= Iim—n(n+1) = Ilml(l'i'i) 21
now 202 A n’ 2
T
Example 28 If f(x) = x sinx, then f > isequal to
1
(A) O (B) 1 € -1 D) 3

Solution (B) is the correct answer. As 7 (X) =x cosx + sinx

So f’(%j - TeosZisnioa
' T2 2 2

13.3 EXERCISE |
Short Answer Type

Evaluate:
2 2_
L limX=2 , lim =2 5 pim R
" x»3 xX—3 ' x»-; 2x-1 ) h
1 1 5 5
3_93 6 _ 2 _ 2
4 Iim(x+2) 2 5 Iim(1+ X)" -1 6. Iim(2+x) (a+2)

x—0 X T oxol (_’]_+ X)2 -1 X—a X—a
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x4—\/;( X2 —4

lim

lim
[, X —1 8. x—>2\/3x 2- JX+2
7 5 3 3
LoX =230+ 1 ,/1+x — ll_x
9. M ———=—— 10 lIMm——— . lim
x>l2 X +3\/ X — -1 x3 — 3x% + 2 x—0 X2
15 lim X2+ 27 13 (8x — 3 4 2,1)
" x>-3x° 4243 H_kzx 1 4x° —1J
.oxX"=2 . sin3x
14. Find ‘n, if lim =80,ne N 15. lim=
x=>2 X—2 x—a gn 7X
sn?2x . 1-cos2x _2sinx—s€in2x
16. lim 17. lim=——— 18 lIm—————
x—0 Sn 4x x—0 X x—0 X
. 1-cosmx  \J1- cos6x lim SINX— 00sx
10, M — 20. IM-"——= 21 = T
- X*aﬁ[——) i X-g
”m\/§sinx—cosx Iimsin2x+3x Iimsinx—sina
2. % i 23 o 2xttandx Y xoa Jx—+a
6 6
2y _ J_ ,[1+cosx
25. ”mLxC% 26. lim N
H% 00SECX — 2 X— sin? x
. 9nX-—2sin3x +sin5x
27. lim
Xx—0 X
4 3 3
. -1 xX° —k
28. If lim 2 = lim———, then find the value of k.

-1 x—1 x—)kx_kz’

Differentiate each of the functionsw. r. to x in Exercises 29 to 42.

4 2 3
s XXX+l (x+ij 31, (3x+5) (1 + tan)
X X
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x+4 X® — COSX
32. (secx—1) (secx + 1) 33. 57 7xi9 T
X% c0s=
35. _ 4 36. (axt + cotx) (p + q cosX)
sinx
a+bsnx
=2/ . , . ;
37 ST doosx 38. (sinx+cos)?  39. (2x—7)? (3x + 5)
40. X2 8inx + cos2x 41. sin® cos* 42, ————
ax“+bx+c

Long Answer Type
Differentiate each of the functions with respect to ‘x’ in Exercises 43 to 46 using first
principle.

ax+b
ox+d 45. X

w I

43. cos(x2+ 1) 44,
46. X CcOSX

Evaluate each of the following limitsin Exercises 47 to 53.

lim (X+y) sec(X + y) — Xsecx
y—0 y

47.

. (sin(a +B) X+ sn(o. — B)x+sin 2a X)
48 lim - X
x>0 COS2BX — 00S 20X

1—sin5
2

tan® x— tan x lim

49. | N — 50. xon x( X . x)
x> COS(X+Z) COSE COSZ—SIHZ
| Xx— 4]

51. Show that lim——— does not exists
x4 X —4
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52.

53.
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k cosx
T —2X

Let f(x) =

find the value of k

Let f(x):{

X+2

cx?

T
when x;tE
and if lim f (x) = f(g),

X< -1

X>-1

Objective Type Questions
Choose the correct answer out of 4 options given against each Exercise 54 to 76

(M.C.Q).

. 9nXx
54. lim——js
X=>1 X —TC
(A) 1

. xcosx
55. lim

x>0 1 — CcOoSX

(A) 2

n_

56, fim &Y 1

x—0 X

(A) n

oox"-1
57. lim——is

x>l x' -1

(A) 1

. 1-cos46
58. lim——

x—01— cos60

is

(B) 2

3
(B) 5

B 1

® ~

X—=

X= 2

Nl a

Sfind ‘¢’ if 1M T(X) exists,

(€) -1

© >

(© —n

© Y

(D) -2

(D) 1

(D) 0

(D) Z



59.

60.

61.

62.

63.

64.

65.
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4 1 -1
(A) 3 ®) 3 © 5 (D) -1
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Chapter 14

MATHEMATICAL REASONING

14.1 Overview

If an object is either black or white, and if it is not black, then logic leads us to the
conclusionthat it must bewhite. Observethat logical reasoning from the given hypotheses
can not reveal what “black” or “white” mean, or why an object can not be both.
Infact, logicisthe study of general patterns of reasoning, without referenceto particular
meaning or context.

14.1.1 Statements
A statement is a sentence which is either true or false, but not both simultaneously.

Note: No sentence can be called a statement if

(i) Itisanexclamation
(i) Itisan order or request
(i) Itisaquestion
(iv) Itinvolvesvariabletime such as‘today’, ‘tomorrow’, ‘yesterday’ etc.
(v) Itinvolves variable places such as ‘here’, ‘there’, ‘everywhere’ etc.
(vi) Itinvolvespronounssuch as‘she’, ‘he’, ‘they’ etc.
Example 1
(i) The sentence
‘New Delhi isin Indig; istrue. So it is a statement.
(i) The sentence
“Every rectangleis asquare” isfalse. So it is a statement.
(i) The sentence

(iv)

“Closethe door” can not be assigned true or false (Infact, it isacommand). So
it can not be called a statement.

The sentence
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“How old are you?’ can not be assigned true or false (In fact, it is a question).
So it is not a statement.

(v) Thetruth or falsity of the sentence

“xisanatural number” depends on the value of x. So it is not considered as a
statement. However, in some booksiit is called an open statement.

Note: Truth and falisity of a statement is called itstruth value.

14.1.2 Simple statements A statement is called simple if it can not be broken down
into two or more statements.

Example 2 The statements

“2isan even number”,

“A square has all its sides equal” and

“ Chandigarh isthe capital of Haryana” are all simple statements.

14.1.3 Compound statements A compound statement is the one which is made up of
two or more simple statements.

Example 3 The statement
“11 isboth an odd and prime number” can be broken into two statements
“11isan odd number” and “11 isaprime number” so it isacompound statement.

Note: The simple statements which constitutes a compound statement are called
component statements.

14.1.4 Basic logical connectives There are many ways of combining simple
statements to form new statements. The words which combine or change simple
statements to form new statements or compound statements are called Connectives.
The basic connectives (logical) conjunction corresponds to the English word ‘and’;
disjunction corresponds to the word ‘or’; and negation corresponds to the word

not’.

Throughout we usethe symbol ‘A’ to denote conjunction; ‘v’ to denote disjunction and
the symbol ‘~' to denote negation.

Note: Negation is called a connective although it does not combine two or more
statements. In fact, it only modifies a statement.

14.1.5 Conjunction If two simple statements p and q are connected by the word
‘and’, then the resulting compound statement “p and gq” is called a conjunction of p
and g and iswritten in symbolic formas“p A Q”.
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Example4 Form the conjunction of the following simple statements:

p: Dineshisaboy.
g: Nagmaisadgirl.

Solution The conjunction of the statement p and q is given by
pAqg: Dineshisaboy and Nagmaisagirl.

Example5 Trangdlate the following statement into symbolic form
“Jack and Jill went up the hill.”

Solution The given statement can be rewritten as

“Jack went up the hill and Jill went up the hill”
Let p : Jack went up the hill and q: Jill went up the hill.
Then the given statement in symbolic formisp A q.

Regarding the truth value of the conjunction p A g of two simple statements p and g,
we have

(D) : The statement p A g has the truth value T (true) whenever both p and g
have the truth value T.

(D,) : The statement p A q has the truth value F (false) whenever either p or q
or both have the truth value F.

Example 6 Write the truth value of each of the following four statements:
() DelhiisinIndiaand2+3=6.
(i) Delhiisinlndiaand2+3=5.
(i) DelhiisinNepal and2+3=5.
(iv) DelhiisinNepa and2+3=6.
Solution Inview of (D,) and (D,) above, we observe that statement (i) has the truth
value F asthetruth value of the statement “2 + 3=6" isF. Also, statement (ii) hasthe

truth value T as both the statement “Delhi isin India’ and “2 + 3 = 5" has the truth
valueT.

Similarly, the truth value of both the statements (iii) and (iv) isF.

14.1.6 Digjunction If two simple statements p and g are connected by the word
‘or’, then the resulting compound statement “p or g” is called disunction of p andq
and iswritten in symbolic formas“pv q”.

Example7 Formthedigunction of the following simple statements:
p: The sun shines.
g: Itrans.
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Solution The disjunction of the statementsp and q is given by
pv(qg: Thesunshinesoritrains.

Regarding thetruth value of thedisjunction pv g of two simple statementsp and g, we
have

(D, :  The statement p v g has the truth value F whenever both p and q have
the truth value F.

(D) : The statement p v g has the truth value T whenever either p or g or both
have the truth value T.

Example 8 Write the truth value of each of the following statements:
(i) IndiaisinAsiaor2+2=4.
(i) IndiaisinAsiaor2+2=>5.
(i) Indiaisin Europeor2+2=4.
(iv) IndiaisinEuropeor2+2=5.
Solution Inview of (D,) and (D,) above, we observe that only the last statement has
the truth value F as both the sub-statements “Indiaisin Europe” and “2 + 2 = 5" have

thetruth value F. The remaining statements (i) to (iii) havethetruth value T as at least
one of the sub-statements of these statements has the truth value T.

14.1.7 Negation An assertion that a statement fails or denial of a statement is called
the negation of the statement. The negation of a statement is generally formed by
introducing the word “not” at some proper place in the statement or by prefixing the
statement with “It is not the case that” or It is false that”.

The negation of a statement p in symbolic form iswritten as“~ p”.
Example 9 Write the negation of the statement
p: New Delhi isacity.

Solution The negation of pisgiven by

~p: New Delhi isnot acity
or ~ p: Itisnot the case that New Delhi isacity.
or ~p: Itisfasethat New Delhi isacity.
Regarding the truth value of the negation ~ p of a statement p, we have
(DY : ~ p has truth value T whenever p has truth value F.
(Dy :  ~ p has truth value F whenever p has truth value T.
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Example 10 Writethetruth value of the negation of each of the following statements:
() p: Every squareisarectangle.
(i) g:Theearthisastar.
(i) r:2+3<4
Solution Inview of (D) and (D), we observe that the truth value of ~p isF asthetruth

valueof pisT. Similarly, thetruth value of both ~qand ~r is T asthe truth value of both
statementsq andr isF.

14.1.8 Negation of compound statements

14.1.9 Negation of conjunction Recal that a conjunction p A g consists of two
component statements p and q both of which exist simultaneously. Therefore, the
negation of the conjunction would mean the negation of at |east one of the two component
statements. Thus, we have

(D,) : The negation of a conjunction p A q is the disjunction of the negation of
p and the negation of g. Equivalently, we write

~PArg=~pv~q
Example 11 Write the negation of each of the following conjunctions:
(a) ParisisinFranceand Londonisin England.
(b) 2+3=5and8<10.
Solution
(@) Writep: ParisisinFranceand g : London isin England.
Then, the conjunctionin (a) isgiven by p A q.
Now ~ p: Parisis not in France, and
~(: Londonisnot in England.
Therefore, using (D.), negation of p A g isgiven by
~(p A Q) = Parisisnot in France or London is not in England.
(b) Writep:2+3=5andq: 8<10.
Then the conjunctionin (b) isgivenby p A .
Now ~p:2+3#5and~(q:8 «10.
Then, using (D), negation of p A gisgiven by
—(prQ=(2+3#5)o0r (8 «£10)
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14.1.10 Negation of digunction Recall that adigunction p v qis consisting of two
component statements p and qwhich are such that either por q or both exist. Therefore,
the negation of the digunction would mean the negation of both pand qsimultaneously.
Thus, in symbolic form, we have

(Dy) : The negation of a disjunction p v q is the conjunction of the negation of p
and the negation of gq. Equivalently, we write

~(pva)=~pa~q
Example 12 Write the negation of each of the following disjunction :
(a) Ramisin Class X or Rahimisin Class XII.
(b) 7 isgreater than 4 or 6islessthan 7.
Solution
@ Let p :RamisinClassX and q: Rahimisin Class XII.
Thenthedigunctionin (a) isgivenby p v g.
Now ~p: RamisnotinClassX.
~q : RahimisnotinClassXII.
Then, using (D), negation of pv gisgiven by
~(p vQq):Ramisnotin Class X and Rahimisnot in Class XII.
(b) Writep : 7 isgreater than 4, and q: 6 islessthan 7.
Then, using (D,), negation of p v g isgiven by
~(p v Q) : 7isnot greater than 4 and 6 is not less than 7.

14.1.11 Negation of a negation Asaready remarked the negation is not aconnective
but a modifier. It only modifies a given statement and applies only to asingle simple
statement. Therefore, in view of (D) and (D,), for a statement p, we have

(D,) : Negation of negation of a statement is the statement itself. Equivalently, we
write

~(~p=p
14.1.12 The conditional statement Recall that if p and q are any two statements,
then the compound statement “if p then q” formed by joining p and q by a connective
‘if then’ iscalled aconditional statement or an implication and iswritten in symbolic
formasp — q or p= (. Here, p is called hypothesis (or antecedent) and q is called
conclusion (or conseguent) of the conditional statement (p = 0):
Remark The conditional statement p = g can be expressed in several different ways.
Some of the common expressions are :
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(& if p,thenq
(b) qifp
(c) ponlyifq
(d) pissufficient for q
(e) qis necessary for p.
Observe that the conditional statement p — q reflects the idea that whenever it is
known that pistrue, it will haveto follow that q is also true.
Example 13 Each of the following statements is also a conditional statement.
() If 2+2=5, then Rekhawill get an ice-cream.
(i) If you eat your dinner, then you will get dessert.
(iii)  If John works hard, then it will rain today.
(iv) IfABCisatriangle then Z A+ 2B+ £ C=180°.
Example 14 Expressin English, the statement p — g, where
p : itisraining today
q:2+3>4
Solution Therequired conditional statement is
“If it is raining today, then2 + 3 > 4"

14.1.13 Contrapositive of a conditional statement The statement “(~q) — (~p)” is
called the contrapositive of the statement p — q

Example 15 Write each of the following statements in its equivalent contrapositive
form:

(i) If my carisintherepair shop, then | cannot go to the market.

(i) If Karim cannot swim to the fort, then he cannot swim across the river.
Solution (i) Let“p: my car isintherepair shop” and “q : | can not go to the market”.
Then, the given statement in symbolic form isp — g. Therefore, its contrapositiveis
givenby ~q — ~p.

Now ~p: My carisnatin therepair shop.
and ~q: | cango tothe market
Therefore, the contrapositive of the given statement is
“If 1 can go to the market, then my car is not in the repair shop”.
(i) Proceeding onthelines of the solution of (i), the contrapositive of the statement
in(ii)is
“If Karim can swim across the river, then he can swim to the fort”.
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14.1.14 Converse of a conditional statement The conditional statement “q — p” is
called the converse of the conditional statement “p — q”

Example 16 Write the converse of the following statements
(i) fx<y,thenx+5<y+5
(i) 1fABCisan equilateral triangle, then ABC isanisoscelestriangle
Solution (i) Let
piXx<y
q:x+5<y+5
Therefore, the converse of the statement p — q is given by
“If x+5<y+5thenx<y
(i) Converse of the given statement is
“If ABC isan isoscelestriangle, then ABC isan equilateral triangle.”

14.1.15 The biconditional statement If two statements p and q are connected by
the connective‘if and only if’ then the resulting compound statement “pif and only if g’
is caled abiconditional of p andq and iswritten in symbolic form as p < q.

Example 17 Form the biconditional of the following statements:
p: Oneisless than seven
g: Two isless than eight

Solution Thebiconditional of p andq isgiven by “Oneislessthan seven, if and only
if two islessthan eight”.

Example 18 Trandatethefollowing biconditional into symbolic form:
“ABCisanequilateral triangleif and only if it isequiangular”.

Solution Letp : ABCisanequilateral triangle

and q: ABCisanequiangular triangle.

Then, the given statement in symbolic formisgivenby p <« q.

14.1.16 Quantifiers Quantifieres are the phrases like ‘ These exist’ and “for every”.
We come across many mathematical statement containing these phrases.
For example — Consider the following statements

p : For every prime number X, \/;( isan irrational number.

g : There exists atriangle whose al sides are equal.
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14.1.17 Validity of statements Validity of a statement means checking when the
statement istrue and when it is not true. This depends upon which of the connectives,
guantifiersand implication is being used in the statement.

(i)

(if)

(i)

Validity of statement with ‘ AND’

To show statement r : p A g istrue, show statement ‘p' istrue and statement ‘g
istrue.

Validity of statement with ‘OR’

To show statement r ; p v qistrue, show either statement ‘p’ istrue or statement

‘q istrue.

Validity of statement with “1f-then”

To show statement r : “If p then qistrue”’, we can adopt the following methods:

(a) Direct method : Assume pistrue and show q istrue, i.e,p = q.

(b) Contrapositive method : Assume ~(q is true and show ~p is true, i.e.,
~q=-p.

(c) Contradiction method : Assume that pistrue and q is false and obtain a
contradiction from assumption.

(d) By giving a counter example : To prove the given statement r is false we
give acounter example. Consider the follwoing statement.

“r : All prime numbers are odd”. Now the statement ‘r’ isfalseas 2 isa
prime number and it is an even number.

14.1.18 Validity of the statement with “If and only If” To show the statement
r: pif andonly if gistrue, we proceed as follows:

Step 1 Show if pistruethen qistrue.
Step 2 Show if gistrue then p istrue.

14.2 Solved Examples
Short Answer Type

Example 1 Which of the following statements are compound statements

0]
(ii)
(i)

“2 isboth an even number and a prime number”
“9isneither an even number nor a prime number”
“Ram and Rahim are friends”
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Solution

(i) The given statement can be broken into two simple statements “2 is an even
number” and “2 is aprime number” and connected by the connective ‘and’

(i) The given statement can be broken into two simple statements

“9isnot an even number” and “9 is not a prime number” and connected by the
connective ‘and’

(i) Thegiven statement can not be broken into two simple statements and hence it
is hot a compound statement.

Example 2 Identify the component statements and the connective in the following
compound statements.

(&) Itisrainingorthesunisshining.
(b) 2isapositive number or a negative number.
Solution
(& The component statements are given by
p:ltisraining
q: Thesunisshining
The connectiveis “or”
(b) The component statements are given by
p : 2 isapositive number
g : 2 isanegative number
The connectiveis‘or’
Example 3 Trandate the following statementsin symbolic form
() 2and 3 are prime numbers
(i) Tigersarefoundin Gir forest or Rajgji national park.
Solution

() The given statement can be rewritten as“2 is a prime number and 3 isa prime
number”.

Let p:2isaprimenumber
g : 3isaprime number
Then the given statement in symbolic formisp A g.
(i) The given statement can be rewritten as
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“Tigersarefound in Gir forest or Tigersarefound in Rajaji nhational park
Let p:Tigersarefoundin Gir forest
g:Tigersarefoundin Rajgji national park.
Then the given statement in symbolic formispv q.
Example 4 Write the truth value of each of the following statements.
(i) 9isaneveninteger or 9+ 1iseven.
(i) 2+4=60r2+4=7
(ii) Delhi isthe capital of Indiaand Islamabad is the capital of Pakistan.
(iv) Every rectangleis a square and every square is a rectangle.
(v) Thesunisastar or sunisa planet.

Solution Inview of (D,), (D,), (D,) and (D,), we observe that only statement (iv) has
truth value F asthe first component statement namely “every rectangleisasquare’ is
false.

Further, in statements (i), (ii) and (v) atleast one component statement istrue. Therefore,
these statements have truth value T.

Also, truth value of statement (iii) is T as both the component statements are true.
Example 5 Write negation of the statement
“Everyonewho livesin Indiaisan Indian”
Solution Let p : Everyone who lives in India is an Indian. The negation of this
statement is given by
~p: Itisfalsethat everyone who livesin Indiais an Indian.
or
~ p: Everyonewho livesin Indiais not an Indian.
Example 6 Write the negation of the following statements :
(@) p:Alltrianglesareequilateral triangles.
(b) q:9isamultipleof 4.
(c) r:Atrianglehasfour sides.
Solution
(&) We have
Itisfalsethat al triangles are equilateral triangles
or
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~ p: Threre exists atriangle which is not an equilateral triangles.
or

~ p: Not al triangles are equilateral triangles
(b) ~q:9isnotamultipleof 4.
(c) ~r:ltisfalsethat the triangle has four sides.

or
~r: Atriangle has not four sides.
Example 7 Write the negation of the following statements :

(i) SureshlivesinBhopal or helivesin Mumbai.
(i) x+y=y+xand?29isaprimenumber.

Solution
(i) Let
p : Suresh livesin Bhopal
and g: Sureshlivesin Mumbai

Thenthedigunctionin (i) isgivenby pv q.
Now ~p: Sureshdoesnotlivein Bhopal.
~(: Suresh doesnot livein Mumbai.
Therefore, using (D), negation of pv gisgiven by
~(pvQq): Suresh doesnot live in Bhopal and he does not live in Mumbai.
(i) Let p:x+y=y+x
and g: 29 isaprime number.
Then the conjunctionin (ii) isgivenby p A q.
Now ~p:X+yzy+X
and  ~(Q:29isnot aprime number.
Therefore, using (D,), negation of p A gisgiven by,
~(pAQ:x+y # y+xor29isnot aprime number.

Example 8 Rewrite each of the following statements in the form of conditional
statements :

(i) Mohan will be agood student if he studies hard.
(i) Ramesh will get dessert only if he eats his dinner.
(ii) When you sing, my ears hurt.
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A necessary condition for Indian team to win acricket match isthat the selection
committee selects an al-rounder.

(v) A sufficient condition for Tara to visit New Delhi is that she goes to the
Rashtrapati Bhawan.
Solution
() Thegiven statement is of the form “q if p”, where

p : Mohan studies hard.
g : Hewill be agood student.

It is an equivalent form (Remark (b) 14.1.12) of the statement “if p then q”. So the
equivaent formulation of the given statement is

“1f Mohan studies hard, then he will be agood student”.
(Here, note that in p he is replaced by Mohan and in g Mohan is replaced by he)

(i)

(i)

(iv)

(V)

The given statement is of the form

“ponlyif g’ whichisan equivalent form (Remark (c) 14.1.12) of the statement
“if pthenqg’. So, the equivalent formulation of the given statement is:

“1f Ramesh eats his dinner, then he will get dessert”

Here ‘when’ means the same as ‘if ' and so the equivalent formulation of the
given statementsis:

“If you sing, then my ears hurt”

The given statement is of the form “q is necessary for p” where
p : Indian team wins a cricket match

g : The selection committee selects an all-rounder

which is an equivalent form (Remark (e) 14.1.12) of “if p then q". So the
equivalent formulation of the given statement is

“1f theteamswins acricket match then sel ection committee selectsan al rounder.
The given statement is of the form “p is sufficient for q° where

p : Tara goes to Rashtrapati Bhawan
g : Shevisits New Delhi

which is an equivalent form (Remark (d) 14.1.12) of “if p, then ", so the
equivalent formulation of the given statement is

“If Tara goes to Rashtrapati Bhawan, then she visits New Delhi”.
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Example 9 Expressin English, the statementp — g, where
p : Itisraining today
q:2+3>4
Solution The conditional statement is
“If itisraining today, then 2 + 3> 4",
Example 10 Trandate the following statementsin symbolic form:
Ifx=7andy=4"thenx+y=11.
Solution Letp:x=7andy=4andq:x+y=11
Then the given statement is symbolic formisp — q
Example 11 Form the biconditional of the following statements :
p : Today is 14" of August
g : Tomorrow is Independence day
Solution The biconditional p <» gqisgiven by
“Today is 14% of August if and only if tomorrow is Independence Day”.
Example 12 Tranglatethefollowing biconditional into symbolic form:
“ABCisan equilatera triangleif and only if its each interior angle is 60°”
Solution Let p: ABCisan equilateral triangle
and q: Eachinterior angle of triangleABC is 60°
Then the given statement in symbolic formisp < q.
Example 13 ldentify the quantifiersand write the negation of thefollowing statements
() There exists anumber which is equal to its square.
(i) For al evenintegersx, X isalso even.
(ii) There existsanumber which isamultiple of 6 and 9.
Solution (i) The quantifier is*“there exists” and the negation is
“There does not exist a number which is equal to its square”
(i) Thequantifieris“for al” and the negationis
“There exists an even integer x such that x* is not even”
(i) Thequantifier is“there exists’ and the negationis
“There does not exist a number which is amultiple of both 6 and 9”.
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Example 14 Show that the following statement is true.
p : For any real numbersx, yifx=y,then2x+a=2y+awhenae Z.

Solution We prove the statement ‘p’ is true by contrapositive method and by Direct
Method.

Direct Method for any real number X, y given
X=Yy

= 2X=2

= 2x+a=2y+ aforsomeac Z.

Contrapositve Method The contrapositive statement of ‘p’ is“For any real numbers
X, yif 2x+a=# 2y+ a, whereae Z, thenx#y.

Given X+az2y+a
= X #2y
= X#Y

Example 15 Check the validity of the statements

(i) r:100isamultipleof 4and5.

(i) s:60isamultipleof 3or 5.

Solution (i) Let p:ras

where r:“100isamultiple of 4" istrue
s:“100isamultipleof 5" istrue
Hencep istrue.

(i) Letqg:rV s where
r:“60isamultipleof 3", istrue.
s:“60isamultipleof 57, istrue.
Henceq istrue.

Objective Type Questions

Choose the correct answer out of the four options given against each of the Examples
16 to 18 (M.C.Q.).

Example 16 Which of the following is a statement?

(A) Roses are black.

(B) Mindyour own business.

(C) Bepunctual.

(D) Donottell lies.
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Solution (A) is the correct answer as the sentences in (B), (C) and (D) are neither
true nor false. Infact all these sentences are advices.

Example 17 The negation of the statement
“Itisraining and weather iscold.” is

(A) Itisnot raining and wesather is cold.

(B) Itisraining or weather is not cold.

(C) Itisnot raining or weather isnot cold.
(D) Itisnot raining and weather is not cold.

Solution (C) isthe correct answer asit satisfies (D.). The options (A), (B) and (D)
do not setisfy (D).

Example 18 Which of the following is the converse of the statement ?
“1f Billu secure good marks, then he will get abicycle.”

(A) If Billuwill not get bicycle, then hewill not secure good marks.
(B) If Billuwill get abicycle, then hewill secure good marks.

(C) If Billuwill get abicycle, then hewill not secure good marks.

(D) If Billuwill not get abicycle, then he will secure good marks.

Solution (B) isthe correct answer since the statement g — p is the converse of the
statement p — Q.

| 14.3 EXERCISE |
Short Answer Type

1. Which of the following sentences are statements? Justify

) A triangle has three sides.
(i) 0 isacomplex number.
(iii) Sky isred.

(iv) Every setisaninfinite set.
(v) 15+8>23.

(vi) y+9=7.

(vii) Where is your bag?

(viii) Every square is arectangle.

(ix) Sum of opposite angles of acyclic quadrilateral is 180°.
(x) sin’x + cos’x = 0
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Find the component statements of the following compound statements.

(@) Number 7 is prime and odd.

(i) Chennai isin Indiaand isthe capital of Tamil Nadu.

(iii) Thenumber 100 isdivisibleby 3, 11 and 5.

(iv) Chandigarh is the capital of Haryana and U.P.

(v) ﬁ isarational number or anirrational number.

(vi) 0 islessthan every positive integer and every negative integer.

(vii) Plants use sunlight, water and carbon dioxide for photosynthesis.
(viii) Two linesin aplane either intersect at one point or they are parallel.
(iX) A rectangleisaquadrilateral or a5 - sided polygon.

Write the component statements of the following compound statements and
check whether the compound statement is true or false.

0] 57isdivisibleby 2 or 3.

@iy  24isamultipleof 4 and 6.

@)  All living things have two eyes and two legs.
(iv)  2isaneven number and a prime number.
Write the negation of the following simple statements
() The number 17 isprime.

(i) 2+7=6.

@iy  Violetsareblue.

(iv) «f5 isarational number.

(v)  2isnotaprime number.

(vi) Every real number isanirrational number.

(viiy Cow hasfour legs.

(viii) A leap year has 366 days.

(ix)  All similar triangles are congruent.

(x)  Areaof acircle is same as the perimeter of the circle.
Trandate thefollowing statementsinto symbolic form

) Rahul passedinHindi and English.

(i) xandy are even integers.

@iy 2,3 and 6 arefactors of 12.
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(iv) Either x or x + 1 isan odd integer.
(V) A number iseither divisibleby 2 or 3.
(vi) Either x =2 or x=3isaroot of 3x?—x—-10=0

(vii) Students can take Hindi or English as an optional paper.
Write down the negation of following compound statements

) All rational numbers are real and complex.

(i) All real numbersarerationalsor irrationals.

(iii) x = 2 and x = 3 are roots of the Quadratic equation x2—5x + 6 = 0.
(iv) A triangle has either 3-sides or 4-sides.

(v) 35 isaprime number or a composite number.

(vi) All prime integers are either even or odd.

(vii) |X|is equal to either x or —x.

(viii) 6isdivisibleby 2 and 3.
Rewrite each of the following statementsin the form of conditional statements

(@) The square of an odd number is odd.
(i) You will get a sweet dish after the dinner.
(iii) Youwill fail, if youwill not study.
(iv) Theunit digit of anintegerisOor 5if itisdivisible by 5.
(V) The square of a prime number is not prime.
(vi) 2b=a+c,ifabandcaein A.P.
Form the biconditional statement p < q, where
() p : Theunit digit of an integer is zero.
g:Itisdivisibleby 5.
(i) p :A natural number nis odd.
g : Natural number nisnot divisible by 2.
(iii) p : Atriangleisan equilateral triangle.

g : All three sides of atriangle are equal.
Write down the contrapositive of the foll owing statements:
(@) Ifx=yandy=3,thenx=3.
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10.

11.

(1)
(i)
(iv)
V)
(vi)
(vii)

If nisanatural number, then nis an integer.

If all three sidesof atriangleareequal, thenthetriangleisequilateral.
If x and y are negative integers, then xy is positive.

If natural number nisdivisible by 6, then nisdivisibleby 2 and 3.

If it snows, then the weather will be cold.

If xisarea number such that 0 < x < 1, then x> < 1.

Write down the converse of following statements :

0)
(i)
(i)
(iv)
V)
(vi)
(vii)
(viii)
(ix)

If arectangle ‘R’ isasquare, then R is arhombus.
If today is Monday, then tomorrow is Tuesday.
If you go toAgra, then you must visit Tgj Mahal.

If the sum of squares of two sides of atriangle is equal to the square of
third side of atriangle, then the triangleisright angled.

If al three angles of atriangle are equal, then the triangleis equilateral.
If x:y=3:2, then 2x=3y.

If Sis a cyclic quadrilateral, then the opposite angles of S are
supplementary.

If X is zero, then xis neither positive nor negative.

If two triangles are similar, then theratio of their corresponding sidesare
equal.

Identify the Quantifiersin the following statements.

(i)
(if)
(i)
(iv)
v)
(vi)
(vii)
(viii)
(ix)
)

There exists atriangle which isnot equilateral.

For al real numbersx andy, xy = yx.

There exists areal number which is not arational number.

For every natural number x, x + 1 isaso anatural number.

For al real numbersx with x > 3, x? is greater than 9.

There exists atriangle which is not an isosceles triangle.

For al negative integers x, X® is also a negative integers.

There exists a statement in above statements which is not true.
There exists a even prime number other than 2.

There exists areal number x such that x>+ 1 = 0.
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13.

14.

15.
16.
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Prove by direct method that for any integer ‘n’, n* —n is always even.
[Hint: Two cases (i) niseven, (ii) nisodd.]

Check thevalidity of thefollowing statement.

(@) p:125isdivisibleby 5and7.

(i) g:13lisamultipleof 3 or 11.

Prove the following statement by contradication method.

p : Thesum of anirrational number and arational number isirrational.
Prove by direct method that for any real numbersx, y if x =y, then x2 = y2,

Using contrapositive method provethat if n2Zisan eveninteger, thennisasoan
even integers.

Objective Type Questions
Choose the correct answer out of the four options given against each of the Exercises

17.

18.

19.

17 to 36 (M.C.Q.).

Which of the following is a statement.
(A) xisarea number.

(B) Switch off the fan.

(C) 6 isanatural number.

(D) Let me go.

Which of the following is not a statement
(A) Smokingisinjuriousto health.
(B)2+2=4

(C) 2isthe only even prime number.
(D) Come here.

The connective in the statement
“2+7>9 0r 2+7<9"is

(A) and

(B) or

©>

(D) <
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20.

21.

22.

23.

24.
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The connective in the statement

“Earth revolves round the Sun and Moon is a satellite of earth” is

(A) or

(B) Earth

(C) Sun

(D) and

The negation of the statement

“Acircleisandlipse’ is

(A)Aneéllipseisacircle.

(B) Ané€llipseisnot acircle.

(C) Acircleisnot an elipse.

(D)A circleisan ellipse.

The negation of the statement

“7 isgreater than 8" is

(A) 7isequal to 8.

(B) 7 isnot greater than 8.

(C) 8islessthan 7.

(D) none of these

The negation of the statement

“72isdivisibleby 2and 3" is

(A) 72isnotdivisibleby 2 or 72isnot divisible by 3.
(B) 72isnotdivisibleby 2and 72isnot divisibleby 3.
© 72isdivisibleby 2and 72isnot divisibleby 3.
(D) 72isnot divisibleby 2and 72isdivisibleby 3.
The negation of the statement

“Plants take in CO, and give out O,” is

(A) Plants do not take in CO, and do not give out O,
(B) Plants do not take in CO, or do not give out O,.
© Plants take in CO, and do not give out O,

(D) Plants take in CO, or do not give out O,.



25.

26.

27.

28.

29.
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The negation of the statement
“Rajesh or Rajni livedin Bangalore” is

(A) Rajesh did not livein Bangalore or Rajni livesin Bangalore.
(B) Rajesh livesin Bangalore and Rajni did not livein Bangalore.
© Rajesh did not livein Bangalore and Rajni did not livein Bangalore.

(D) Rajesh did not livein Bangalore or Rgjni did not livein Bangalore.
The negation of the statement
“101lisnotamultipleof 3" is

(A) 101 isamultipleof 3.
(B) 101 isamultipleof 2.
© 101 isan odd number.
(D) 101 is an even number.

The contrapositive of the statement
“If 7 is greater than 5, then 8 is greater than 6” is

(A) If 8 is greater than 6, then 7 is greater than 5.

(B) If 8 isnot greater than 6, then 7 is greater than 5.
© If 8 isnot greater than 6, then 7 is not greater than 5.
(D) If 8isgreater than 6, then 7 is not greater than 5.

The converse of the statement
“If x>y, thenx+a>y+a’is

(A) Ifx<ythenx+a<y+a.
(B) If x+a>y+a,thenx>y.
© Ifx< vy thenx+a>y+ a
(D) Ifx> vy, thenx+a<y+ a

The converse of the statement
“If sunisnot shining, then sky isfilled with clouds” is

(A) If sky isfilled with clouds, then the sunis not shining.
(B) If sunisshining, then sky isfilled with clouds.
© If sky isclear, then sun is shining.

(D) If sunisnot shining, then sky isnot filled with clouds.
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30.

31.

32.

33.

34.
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The contrapositive of the statement

“If p,thenq’, is

(A) If q, thenp.

(B) If p, then~q.

© If ~q,then ~p.

(D) If ~p,then~q.

The statement

“If x2is not even, then x is not even” is converse of the statement
(A) If x2is odd, then x is even.

(B) If x is not even, then x? is not even.
(© If x is even, then x?is even.

(D) If X is odd, then x?is even.

The contrapositive of statement
‘If Chandigarhiscapital of Punjab, then ChandigarhisinIndia is

(A) If Chandigarhisnot in India, then Chandigarh is not the capital of
Punjab.

(B) If Chandigarhisin India, then Chandigarh is Capital of Punjab.

© If Chandigarh isnot capital of Punjab, then Chandigarh is not capital
of India.

(D) If Chandigarh is capital of Punjab, then Chandigarhisnot in India

Which of the following isthe conditional p — q?

(A) g issufficient for p.

(B) p is necessary for g.

© p only if g.

(D) if g, then p.

The negation of the statement “ The product of 3and 4is9” is

(A) It isfalse that the product of 3and 4is9.

(B) The product of 3and 4is12.

© The product of 3and 4 isnot 12.

(D) It isfalse that the product of 3 and 4 isnot 9.
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35.  Which of thefollowing is not a negation of
“A natural number is greater than zero”

(A) A natural number is not greater than zero.
(B) It isfalse that a natural number is greater than zero.
© It isfalse that a natural number is not greater than zero.

(D) None of the above
36. Which of the following statement isaconjunction ?
(A) Ram and Shyam are friends.

(B) Both Ram and Shyam are tall.
© Both Ram and Shyam are enemies.
(D) None of the above.
37. State whether the following sentences are statements are not :
) The angles opposite to equal sides of atriangle are equal.
(i) The moon is a satellite of earth.
(iii) May God bless you!
(iv) Asiaisacontinent.
(V) How are you?

e O L ——



Chapter 15

(STATISTICS)

15.1 Overview
In earlier classes, you have studied measures of central tendency such as mean, mode,
median of ungrouped and grouped data. |n addition to these measures, we often need

to calculate a second type of measure called a measur e of dispersion which meas-
ures the variation in the observations about the middle value— mean or median etc.

This chapter is concerned with some important measures of dispersion such as

mean deviation, variance, standard deviation etc., and finally analysis of frequency
distributions.

15.1.1 Measures of dispersion

(a)

(b)

RangeThe measure of dispersion which is easiest to understand and easiest to
calculate is the range Range is defined as:

Range = Largest observation — Smallest observation

Mean Deviation

(i) Mean deviation for ungrouped data:

For n observationx , X,, ..., X, the mean deviation about their mean X is
given by

D% =%

MD(X)= —pf— D

M ean deviation about their median M isgiven by

D% -M]|
MDM)= —— )

(i) Mean deviation for discrete frequency distribution
Let the given data consist of discrete observationsx,, X,, ... , X occurring with
frequenciesf,, f,, ..., T, respectively. In this case

y Iy



(c)

(d)

(e)

(f)
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MD__Zfilm—Yl D filx —X| 5
D(X)= ST N 3

f |x —M

N
whereN = > ;.

(iii) Mean deviation for continuous frequency distribution (Grouped data).

f I —X|
M.D (%) = ZT ©)

fIx—M
M.D (M) = % (6)

where x are the midpoints of the classes, X and M are, respectively, the mean
and median of thedistribution.

Variance: Let x;, X,, ..., X, be n observations with X as the mean. The variance,
denoted by 6°, isgiven by

1
= =2, (4 =% (7)

Standard Deviation: If 62isthevariance, then o, iscalled the standard deviation,

isgiven by
1
= \’EZ(& -X)?

Standard deviation for a discrete frequency distribution is given by

o= \/%Z f (% —X)? 9)

(8)

n
where s are the frequencies of x’ sand N = > i

i=1
Standard deviation of a continuous frequency distribution (grouped data)
isgiven by
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(9)

1
o= \/NZfi (% ~%)? (10)

where X, are the midpoints of the classes and f; their respective frequencies,
Formula (10) issame as

6= ﬁ \/szixiz_(zfi)ﬁ)z (1)

Another formulafor standard deviation :
%~ N \/NE fiyiz_(i fi Yi) (12)

—A
where his the width of class intervals and y = X'T and A is the assumed

mean.

15.1.2 Coefficient of variation It is sometimes useful to describe variability by
expressing the standard deviation as a proportion of mean, usually a percentage. The
formulafor it as a percentageis

Stendard deviation y
Mean

Coefficient of variation = 100

15.2 Solved Examples

Short Answer Type

Example 1 Find the mean deviation about the mean of the following data:

Solution Mean =

M.D. (X) =

Size (X): 1 | 3|5 | 7|9 |n|13|1s

Frequency (f): | 3 3 4 14 7 4 3 4

< _ 2 fiX 3+9+20+98+63+44+39+60 _ 336 _g
Do f 42 42

Zfi [ — 7<|_ A7N+35+4Q3)+14D) +7() + 4(3) + 3(5) + 4(7)
>t 42
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_21+15+12+14+ 7+12+15+ 28_6_2 — 205
B 42 21 7

Example 2 Find the variance and standard deviation for the following data:
57,64, 43, 67,49, 59, 44, 47, 61, 59

57+ 64+43+67+49+ 59+61+59+44+47_£0_55

Solution Mean (X) =
10 10

_¥\2
Variance (0?) = Z(XiTX)

22+ 924122+ 122 + 6% + 42+ 6° + 42 +11% + &
10

662
= — =06.2
10 %

Standard deviation (6) =4o2 = [66.2 =8.13

Example 3 Show that the two formul ae for the standard deviation of ungrouped data.

2 2
J n J n

are equivalent.

> (6 —2% % +X%)
SR Y -2%X% + Y X2
>R -2%> % +(%)*1

> ¥ —2% (nX)+ nX?

Solution Wehave — >.(% —X)?

ZXZ _ nyZ
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J

Dividing both sides by n and taking their square root, we get 6 = ¢’.

Example 4 Caculate variance of the following data :

Class interval Frequency
4-8 3
8-12 6
12- 16 4
16- 20 7
o DfX 3x6+6x10+4x14+7x18
Mean (X) =—= =13
f; 20
fi (X =X)?  3(-7)2 +6(=3)2 + 4(1) + 7(5)?
Solution Variance (69 = 2 fo _3(EN" +6( )20+ @D+ 705)
_ 147454444175 o
20

Long Answer Type

Example5 Calculate mean, variation and standard deviation of thefollowing frequency
digtribution:

Classes Frequency
1-10 u
10- 20 29
20-30 18
30-40 4
40 - 50 5
50 - 60 3
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Solution LetA, the assumed mean, be 25.5. Here h=10

Classes X; y, = )('_1—355 f fy, fy?
1-10 5.5 —2 n 22 44
10- 20 15,5 -1 29 -29 29
20-30 255 0 18 0 0
30- 40 355 1 4 4 4
40-50 455 2 5 10 20
50 - 60 35.5 3 3 © 27
70 —-28 124

X= 'S " 70

Mean =X = 25.5 + (—10) (0.4) = 21.5

fy _
2 -8,

2

Variance (02) = [%\/NZfiyf—(Z fiyi)z}

x10
70x70

[70(124) — (-28)7]

70(124)_ 28 x 28 _ 1240—16=161
7x7 7x7 7

SD. (06) = \161=127
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Example 6 Life of bulbs produced by two factoriesA and B are given below:

Length of life Factory A Factory B
(in hours) (Number of bulbs) (Number of bulbs)
550 - 650 10 8
650 - 750 22 60
750 - 850 52 24
850 - 950 20 16
950 - 1050 16 12
120 120

The bulbs of which factory are more consistent from the point of view of length of life?

Solution Hereh =100, let A (assumed mean) = 800.

X —A
Length of life| Mid values(x) y.= '10 Factory A Factory B
(in hour) ooty fy? ooty fy?
550 - 650 600 -2 10 —20 40 8 -16 32
650 - 750 700 -1 2 22 22 60 —60 60
750 - 850 800 0 52 0 0 24 0 O
850 - 950 900 1 20 20 20 16 16 16
950 - 1050 1000 2 16 32 64 12 24 48
120 10 146 120 -36 156
For factory A
- 0
Mean (X) = 800+ —x100=816.67 hours
120
100
S.D. = —+/120(146) —100 =109.98

120
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S.D. 109.98

Therefore, Coefficient of variation (C.V.) = —— x 100= x100=1347
X 816.67

For factory B

Mean = 800+( 36)100 770
120

100

SD. = leo (156) — (~36)% = 110
Therefore, Coefficient of variation = S—D 100 = £O x100=14.29
Mean 770

Since C.V. of factory B > C.V. of factory A = Factory B has more variability which
means bulbs of factory A are more consistent.
Objective Type Questions

Choose the correct answer out of the four options given against each of the Examples
7t09 (M.C.Q)).

Example 7 The mean deviation of thedata 2, 9, 9, 3, 6, 9, 4 from the mean is
(A) 223 (B) 2.57 (C) 323 (D) 357
Solution (B) is the correct answer
DU%-X| 443+3+3+0+3+2
7

Example8 Varianceof thedata2, 4, 5, 6, 8, 171s23.33. Thenvariance of 4, 8, 10, 12,
16, 34 will be

(A) 23.23 (B) 2533 (C) 46.66 (D) 48.66

M.D. (%) = =257

Solution (C) isthe correct answer. When each observation is multiplied by 2, then
varianceisalso multiplied by 2.

Example 9 A set of n values x;, X,, ..., X has standard deviation 6. The standard

1! 727
deviation of n valuesx_ +Kk, X, + k ..., X + k will be

(A) o (B) o +k (C) 6 —k (D) ko

Solution (A) iscorrect answer. If each observation isincreased by a constant k, then
standard deviation isunchanged.
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15.3 EXERCISE

Short Answer Type

1. Findthe mean deviation about the mean of the distribution:

Size 20 21 22 23 | 24

Frequency 6 4 5 1 4

2. Findthe mean deviation about the median of thefollowing distribution:
Marks obtained 10 u 12 | 14 15

No. of students 2 3 8 3 4

3. Calculatethe mean deviation about the mean of the set of first n natural numbers
when nis an odd number.

4. Calculatethe mean deviation about the mean of the set of first n natural numbers
when nis an even number.
5. Find the standard deviation of the first n natura numbers.

6. Themean and standard deviation of some data for the time taken to complete a
test are calculated with the following results:

Number of observations = 25, mean = 18.2 seconds, standard deviation = 3.25
seconds.

Further, another set of 15 observations Xy Koy weey X also in seconds, is now

15 15
available and we have 2. % =279 and 2% =5524 Calculate the standard
= =

derivation based on all 40 observations.
7. The mean and standard deviation of a set of n, observations are X, and s,
respectively while the mean and standard deviation of another set of n,

observationsare X, and s,, respectively. Show that the standard deviation of the
combined set of (n + n.) observationsis given by

Do ‘/nl(sl)z £ ,(8)° | Ny (%-%)°

2
n +n, (n,+ny)
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11.

12.

13.

14.

15.
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Two sets each of 20 observations, have the same standard derivation 5. Thefirst
set has amean 17 and the second a mean 22. Determine the standard deviation
of the set obtained by combining the given two sets.

Thefrequency distribution:

X A 2A 3A 4A 5A 6A

f 2 1 1 1 1 1

whereA is apositive integer, has a variance of 160. Determine the value of A.
For the frequency distribution:

X 2 3 4 5 6 7

f 4 9 16 14 u 6

Find the standard distribution.
There are 60 studentsin a class. The following is the frequency distribution of
the marks obtained by the studentsin a test:

Marks 0 1 2 3 4 5

Frequency | x-2 X | (x+1)? | 2 | x+1

where x is a positive integer. Determine the mean and standard deviation of the
marks.

Themean life of asample of 60 bulbswas 650 hours and the standard deviation
was 8 hours. A second sample of 80 bulbs has a mean life of 660 hours and
standard deviation 7 hours. Find the overall standard deviation.

Mean and standard deviation of 100 items are 50 and 4, respectively. Find the
sum of al the item and the sum of the squares of the items.

If for adistribution Y (x-5)=3, ¥" (x~5)*=43 and thetotal number of itemis
18, find the mean and standard deviation.
Find the mean and variance of the frequency distribution given below:

X 1<x<3 3<x<5 5<xk7 | 7<x<10

f 6 4 5 1
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Long Answer Type

16. Calculate the mean deviation about the mean for the following frequency
distribution:

Class interval | 0-4 | 4-8 | 8-12 |12-16 | 16-20

Frequency 4 6 8 5 2

17. Cadculate the mean deviation from the median of the following data:

Class interval 0-6 6-12 | 12-18 | 18-24 | 24-30

Frequency 4 5 3 6 2

18. Determinethe mean and standard deviation for the following distribution:

Marks 21(3/4,5/ 6,7 8|9|10/ 1112|1314 15 |16

Frequency |1 |6| 6| 8] 8| 2| 2|3| 0| 2( 1| 0] Of O 1

19. Theweights of coffeein 70 jarsis shown in the following table:

Weight Frequency
(in grams)
200-201 13
201 - 202 27
202 - 203 18
203-204 10
204 - 205 1
205 - 206 1

Determine variance and standard deviation of the above distribution.

20. Determine mean and standard deviation of first n terms of an A.P whose first
term is a and common differenceis d.



21.

22.

23.
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Following are the marks obtained, out of 100, by two students Ravi and Hashina
in 10 tests.

Ravi 25 50 45 30 70 42 36 48 35 60
Hashina 10 70 50 20 95 55 42 60 48 80

Who ismoreintelligent and who is more consistent?

Mean and standard deviation of 100 observations were found to be 40 and 10,
respectively. If at the time of calculation two observations were wrongly taken
as30and 70in place of 3and 27 respectively, find the correct standard deviation.

While cal culating the mean and variance of 10 readings, a student wrongly used

the reading 52 for the correct reading 25. He obtained the mean and variance as
45 and 16 respectively. Find the correct mean and the variance.

Objective Type Questions

Choose the correct answer out of the given four optionsin each of the Exercises 24 to
39 (M.C.Q)).

24,

25.

26.

27.

The mean deviation of the data 3, 10, 10, 4, 7, 10, 5 from the mean is
(A) 2 (B) 257 < 3 (D) 375

Mean deviation for n observations x;, x,, ..., x, from their mean X is given by

. - 1< -
(A) ;(Xi_x) (B) F;|xi—x|
. - 1< -
© X(x-% © 2%’

When tested, the lives (in hours) of 5 bulbs were noted as follows:
1357,1090, 1666, 1494, 1623

The mean deviations (in hours) from their meanis

(A) 178 (B) 179 (©) 220 (D) 356
Following are the marks obtained by 9 studentsin a mathematics test:

50, 69, 20, 33, 53, 39, 40, 65, 59

The mean deviation from themedianis:

(A) 9 (B) 105 (C) 1267 (D) 1476
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28.

29.

30.

31.

32.

33.

34.

35.

The standard deviation of thedata 6, 5, 9, 13, 12, 8, 10is

52 52
(A) \/; ® = © 6 (D) 6

Letx, X, ..y X, ben observations and X be their arithmetic mean. The
formulafor the standard deviation is given by

(B) Z(Xi —%X)

n

, _%)2 2
(©) _Z(Kn il (D) zn)g +X°

The mean of 100 observationsis 50 and their standard deviation is 5. The sum
of al squares of all the observationsis

(A) 50000 (B) 250000 (C) 252500 (D) 255000
Let a, b, ¢ d, e be the observations with mean m and standard deviation s.
The standard deviation of the observationsa+ k, b+ k, c+k, d+k, e+ kis

(A) > (x%-%)?

S

(A) s (B) ks (C) s+k (D) K
Let X, X,, X5, X,, X be the observations with mean m and standard deviation s.
The standard deviation of the observations kx,, kx,, kx;, kx,, kx; is

(A) k+s (B) (C) ks (D) s

S
k
Let X, X, ... X ben observations. Let w = le +kfori=1, 2, ..n, wherel
and k are constants. If the mean of x’s is 48 and their standard deviation is 12,
the mean of w.’ sis 55 and standard deviation of w;’sis 15, the values of | and

k should be

(A) 1=125k=-5 (B) I=-125k=5

(C) I=25k=-5 (D) 1=25k=5

Standard deviationsfor first 10 natural numbersis

(A) 55 (B) 3.87 (C) 297 (D) 287

Consider thenumbers 1, 2, 3,4, 5, 6, 7, 8, 9, 10. If 1 isadded to each number,
the variance of the numbers so obtained is



36.

37.

38.

39.
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(A) 6.5 (B) 287 (C) 387 (D) 825
Consider thefirst 10 positive integers. If we multiply each number by -1 and
then add 1 to each number, the variance of the numbers so obtained is

(A) 825 (B) 6.5 (C) 387 (D) 287

Thefollowing information relatesto asample of size 60: Z x? = 18000,

D x=960

The varianceis

(A) 6.63 (B) 16 (© 22 (D) 44
Coefficient of variation of two distributions are 50 and 60, and their arithmetic
means are 30 and 25 respectively. Difference of their standard deviation is

(A) O B) 1 (©) 15 (D) 25
The standard deviation of some temperature data in °C is 5. If the data were
converted into °F, the variance would be

(A) 81 (B) 57 (C©) 36 (D) 25

Fill inthe blanksin Exercisesfrom 40 to 46.

40.

41.

42.
43.

44.

45.
46.

x100

Coefficient of variation = M

n
If X isthe mean of n values of x, then ) (% = X) is always equal to
i=1
3 2
If a has any value other than X, then X, (% —X)* is than
i=1
> (% —a)?
If thevariance of adatais 121, then the standard deviation of the datais
The standard deviation of adatais of any changein orgin, but is
on the change of scale.
The sum of the squares of the deviations of thevaluesof thevariableis

when taken about their arithmetic mean.

The mean deviation of the datais when measured from the median.
Thestandard deviationis to the mean deviation taken from the arithmetic
mean.

e O L ——



Chapter 16
PROBABILITY

16.1 Overview

Probability isdefined as aquantitative measure of uncertainty —anumerical valuethat
conveysthe strength of our belief in the occurrence of an event. The probability of an
eventisawaysanumber between 0 and 1 both O and 1inclusive. If an event’s probability
isnearer to 1, the higher isthelikelihood that the event will occur; the closer theevent's
probability to 0, the smaller is the likelihood that the event will occur. If the event
cannot occur, its probability is 0. If it must occur (i.e., its occurrence is certain), its
probability is 1.

16.1.1 Random experiment An experiment is random means that the experiment
has more than one possible outcome and it is not possible to predict with certainty
which outcomethat will be. For instance, in an experiment of tossing an ordinary coin,
it can be predicted with certainty that the coin will land either heads up or tails up, but
itisnot known for sure whether heads or tailswill occur. If adieisthrown once, any of
thesix numbers,i.e, 1, 2, 3, 4, 5, 6 may turn up, not sure which number will come up.

(i) Outcome A possible result of a random experiment is called its outcome for
exampleif the experiment consists of tossing a coin twice, some of the outcomes
are HH, HT etc.

(i) Sample Space A sample space is the set of all possible outcomes of an
experiment. In fact, it isthe universal set S pertinent to a given experiment.
The sample space for the experiment of tossing a coin twice is given by

S= {HH,HT, TH, TT}
The sample space for the experiment of drawing a card out of a deck isthe set of all
cards in the deck.
16.1.2 Event Aneventis a subset of a sample space S. For example, the event of
drawing an ace from adeck is
A ={Ace of Heart, Ace of Club, Ace of Diamond, Ace of Spade}

16.1.3 Types of events

(i) Impossibleand Sure Events The empty set ¢ and the sample space S describe

events. In fact ¢ is called an impossible event and S, i.e., the whole sample
space is called a sure event.
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(ii) Simple or Elementary Event If an event E has only one sample point of a
sample space, i.e., a single outcome of an experiment, it is called a simple or
elementary event. The sample space of the experiment of tossing two coinsis
given by

S={HH, HT, TH, TT}

Theevent E, = {HH} containing asingle outcome HH of the sample space Sis
asimple or elementary event. If one card is drawn from a well shuffled deck,
any particular card drawn like ‘ queen of Hearts' is an elementary event.

(iii) Compound Event If an event has more than one sample point it is caled a
compound event, for example, S = {HH, HT} is acompound event.

(iv) Complementary event Given an event A, the complement of A is the event
consisting of all sample space outcomesthat do not correspond to the occurrence
of A.

The complement of Aisdenoted by A’ or A . Itisalso called the event ‘notA’. Further
P( A ) denotes the probability that A will not occur.

A=A =S-A={w:we Sandw ¢A}
16.1.4 Event‘Aor B' If Aand B aretwo events associated with same sample space,

then the event *A or B’ is same as the event A U B and contains all those elements
which areeitherinA orin B or in both. Further more, P (AUB) denotesthe probability

that A or B (or both) will occur.

16.1.5 Event ‘A and B’ If A and B are two events associated with a sample space,
then theevent ‘A and B’ issameastheevent A n B and containsall those elementswhich
arecommonto both A and B. Further more, P(A N B) denotes the probability that both
A and B will simultaneously occur.

16.1.6 The Event ‘A but not B" (Difference A—B) Anevent A—B isthe set of al
those elements of the same space Swhich areinA but notinB,i.e,A—B=AnNB".
16.1.7 Mutually exclusive Two events A and B of a sample space S are mutually
exclusive if the occurrence of any one of them excludes the occurrence of the other
event. Hence, thetwo eventsA and B cannot occur simultaneoudly, and thus P(ANB) = 0.
Remark Simpleor elementary events of asample space are dways mutually exclusive.
For example, the elementary events{ 1}, {2},{3},{4}, {5} or {6} of the experiment of
throwing adice are mutually exclusive.

Consider the experiment of throwing a die once.

The events E = getting a even number and F = getting an odd number are mutually
exclusive events because E N F = ¢.
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Note For agiven sample space, there may be two or more mutually exclusive events.
16.1.8 Exhaustive events If E, E,, ..., E are nevents of a sample space S and if

n
E,UE,UE,U..UE = LE =s

i=l
then E,, E,, ..., E, are called exhaustive events.

In other words, events El, Ez, En of asample space S are said to be exhaustive if
atleast one of them necessarily occur whenever the experiment is performed.

Consider the example of rolling adie. We have S={1, 2, 3, 4, 5, 6}. Define the two

events A : ‘anumber less than or equal to 4 appears.’
B : ‘“anumber greater than or equal to 4 appears.’
Now A:{1,23,4,B={4,5,6}

AuB={123456}=S
Such events A and B are called exhaustive events.

16.1.9 Mutually exclusive and exhaustive events If E;, E,, ..., E, are n events of
asample space Sand if E N E =¢ foreveryi # j, i.e,, E and E are pairwise disjoint

andUEi =S thentheeventsE, E ..., E_arecalled mutually exclusive and exhaustive

b 1
i-1 v2

events.
Consider the exampleof rolling adie.
We have S={1,2, 34,56}
Let us define the three events as
A = anumber which is a perfect square
B = aprime number
C = anumber which is greater than or equal to 6
Now A={1,4}, B={23,5,C={6}

Notethat A UB U C={1,2 34,5, 6} =S. Therefore, A, B and C are exhaustive
events.

Also AnB=BnNnC=CnA=¢
Hence, the events are pairwise disjoint and thus mutually exclusive.

Classica approach is useful, when all the outcomes of the experiment are equally
likely. We can use logic to assign probabilities. To understand the classical method
consider the experiment of tossing a fair coin. Here, there are two equally likely
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outcomes - head (H) and tail (T). When the elementary outcomes are taken as equally
likely, we have a uniform probablity model. If there are k elementary outcomesin S,

1
each isassigned the probability of g Therefore, logic suggests that the probability of

1
observing ahead, denoted by P (H), is P = 0.5, and that the probability of observing a

1
tail,denoted P (T), is aso E: 5. Notice that each probahility is between 0 and 1.

Further H and T are all the outcomes of the experiment and P (H) + P (T) = 1.

16.1.10 Classical definition If al of the outcomes of a sample space are equally
likely, then the probability that an event will occur isequal to theratio :

The number of outcomes favourable to the event
Thetotal number of outcomes of the sample space

Supposethat an event E can happen in h waysout of atotal of npossibleequally likely
ways.

Then the classical probability of occurrence of the event is denoted by

P(E) = b
®=7
The probability of non occurrence of the event E is denoted by
n—-h h
P (notE) = =1—ﬁ =1-P(E)
Thus P(E)+P(notE)=1

Theevent ‘not E’ is denoted by EorE (complement of E)

Therefore P(E)=1-P(E)

16.1.11 Axiomatic approach to probability Let S be the sample space of a random
experiment. The probability Pisareal valued function whose domain isthe power set
of S, i.e, P(S) and range istheinterval [0, 1] i.e. P: P (S) — [0, 1] satisfying the
following axioms.

(i) ForanyeventE, P(E)=0.
@i P@OE=1
(iii)  If Eand F are mutually exclusive events, thenP(E U F) =P (E) + P (F).
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It follows from (iii) that P (¢ ) = 0.
Let S be a sample space containing elementary outcomesw,, W, ..., W ,
i.e,S= {Wl,WZ, Wn}
It followsfrom the axiomatic definition of probability that
(i) 0<P(w)<1foreachwe S
i) Pw)+Pwy)+..+P(w)=1

@) P(A)= ZP(V\() for any event A containing elementary events w.

For example, if afair coin istossed once
1
PH)=P(T)= 2 satisfies the three axioms of probability.
Now suppose the coin is not fair and has double the chances of falling heads up as

2 1
compared to the tails, then P (H) = 5 and P (T) = :-3

Thisassignment of probabilitiesareasovalidfor H and T asthese satisfy the axiomatic
definitions.

16.1.12 Probabilitiesof equally likely outcomes Let asample space of an experiment
beS={w,,w,, ..., w} and supposethat all the outcomesare equally likely to occuri.e.,
the chance of occurrence of each simple event must be the same

ie., P(w)=pforalwe S where0O<p<1
Since ;P(W)Zl
i.e, p+ptp+..+p(ntimes) =1
e ool
= np=1, ie p=_

Let S be the sample space and E be an event, such that n (S) =n andn (E) = m. If each
outcomeisequaly likely, thenit followsthat

P(E) = m _ Numberof outcomesfavourabletoE
" n Totd numbe of possibleoutcomes

16.1.13 Addition rule of probability If A and B are any two events in a sample



PROBABILITY 289

space S, then the probability that atleast one of the events A or B will occur isgiven by
PAuB)=PA)+P(B)-P(ANnB)

Similarly, for three events A, B and C, we have

PAuBUC=PA)+PB)+P(C)-P(ANnB)-P(ANnC)-P(BNC)+

PANBNC

16.1.14 Addition rule for mutually exclusive events If A and B are digjoint sets,
then

P(Au B) =P(A) + P (B) [since P(A n B) = P(¢) = 0, whereA and B are digoint].
The addition rule for mutually exclusive events can be extended to more than two
events.

16.2 Solved Examples

Short Answer Type (S.A.)

Example 1 An ordinary deck of cards contains 52 cards divided into four suits. The
red suits are diamonds and hearts and black suits are clubs and spades. The cards J, Q,
and K are called face cards. Suppose we pick one card from the deck at random.

(&) What is the sample space of the experiment?

(b) What is the event that the chosen card is a black face card?
Solution

(a) The outcomes in the sample space S are 52 cards in the deck.

(b) Let E bethe event that ablack face card is chosen. The outcomesin E are Jack,
Queen, King or spades or clubs. Symbolically

E={J Q, K, of spadesand clubs} or E={J&, Q&, K&, Ja, Qa, Ka}

Example 2 Supposethat each child bornisequally likely to beaboy or agirl. Consider
afamily with exactly three children.

(&) List the eight elements in the sample space whose outcomes are all possible
genders of the three children.

(b) Write each of the following events as a set and find its probability :
(i) Theevent that exactly one childisadgirl.
(i) Theevent that at least two children are girls
(ili) Theevent that no childisagirl
Solution
(&) All possible genders are expressed as :
S={BBB, BBG,BGB, BGG, GBB,GBG, GGB, GGG}
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(b) (i)LetA denotethe event : ‘exactly one childisagirl’
A={BBG, BGB, GBB}

3
P(A) = é

(i) Let B denote the event that at least two children are girls.

4
B={GGB, GBG BGG, GGG}, P(B) = .

(ii) Let Cdenotetheevent: ‘nochildisagirl’.
C ={BBB}

1
P(C) = g

Example 3
(a) How many two-digit positive integers are multiples of 3?
(b) What is the probability that a randomly chosen two-digit positive integer is a
multipleof 3?
Solution
(&) 2 digit positive integers which are multiples of 3 are 12, 15, 18, ..., 99. Thus,
there are 30 such integers.

(b) 2-digit positiveintegersare 10, 11, 12, ..., 99. Thus, there are 90 such numbers.
Since out of these, 30 numbersare multiple of 3, therefore, the probability that a

30 1
randomly chosen positive 2-digit integer isamultipleof 3,is 0" 3

Example4 Atypical PIN (personal identification number) is a sequence of any four
symbols chosen from the 26 letters in the alphabet and the ten digits. If all PINs are
equally likely, what isthe probability that arandomly chosen PIN contains a repeated
symbol?

Solution A PIN isasequence of four symbols selected from 36 (26 letters + 10 digits)
symbols.

By thefundamental principle of counting, thereare 36 x 36 x 36 x 36 = 36*= 1,679,616
PINsin al. When repetition is not allowed the multiplication rule can be applied to
conclude that there are

36 x 35 x 34 x 33 =1,413,720 different PINs
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The number of PINs that contain at least one repeated symbol
=1,679,616—1,413,720 = 2,65,396
Thus, the probability that a randomly chosen PIN contains a repeated symbol is

265,896
1679616 1283

Example5 Anexperiment hasfour possible outcomesA, B, C and D, that are mutually
exclusive. Explain why thefollowing assignments of probabilitiesare not permissible:

(& P(A)=.12, P(B) = .63, P (C) =0.45, P(D)=-0.20

_9 _ 5 _ 2 _ %

()  PA)= 120" P(B)= 20 P(C) = 0 P(D) = T
Solution

(@ SinceP(D) =-0.20, thisisnot possibleas0< P(A) < 1for any eventA.

45 27 46 127¢ 1
— t— t— + = = —
120 120 120 120 120

Thisviolatesthe condition that P (S) = 1.

Example6 Probability that atruck stopped at a roadblock will have faulty brakes or
badly worn tires are 0.23 and 0.24, respectively. Also, the probability is 0.38 that a
truck stopped at the roadbl ock will have faulty brakes and/or badly working tires. What
isthe probability that atruck stopped at this roadblock will have faulty breaks aswell
as badly worn tires?

Solution Let B be the event that a truck stopped at the roadblock will have faulty
brakes and T be the event that it will have badly worn tires. We have P (B) = 0.23,
P(T)=0.24and P (BUT) =0.38

(b)) PO =PAuUBUCUD)=

and PBUT)=P(B)+P(T)-P(BANT)
S 038=023+024-P(BNT)
= P(BAT)=0.23+0.24—0.38 = 0.09

Example 7 If aperson visits his dentist, suppose the probability that he will have his
teeth cleaned is0.48, the probability that hewill haveacavity filledis0.25, the probability
that he will have a tooth extracted is 0.20, the probability that he will have a teeth
cleaned and acavity filled is0.09, the probability that hewill have histeeth cleaned and
atooth extracted is 0.12, the probability that he will have a cavity filled and a tooth
extracted is0.07, and the probability that he will have histeeth cleaned, acavity filled,
and atooth extracted is 0.03. What is the probability that a person visiting his dentist
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will have atleast one of these things done to him?

Solution Let C bethe event that the person will have histeeth cleaned and F and E be
the event of getting cavity filled or tooth extracted, respectively. We are given

P(C) = 048, P(F)=0.25 P (E)=.20, P(CnF)=.09,
P(CnE)= 012 P(EnF)=0.07 and P(CNnFNE)=0.03
Now, P(CUFUE)= P(C)+P(F)+P(E)
-PCnF-P(CNE)-P(FNE
+P(CnFNE)
0.48+0.25+ 0.20-0.09-0.12-0.07 + 0.03
0.68

Long Answer Type

Example 8 An urn contains twenty white dips of paper numbered from 1 through 20,
tenred dipsof paper numbered from 1 through 10, forty yellow dipsof paper numbered
from 1 through 40, and ten blue dlips of paper numbered from 1 through 10. If these 80

dips of paper are thoroughly shuffled so that each dip hasthe same probability of being
drawn. Find the probabilities of drawing adlip of paper that is

(&) blueorwhite

(b) numberedl, 2,3,40r5

(c) redoryelow and numbered 1, 2, 30r 4

(d) numbered5, 15, 25, or 35;

(e) whiteand numbered higher than 12 or yellow and numbered higher than 26.
Solution

(@) P (Blueor White) = P (Blue) + P (White)  (Why?)

(b) P(numbered 1,2, 3,4 0r5)
=P (1 of any colour) + P (2 of any colour)
+ P (3 of any colour) + P (4 of any colour) + P (5 of any colour)

4 4 4 4 4 20 21
808080 8 8 80 8 4
(c) P(Redoryellow and numbered 1, 2, 3 or 4)
=P (Red numbered 1, 2, 3 or 4) + P (yellow numbered 1, 2, 3 or 4)
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_ 4,481
~ 80 80 80 10

(d) P (numbered5, 15, 25 or 35)
=P(5) +P(15) + P(25) + P (35)
=P (5 of White, Red, Yellow, Blue) + P(15 of White, Yellow) + P(25 of Yellow)

+ P (35 of Yellow)
4 2 1 1 8 1

" 80 80 80 80 80 10
(e) P (Whiteand numbered higher than 12 or Yellow and numbered higher than 26)
= P (White and numbered higher than 12)

+ P(Yellow and numbered higher than 26)
8 14 22 11

80 80 80 40
Objective Type Questions
Choose the correct answer from given four options in each of the Examples 9 to 15

(M.C.Q)).
Example9 Inaleap year the probability of having 53 Sundays or 53 Mondaysis

® = ® > © 3 ©) 2

Solution (B) is the correct answer. Since a leap year has 366 days and hence 52
weeks and 2 days. The 2 days can be SM, MT, TW, WTh, ThF, FS, StS.

3
Therefore, P (53 Sundays or 53 Mondays) = 7

Example 10 Threedigit numbersareformed using the digitsO0, 2, 4, 6, 8. A number is
chosen at random out of these numbers. What is the probability that this number has
the same digits?

1 16 1 1
(A) 6 (B) > © 515 (D) =

Solution (D) isthe correct answer. Sincea3-digit number cannot start with digit O, the
hundredth place can have any of the 4 digits. Now, thetensand units place can haveall
the 5 digits. Therefore, the total possible 3-digit numbersare4 x5 x 5, i.e., 100.
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Thetotal possible 3 digit numbershaving all digitssame=4

. : .4 1
Hence, P (3-digit number with same digits) = 100 25
Example 11 Three squares of chess board are selected at random. The probability of
getting 2 squares of one colour and other of a different colour is

21

Solution (A) isthe correct answer. In a chess board, there are 64 squares of which
32 arewhite and 32 are black. Since 2 of one colour and 1 of other can be 2W, 1B, or
1W, 2B, the number of waysis (¥C, x #C)) x 2 and also, the number of ways of
choosing any 3 boxesis “C..

16 8 3 3
A 5 ®) o © 5 (D)

2C,x®C,x2 16

H , th ired probability = .
ence, the required probability e, 1

wln

1
Example 12 If A and B are any two events having P (A U B) = > and P(A)=

then the probability of A N Bis

1 2 1
A) = B) = C) = D) =
*) 3 ®) 3 © 7 (D) 3
1
Solution (C) is the correct answer. We have P(A U B) = >

N

= PAuU(B-A)=
1 :
= PA)+ PB-A)= 5 (sinceA and B —A are mutually exclusive)
1
= 1-P(p)+ P(B-A)= >

= 1 g+P(B A)—E
3 S 2
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= P(B-A)=

ol

- 1 —
= P(An B)=?3 (since A nB=B-A)

Example 13 Three of the six vertices of a regular hexagon are chosen at random.
Whét is the probability that the triangle with these verticesis equilateral ?

3 3 1 1
A = B) — — (D) =
O ®) © % © 3
Solution (D) is the correct answer.
A
F B
E C
D
Fig. 16.1

ABCDEF is a regular hexagon. Total number of triangles®C, = 20. (Since no three
points are collinear). Of these only A ACE; A BDF are equilateral triangles.

2 1
Therefore, required probability = —=—.
equired p ility %10
Example 14 If A, B, C are three mutually exclusive and exhaustive events of an
experiment such that
3P(A) = 2P(B) = P(C), then P(A) is equal to

1 2 5 6

(A) a (B) 7] © Tl (D) u

Solution (B) isthe correct answer. Let 3P (A) = 2P(B) = P(C) = p which givesp (A)
_ P _ P _
- 31P(B)_2andP(C)_p

Now sinceA, B, C are mutually exclusive and exhaustive events, we have
P(A) + P(B) + P(C) =1
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PP 6
—+—=+p=1 = —
= 373"P - P73
Hence, P(A) = P = =
ence, P(A)= 5 =17

Example 15 One mapping (function) is selected at random from all the mappings of
thesetA={1,2,3,...,n} intoitself. The probability that the mapping selected isoneto
oneis

1 _
(A) %n (B) E (© |:n_11 (D) none of these

Solution (C) isthe correct answer. Total number of mappings from a set A havingn
elements onto itself isn"

Now, for one to one mapping thefirst element in A can have any of then imagesinA;
the 2™ element in A can have any of the remaining (n — 1) images, counting like this,
the n™ element in A can have only 1 image.

Therefore, the total number of one to one mappingsis |n .

In nn-1 |n-1
Hence the required probability is o™ T ot

16.3 EXERCISE
Short Answer Type

1. If theletters of theword ALGORITHM are arranged at random in arow what
isthe probability the letters GOR must remain together as a unit?

2. Six new employees, two of whom are married to each other, are to be assigned
six desks that are lined up in arow. If the assignment of employeesto desksis
made randomly, what is the probability that the married couple will have
nonadjacent desks?

[Hint: First find the probahility that the couple has adjacent desks, and then
subtract it from 1.]

3. Supposeaninteger from 1 through 1000 ischosen at random, find the probability
that the integer isamultiple of 2 or amultiple of 9.

4. Anexperiment consists of rolling adie until a2 appears.

() How many elements of the sample space correspond to the event that the 2
appears on the ki roll of the die?
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(i) How many elements of the sample space correspond to the event that the 2
appears not later than the k™ roll of the die?

[Hint:(a) First (k—1) rolls have 5 outcomes each and k' rolls should resultin 1

outcomes. (b)1 +5+ 52+ ... + 5]

A dieisloaded in such away that each odd number istwice aslikely to occur as
each even number. Find P(G), where G is the event that a number greater than
3occurson asingleroll of the die.

In a large metropolitan area, the probabilities are .87, .36, .30 that a family
(randomly chosen for asampl e survey) ownsacolour television set, ablack and
white television set, or both kinds of sets. What is the probability that a family
owns either anyone or both kinds of sets?

If A and B are mutually exclusive events, P(A) =0.35and P (B) = 0.45, find
(@ P(A) (b) P (B) (0 PAuwB) (d P(ANB)
(e PANnB) (f) PA'NnB)

A team of medical studentsdoing their internship haveto assist during surgeries
at acity hospital. The probabilities of surgeriesrated asvery complex, complex,

routine, simple or very simple are respectively, 0.15, 0.20, 0.31, 0.26, .08. Find
the probabilities that a particular surgery will berated

(a) complex or very complex;

(b) neither very complex nor very simple;

(c) routineor complex

(d) routineor simple

Four candidates A, B, C, D have applied for the assignment to coach a school
cricket team. If A istwice aslikely to be selected as B, and B and C are given
about the same chance of being selected, while Cistwiceaslikely to be selected
as D, what are the probabilities that

(@) Cwill be selected?

(b) A will not be selected?

One of the four persons John, Rita, Aslam or Gurpreet will be promoted next
month. Consequently the sample space consists of four elementary outcomes
S={John promoted, Rita promoted, Aslam promoted, Gurpreet promoted}

You are told that the chances of John’s promotion is same as that of Gurpreet,
Rita's chances of promotion are twice as likely as Johns. Aslam’s chances are
four times that of John.

(a) DetermineP (John promoted)



298 EXEMPLAR PROBLEMS - MATHEMATICS

P (Rita promoted)
P (Aslam promoted)
P (Gurpreet promoted)
(b) If A ={John promoted or Gurpreet promoted}, find P(A).

11. Theaccompanying Venn diagram showsthree events, A, B, and C, and also the
probabilities of thevariousintersections (for instance, P(A nB) =.07). Determine

(@ P(A)

(b) P(BN C)

(©) P(Au B) @

(d) P(AN B) A

(e P(BnC)

()] Probability of exactly one
of the three occurs.

Long Answer Type Fig. 16.2

12. One urn contains two black balls (labelled B1 and B2) and one white ball. A
second urn contains one black ball and two white balls (labelled W1 and W2).
Suppose the following experiment is performed. One of the two urnsis chosen
at random. Next a ball is randomly chosen from the urn. Then a second ball is
chosen at random from the same urn without replacing the first ball.

(a) Write the sample space showing all possible outcomes
(b) What isthe probability that two black balls are chosen?
(c) What isthe probability that two balls of opposite colour are chosen?

13. A bag contains 8 red and 5 white balls. Three balls are drawn at random. Find the
Probability that

(a) All thethree balls are white
(b) All the three balls arered
(c) Onebal isred and two balls are white

14. If the letters of the word ASSASSINATION are arranged at random. Find the
Probability that

(a) Four S'scome consecutively intheword
(b) Two I's and two N's come together

(c) All A'sare not coming together

(d) NotwoA’s are coming together.
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15. A cardisdrawn from adeck of 52 cards. Find the probability of getting aking or
a heart or ared card.

16. A samplespaceconsistsof 9 elementary outcomese,, e, ..., €, whose probabilities
are

P(e) = P(e) = .08, P(e,) = P(e) = P(e) = .1

P(e) = P(e) = .2, P(ey) = P(ey) = .07

SupposeA = {e, e, eB}, B ={e, €, €, eg}

(a) CalculateP (A), P(B),and P (A N B)

(b) Using the addition law of probability, calculate P(A w B)

(c) Listthe composition of the eventA U B, and calculate P (A B) by adding
the probabilities of the elementary outcomes.

(d) CaculateP(B)fromP(B),asocaculateP(B ) directly fromtheelementary
outcomes of B

17. Determinethe probability p, for each of the following events.
(&) An odd number appearsin asingletoss of afair die.
(b) At least one head appears in two tosses of afair coin.

(c) A king, 9 of hearts, or 3 of spades appears in drawing asingle card from a
well shuffled ordinary deck of 52 cards.

(d) The sum of 6 appearsin asingle toss of apair of fair dice.

Objective Type Questions
Choose the correct answer out of four given optionsin each of the Exercises 18 to 29
(M.C.Q)).

18. Inanon-leap year, the probability of having 53 tuesdays or 53 wednesdaysis

1 2 3
A) — B) = C) — D) none of these
(A) - (B) 7 © 7 (D)
19. Three numbers are chosen from 1 to 20. Find the probability that they are not
consecutive
186 187 188 18
A) — B) — C) — D) »~
A) 190 ® o0 © Too (B) =¢,

20. While shuffling apack of 52 playing cards, 2 are accidentally dropped. Find the
probability that the missing cardsto be of different colours



300

21.

22.

23.

24,

25.

26.

27.

28.
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29 1 26
A — B) = C) —
O B) 3 © 3
Seven persons are to be seated in a row. The probability that two particular
persons sit next to each other is

2
© %

1 1 2 1
A) = B) — C) = D) =
(A) 3 ®) 5 © 3 ) 3
Without repetition of the numbers, four digit numbersare formed with the numbers

0, 2, 3, 5. The probability of such anumber divisibleby 5is

1 4 1 5
(A) 3 (B) 5 © 35 (D) 3
If A and B are mutually exclusive events, then
(A) P(A)<P (B) (B) P(A)=P (B)
(C) P(A)<P (B) (D) none of these
If P(Au B) =P (AnB) for any two eventsA and B, then
(A) P(A)=P(B) (B) P(A)>P(B)
(C) P(A)<P(B) (D) none of these

6 boys and 6 girls sit in arow at random. The probability that al the girls sit
together is

Ai BE Ci D f th
) 73 (B) 3 © 5 (D) none of these

A single letter is selected at random from the word ‘PROBABILITY’. The
probability that itisavowel is

1 4 2 3
(A) 3 (B) Il © I (D) I

If the probabilitiesfor A tofail inan examinationis0.2 and that for B is0.3, then
the probability that either A or B failsis

(A) >.5 (B) 5 (C) <5 (D) O

The probahility that at least one of the eventsA and B occursis0.6. If A and B
occur simultaneously with probability 0.2, thenP(A) +P(B)is

(A) 04 (B) 0.8 (©) 12 (D) 16



PROBABILITY 301

29. If M and N are any two events, the probability that at least one of them occurs
is
(A) PM)+P(N)-2P(M NN) B) PM)+P(N)-P(M NnN)

(C) PM)+P(N)+P(MnNN) (D) P(M)+P(N)+2P (M N N)
State whether the statements are True or False in each of the Exercises 30 to 36.

30. The probability that a person visiting a zoo will see the giraffee is 0.72, the
probability that he will see the bearsis 0.84 and the probability that he will see
bothis0.52.

31. Theprobability that astudent will passhisexaminationis0.73, the probability of
the student getting acompartment is0.13, and the probability that the student will
either pass or get compartment is 0.96.

32. Theprobabilitiesthat atypist will make0, 1, 2, 3, 4, 5 or more mistakesin typing
areport are, respectively, 0.12, 0.25, 0.36, 0.14, 0.08, 0.11.

33. If Aand B aretwo candidates seeking admission in an engineering College. The
probability that A is selected is .5 and the probability that both A and B are

selected is at most .3. Isit possible that the probability of B getting selected is
0.7?

34. Theprobability of intersection of two eventsA and B isalwayslessthan or equal
to those favourable to the event A.

35. The probability of an occurrence of event A is.7 and that of the occurrence of
event B is .3 and the probability of occurrence of bothis .4.

36. The sum of probabilities of two students getting distinction in their final
examinationsis1.2.

Fill in the blanksin the Exercises 37 to 41.

37. Theprobability that the home team will win an upcoming football gameis0.77,
the probability that it will tiethe gameis0.08, and the probability that it will lose
the game is

38. Ife, e, e, e, arethe four elementary outcomesin a sample space and P(e) =
.1, P(e) = .5, P (e) = .1, then the probability of e, is .

39. LetS={1,2 34,5, 6} andE={1, 3, 5},then E is

40. If A and B aretwo events associated with arandom experiment such that P(A)
=0.3,P(B)=0.2and P (A n B) =0.1, thenthevalueof P(A N B) is

41. Theprobability of happening of an eventAis0.5and that of Bis0.3. If Aand B
aremutually exclusive events, then the probability of neither AnorBis
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42. Match the proposed probability under Column C, with the appropriate written
description under column C,:

C, C,
Probability Written Description
(& 0.95 () Anincorrect assignment
(b) 0.02 (i) No chanceof happening
(c) —-0.3 (i) Asmuch chance of happening as not.
(d) 05 (iv) Very likely to happen
(e O (v) Very little chance of happening

43. Matchthefollowing

(a) If E,and E, arethetwo mutualy (i) E,nE,=E,
exclusive events

(b) If E and E, are the mutually () (E,-E) (E,NE)=E,
exclusive and exhaustive events

(c) If E, and E, have common (i) EEnE =¢,EfUE, =S
outcomes, then

(d) If E, and E, are two events (v ENE,=0¢
suchthat E, c E,

e O L ——



